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Preface to the Second Edition 


As I set out to prepare this Second Edition, I realized that I missed very much my 
coauthor K. Ranganathan, who had an untimely death in 2002; but then his guiding 
spirit was always there to get me going. 

This Second Edition is a revised and enlarged edition with two new chapters— 
one on domination in graphs (Chap.10) and another on spectral properties of 
graphs (Chap. 1 1)—and an enlarged chapter on graph coloring (Chap. 7). Chapter 10 
presents the basic properties of the domination number of a graph and also deals 
with Vizing’s conjecture on the domination number of the Cartesian product of 
two graphs. Chapter 11 contains several results on the eigenvalues of graphs and 
includes a section on the Ramanujan graphs and another on the energy of graphs. 
The new additions in Chap.7 include the introduction of b-coloring in graphs and 
an extension of the discussion of the Myceilskian of a graph over what was given 
in the First Edition. The sections of Chap. 10 of the First Edition that contained 
some applications of graph theory have been shifted in the Second Edition to the 
relevant chapters: “The Connector Problems” to Chap. 4, “The Timetable Problem” 
to Chap. 5 and the “Application to Social Psychology” to Chap. 1. 

There are many who helped me to bring out this Second Edition. First and 
foremost, I owe my thanks to my former colleague S. Baskaran, who class-tested 
most of the First Edition, pointed out errors, and came up with many useful 
suggestions. My thanks are also due to Ashwin Ganesan, S. Francis Raj, P. Paulraja, 
and N. Sridharan, who read portions of the book; R. Sampathkumar, who proofread 
most of this edition; and A. Anuradha, who fixed all the figures and consolidated 
the entire material. Typesetting in LaTeX was done by Mohammed Parvees and 
R. Sampathkumar, and it is my pleasure to thank them. 

I welcome any comments, suggestions, and corrections from readers. They can 
be sent to me at the email address: mathbala@sify.com. 

It was a pleasure working with Springer New York, especially Kaitlin Leach, 
who was in charge of publishing this edition. 


Tiruchirappalli, Tamil Nadu, India R. Balakrishnan 


Preface to the First Edition 


Graph theory has witnessed an unprecedented growth in the 20th century. The best 
barometer to indicate this growth is the explosion in the number of pages that 
section 05: Combinatorics (in which the major share is taken by graph theory) 
occupies in the Mathematical Reviews. One of the main reasons for this growth is the 
applicability of graph theory in many other disciplines, such as physics, chemistry, 
psychology, and sociology. Yet another reason is that some of the problems in 
theoretical computer science that deal with complexity can be transformed into 
graph-theoretical problems. 

This book aims to provide a good background in the basic topics of graph 
theory. It does not presuppose deep knowledge of any branch of mathematics. As 
a basic text in graph theory, it contains, for the first time, Dirac’s theorem on k- 
connected graphs (with adequate hints), Harary-Nash—Williams’ theorem on the 
hamiltonicity of line graphs, Toida—McKee’s characterization of Eulerian graphs, 
the Tutte matrix of a graph, David Sumner’s result on claw-free graphs, Fournier’s 
proof of Kuratowski’s theorem on planar graphs, the proof of the nonhamiltonicity 
of the Tutte graph on 46 vertices, and a concrete application of triangulated graphs. 

An ambitious teacher can cover the entire book in a one-year (equivalent to 
two semesters) master’s course in mathematics or computer science. However, a 
teacher who wants to proceed at leisurely pace can omit the sections that are starred. 
Exercises that are starred are nonroutine. 

The book can also be adapted for an undergraduate course in graph theory by 
selecting the following sections: 1.1—-1.6, 2.1-2.3, 3.1-3.4, 4.1-4.5, 5.1-5.4, 5.5 
(omitting consequences of Hall’s theorem), 5.5 (omitting the Tutte matrix), 6.1-6.3, 
7.1, 7.2, 7.5 (omitting Vizing’s theorem), 7.8, 8.1-8.4, and Chap. 10. 

Several people have helped us by reviewing the manuscript in parts and offering 
constructive suggestions: S. Arumugam, S. A. Choudum, P. K. Jha, P. Paulraja, 
G. Ramachandran, S. Ramachandran, G. Ravindra, E. Sampathkumar, and R. 
Sampathkumar. We thank all of them most profusely for their kindness in sparing for 
our sake a portion of their precious time. Our special thanks are due to P. Paulraja 
and R. Sampathkumar, who have been a constant source of inspiration to us ever 
since we started working on this book rather seriously. We also thank D. Kannan, 


Vili Preface to the First Edition 


Department of Mathematics, University of Georgia, for reading the manuscript and 
suggesting some stylistic changes. 

We also take this opportunity to thank the authorities of our institutions, 
Annamalai University, Annamalai Nagar, and National College, Tiruchirappalli, for 
their kind encouragement. Finally, we thank the University Grants Commission, 
Government of India, for its financial support for writing this book. 

Our numbering scheme for theorems and exercises is as follows. Each exercise 
bears two numbers, whereas each theorem, lemma, and so forth bears three numbers. 
Therefore, Exercise 3.4 is the fourth exercise of Sect.3 of a particular chapter, and 
Theorem 6.6.1 is the first result of Sect. 6 of Chap. 6. 


Tiruchirappalli, Tamil Nadu, India R. Balakrishnan 
K. Ranganathan 
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Chapter 1 
Basic Results 


1.1 Introduction 


Graphs serve as mathematical models to analyze many concrete real-world 
problems successfully. Certain problems in physics, chemistry, communication 
science, computer technology, genetics, psychology, sociology, and linguistics can 
be formulated as problems in graph theory. Also, many branches of mathematics, 
such as group theory, matrix theory, probability, and topology, have close 
connections with graph theory. 

Some puzzles and several problems of a practical nature have been instrumental 
in the development of various topics in graph theory. The famous K6nigsberg 
bridge problem has been the inspiration for the development of Eulerian graph 
theory. The challenging Hamiltonian graph theory has been developed from the 
“Around the World” game of Sir William Hamilton. The theory of acyclic graphs 
was developed for solving problems of electrical networks, and the study of “trees” 
was developed for enumerating isomers of organic compounds. The well-known 
four-color problem formed the very basis for the development of planarity in graph 
theory and combinatorial topology. Problems of linear programming and operations 
research (such as maritime traffic problems) can be tackled by the theory of flows in 
networks. Kirkman’s schoolgirl problem and scheduling problems are examples of 
problems that can be solved by graph colorings. The study of simplicial complexes 
can be associated with the study of graph theory. Many more such problems can be 
added to this list. 


1.2 Basic Concepts 


Consider a road network of a town consisting of streets and street intersections. 
Figure |.la represents the road network of a city. Figure |.1b denotes the corre- 
sponding graph of this network, where the street intersections are represented by 
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2 1 Basic Results 


Fig. 1.1 (a) A road network 
and (b) the graph 
corresponding to the road 
network in (a) 


points, and the street joining a pair of intersections is represented by an arc (not 
necessarily a straight line). The road network in Fig. 1.1 is a typical example of a 
graph in which intersections and streets are, respectively, the “vertices” and “edges” 
of the graph. (Note that in the road network in Fig. 1.1a, there are two streets joining 
the intersections J; and Jg, and there is a loop street starting and ending at J.) 

We now present a formal definition of a graph. 


Definition 1.2.1. A graph is an ordered triple G = (V(G), E(G),/g), where 
V(G) is anonempty set, E(G) is a set disjoint from V(G), and JG is an “incidence” 
relation that associates with each element of E(G) an unordered pair of elements 
(same or distinct) of V(G). Elements of V(G) are called the vertices (or nodes or 
points) of G, and elements of E(G) are called the edges (or lines) of G. V(G) and 
E(G) are the vertex set and edge set of G, respectively. If, for the edge e of G, 
Ig(e) = {u, v}, we write Ig(e) = uv. 


Example 1.2.2. If V(G) = {V1, V2, V3, V4, Vs}, E(G) = {€1, €2, €3, €4, €5, 6}, and 


Ig is given by Ig(e1) = {1,5}, Ig (e2) = {v2, v3}, Ig (e3) = {v2, va}, Ig (es) = 
{V2, vs}, Ig(es) = {v2, vs}, Ig (es) = {v3, v3}, then (V(G), E(G), Ig) is a graph. 


Diagrammatic Representation of a Graph 1.2.3. Each graph can be represented 
by a diagram in the plane. In this diagram, each vertex of the graph is represented 
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Fig. 1.2. Graph 
(V(G), E(G), Ig) described 
in Example 1.2.2 


by a point, with distinct vertices being represented by distinct points. Each edge is 
represented by a simple “Jordan” arc joining two (not necessarily distinct) vertices. 
The diagrammatic representation of a graph aids in visualizing many concepts 
related to graphs and the systems of which they are models. In a diagrammatic 
representation of a graph, it is possible that two edges intersect at a point that is not 
necessarily a vertex of the graph. 


Definition 1.2.4. If Jg(e) = {u,v}, then the vertices u and v are called the end 
vertices or ends of the edge e. Each edge is said to join its ends; in this case, we 
say that e is incident with each one of its ends. Also, the vertices u and v are then 
incident with e. A set of two or more edges of a graph G is called a set of multiple 
or parallel edges if they have the same pair of distinct ends. If e is an edge with end 
vertices u and v, we write e = uv. An edge for which the two ends are the same is 
called a loop at the common vertex. A vertex u is a neighbor of v in G, if uv is an 
edge of G, andu # v. The set of all neighbors of v is the open neighborhood of 
v or the neighbor set of v, and is denoted by N(v); the set N[v] = N(v) U {v} is 
the closed neighborhood of v in G. When G needs to be made explicit, these open 
and closed neighborhoods are denoted by Ng(v) and Ng |v], respectively. Vertices 
u and v are adjacent to each other in G if and only if there is an edge of G with u 
and v as its ends. Two distinct edges e and f are said to be adjacent if and only if 
they have a common end vertex. A graph is simple if it has no loops and no multiple 
edges. Thus, for a simple graph G, the incidence function Jg is one-to-one. Hence, 
an edge of a simple graph is identified with the pair of its ends. A simple graph 
therefore may be considered as an ordered pair (V(G), E(G)), where V(G) is a 
nonempty set and E(G) is a set of unordered pairs of elements of V(G) (each edge 
of the graph being identified with the pair of its ends). 


Example 1.2.5. In the graph of Fig. 1.2, edge e3 = v2v4, edges e4 and es form 
multiple edges, eg is a loop at v3, N(v2) = {v3, v4, V5}, N(v3) = {v2}, N[v2] = 
{v2, V3, v4, V5}, and N[v2] = N(v2) U {v2}. Further, v2 and vs are adjacent vertices 
and e3 and e, are adjacent edges. 


Definition 1.2.6. A graph is called finite if both V(G) and E(G) are finite. A graph 
that is not finite is called an infinite graph. Unless otherwise stated, all graphs 
considered in this text are finite. Throughout this book, we denote by n(G) and 
m(G) the number of vertices and edges of the graph G, respectively. The number 
n(G) is called the order of G and m(G) is the size of G. When explicit reference to 
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Fig. 1.3 A graph diagram; e, 
is a loop and {e2, e3} is a set 
of multiple edges 


Fig. 1.4 A simple graph 


Fig. 1.5 A labeled graph G 
and an unlabeled graph H 


G H 


the graph G is not needed, V(G), E(G), n(G), and m(G) will be denoted simply 
by V, E,n, and m, respectively. 


Figure |.3 is a graph with loops and multiple edges, while Fig. 1.4 represents a 
simple graph. 


Remark 1.2.7. The representation of graphs on other surfaces such as a sphere, a 
torus, or a Mobius band could also be considered. Often a diagram of a graph is 
identified with the graph itself. 


Definition 1.2.8. A graph is said to be labeled if its n vertices are distinguished 
from one another by labels such as vj, v2,..., Vv, (See Fig. 1.5). 


Note that there are three different labeled simple graphs on three vertices each 
having two edges, whereas there is only one unlabeled simple graph of the same 
order and size (see Fig. 1.6). 
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Up U3 Ug U3 


i) Us 


Fig. 1.6 Labeled and unlabeled simple graphs on three vertices 


Fig. 1.7 Isomorphic graphs 


Isomorphism of Graphs 1.2.9. A graph isomorphism, which we now define, is a 
concept similar to isomorphism in algebraic structures. Let G = (V(G), E(G), Ig) 
and H = (V(A), E(#), Iz) be two graphs. A graph isomorphism from G to H 
is a pair (f, 0), where @ : V(G) > V(A) and dé : E(G) > E(A) are bijections 
with the property that Jg(e) = {u,v} if and only if Jy(@(e)) = {d(u), d(v)}. If 
(¢, 0) is a graph isomorphism, the pair of inverse mappings (¢—!, 97!) is also a 
graph isomorphism. Note that the bijection @ satisfies the condition that u and v 
are end vertices of an edge e of G if and only if @(u) and $(v) are end vertices of 
the edge 0(e) in H. It is clear that isomorphism is an equivalence relation on the 
set of all graphs. Isomorphism between graphs is denoted by the symbol ~ (as in 
algebraic structures). 


Simple Graphs and Isomorphisms 1.2.10. If graphs G and H are simple, any 
bijection @ : V(G) — V(A) such that wu and v are adjacent in G if and only if 
o(u) and $(v) are adjacent in H induces a bijection 6 : E(G) > E(A) satisfying 
the condition that [g(e) = {u,v} if and only if 77 (@(e)) = {f(u), d(v)}. Hence, 
@ itself is referred to as an isomorphism in the case of simple graphs G and H. 
Thus, if G and H are simple graphs, an isomorphism from G to H is a bijection 
gb : V(G) > V(A) such that u and v are adjacent in G if and only if ¢(v) and ¢(v) 
are adjacent in H. Figure 1.7 exhibits two isomorphic graphs P and H, where P is 
the well-known Petersen graph. We observe that P is a simple graph. 


Exercise 2.1. Let G and H be simple graphs and let d : V(G) — V(H) bea 
bijection such that uv € E(G) implies that é(u)¢(v) € E(H). Show by means of 
an example that @ need not be an isomorphism from G to H. 
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Fig. 1.8 Some complete graphs 


Fig. 1.9 A totally e@ 
disconnected graph on five 
vertices 
3° e 
@ (2) 
xX ¥ xX Y xX ¥ 
A bipartite graph The graph Kk 3 The star graph Ky 5 


Fig. 1.10 Bipartite graphs 


Definition 1.2.11. A simple graph G is said to be complete if every pair of distinct 
vertices of G are adjacent in G. Any two complete graphs each on a set of n vertices 
are isomorphic; each such graph is denoted by K,, (Fig. 1.8). 


A simple graph with 1 vertices can have at most (3) = mb edges. The 
complete graph K,, has the maximum number of edges among all simple graphs 
with n vertices. At the other extreme, a graph may possess no edge at all. Such a 
graph is called a totally disconnected graph (see Fig. 1.9). Thus, for a simple graph 
G with n vertices, we have 0 < m(G) < mo 


Definition 1.2.12. A graph is trivial if its vertex set is a singleton and it contains 
no edges. A graph is bipartite if its vertex set can be partitioned into two nonempty 
subsets X and Y such that each edge of G has one end in X and the other in Y. 
The pair (X, Y) is called a bipartition of the bipartite graph. The bipartite graph G 
with bipartition (X, Y) is denoted by G(X, Y). A simple bipartite graph G(X, Y) 
is complete if each vertex of X is adjacent to all the vertices of Y. If G(X, Y) is 
complete with |X| = p and |Y| = q, then G(X, Y) is denoted by K,,,. A complete 
bipartite graph of the form K,,, is called a star (see Fig. 1.10). 
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Fig. 1.11 Two simple graphs and their complements 


Fig. 1.12 Self- 
complementary graphs 


Definition 1.2.13. Let G be a simple graph. Then the complement G° of G is 
defined by taking V(G°) = V(G) and making two vertices u and v adjacent in 
G* if and only if they are nonadjacent in G (see Fig. 1.11). It is clear that G° is also 
a simple graph and that (G°)° = G. 


If |V(G)| = n, then clearly, |E(G)| + |E(G°)| = |E(Kn)| = “4”. 
Definition 1.2.14. A simple graph G is called self-complementary if G ~ G°. 
For example, the graphs shown in Fig. 1.12 are self-complementary. 


Exercise 2.2. Find the complement of the following simple graph: 
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1.3. Subgraphs 


Definition 1.3.1. A graph H is called a subgraph of G if V(H) C V(G), 
E(H) © E(G), and Jy is the restriction of Ig to E(#). If H is a subgraph 
of G, then G is said to be a supergraph of H. A subgraph H of a graph G is a 
proper subgraph of G if either V(H) 4 V(G) or E(H) # E(G). (Hence, when 
G is given, for any subgraph H of G, the incidence function is already determined 
so that H can be specified by its vertex and edge sets.) A subgraph H of G is said 
to be an induced subgraph of G if each edge of G having its ends in V(/7) is also 
an edge of H. A subgraph H of G isa spanning subgraph of G if V(H) = V(G). 
The induced subgraph of G with vertex set S C V(G) is called the subgraph of G 
induced by S and is denoted by G[S]. Let E’ be a subset of EF and let S denote the 
subset of V consisting of all the end vertices in G of edges in E’. Then the graph 
(S, E', Ig|,,) is the subgraph of G induced by the edge set E’ of G. It is denoted 
by G[E’] (see Fig. 1.13). Let u and v be vertices of a graph G. By G + uv, we mean 
the graph obtained by adding a new edge wv to G. 


Definition 1.3.2. A clique of G is a complete subgraph of G. A clique of G is 
a maximal clique of G if it is not properly contained in another clique of G (see 
Fig. 1.13). 


Definition 1.3.3. Deletion of vertices and edges in a graph: Let G be a graph, S 
a proper subset of the vertex set V, and E’ a subset of E. The subgraph G[V \S] 
is said to be obtained from G by the deletion of S. This subgraph is denoted by 
G —S.If S = {v}, G — S is simply denoted by G — v. The spanning subgraph of 
G with the edge set E\E’ is the subgraph obtained from G by deleting the edge 
subset E’. This subgraph is denoted by G — E’. Whenever E’ = {e}, G — E’ is 


U7 Uz 


Graph G A subgraph of G 


Fig. 1.13 Various subgraphs and cliques of G 
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ie ; b hof G An edge-induced subgraph of G 
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7) 
e2 
U3 
A clique of G that is not maximal 


UT 
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Graph G+v5u¢ Graph G+v2v7 


Fig. 1.13 (continued) 


simply denoted by G — e. Note that when a vertex is deleted from G, all the edges 
incident to it are also deleted from G, whereas the deletion of an edge from G does 


not affect the vertices of G (see Fig. 1.14). 
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U3 
e4 
@ 4 V4 


G — {e2, €4, e7} G — {vo, us} 


Fig. 1.14 Deletion of vertices and edges from G 


1.4 Degrees of Vertices 


Definition 1.4.1. Let G be a graph and v € V. The number of edges incident at v 
in G is called the degree (or valency) of the vertex v in G and is denoted by dg(v), 
or simply d(v) when G requires no explicit reference. A loop at v is to be counted 
twice in computing the degree of v. The minimum (respectively, maximum) of the 
degrees of the vertices of a graph G is denoted by 6(G) or 6 (respectively, A(G) 
or A). A graph G is called k-regular if every vertex of G has degree k. A graph is 
said to be regular if it is k-regular for some nonnegative integer k. In particular, a 
3-regular graph is called a cubic graph. 


Definition 1.4.2. A spanning 1-regular subgraph of G is called a 1-factor or a 
perfect matching of G. For example, in the graph G of Fig. 1.15, each of the pairs 
{ab, cd} and {ad, bc} is a 1-factor of G. 


Definition 1.4.3. A vertex of degree 0 is an isolated vertex of G. A vertex of degree 
1 is called a pendant vertex of G, and the unique edge of G incident to such a vertex 
of G is a pendant edge of G. A sequence formed by the degrees of the vertices of 
G, when the vertices are taken in the same order, is called a degree sequence of G. 
It is customary to give this sequence in the nonincreasing or nondecreasing order, in 
which case the sequence is unique. 


In the graph G of Fig. 1.16, the numbers within the parentheses indicate the 
degrees of the corresponding vertices. In G, v7 is an isolated vertex, ve is a pendant 
vertex, and v5v6 is a pendant edge. The degree sequence of G is (0, 1,2, 2,4, 4,5). 
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Fig. 1.15 Graph with d Cc 
1-factors 

a b 
Fig. 1.16 Degrees of vertices v3(2) 
of graph G 


The very first theorem of graph theory was due to Leonhard Euler (1707-1783). 
This theorem connects the degrees of the vertices and the number of edges of a 
graph. 


Theorem 1.4.4 (Euler). The sum of the degrees of the vertices of a graph is equal 
to twice the number of its edges. 


Proof. If e = uv is an edge of G, e is counted once while counting the degrees of 
each of u and v (even when u = v). Hence, each edge contributes 2 to the sum of the 
degrees of the vertices. Thus, the m edges of G contribute 2m to the degree sum. 

oO 


Remark 1.4.5. If d = (dj, dz,..., dy) is the degree sequence of G, then the above 
theorem gives the equation )*/_, dj = 2m, where n and m are the order and size 
of G, respectively. 


Corollary 1.4.6. In any graph G, the number of vertices of odd degree is even. 


Proof. Let V; and V2 be the subsets of vertices of G with odd and even degrees, 
respectively. By Theorem 1.4.4, 


2m(G) = > dg(v) = > dg(v) + > dg(v). 


veV veV, vel 
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As 2m(G) and >°.cy, de(v) are even, >) ,<y, de(v) is even. Since for each v € 
Vi, dg(v) is odd, |Vi| must be even. oO 


Exercise 4.1. Show that if G and H are isomorphic graphs, then each pair of 
corresponding vertices of G and H has the same degree. 


Exercise 4.2. Let (d,,d2,...,d,) be the degree sequence of a graph and r be any 
positive integer. Show that )~’_, d/ is even. 


i=l 
Definition 1.4.7. Graphical sequences: A sequence of nonnegative integers d = 
(d\,do,...,dy) is called graphical if there exists a simple graph whose degree 
sequence is d. Clearly, a necessary condition for d = (d,d2,...,d,) to be 
graphical is that )~’_, d; is even and d; > 0,1 < i <_n. These conditions, 
however, are not sufficient, as Example 1.4.8 shows. 


Example 1.4.8. The sequence d = (7,6,3,3,2,1,1,1) is not graphical even 
though each term of d is a nonnegative integer and the sum of the terms is even. 
Indeed, if d were graphical, there must exist a simple graph G with eight vertices 
whose degree sequence is d. Let vo and v; be the vertices of G whose degrees are 7 
and 6, respectively. Since G is simple, vo is adjacent to all the remaining vertices of 
G, and v,, besides vo, should be adjacent to another five vertices. This means that in 
V — {vo, v1} there must be at least five vertices each of degree at least 2; but this is 
not the case. O 


Exercise 4.3. If d = (d),d2,...,d,) is any sequence of nonnegative integers with 
>-/_, 4 even, show that there exists a graph (not necessarily simple) with d as its 
degree sequence. 

We present a simple application whose proof just depends on the degree sequence 
of a graph. 


Application 1.4.9. In any group of n persons (n > 2), there are at least two with 
the same number of friends. 


Proof. Denote the n persons by vj, v2,...,V,. Let G be the simple graph with 
vertex set V = {vj,v2,...,V,} in which vy; and v j are adjacent if and only if the 
corresponding persons are friends. Then the number of friends of v; is just the degree 
of v; in G. Hence, to solve the problem, we must prove that there are two vertices 
in G with the same degree. If this were not the case, the degrees of the vertices of 
G must be 0,1,2,...,(” — 1) in some order. However, a vertex of degree (n — 1) 
must be adjacent to all the other vertices of G, and consequently there cannot be a 
vertex of degree 0 in G. This contradiction shows that the degrees of the vertices 
of G cannot all be distinct, and hence at least two of them should have the same 
degree. Oo 


Exercise 4.4. Let G be a graph with n vertices and m edges. Assume that each 
vertex of G is of degree either k or k + 1. Show that the number of vertices of 
degree k in G is (k + 1)n — 2m. 
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1.5 Paths and Connectedness 


Definition 1.5.1. A walk in a graph G is an alternating sequence W : voevje2v2 
... @pVp Of vertices and edges beginning and ending with vertices in which v;_; and 
v; are the ends of e;; vo is the origin and v, is the terminus of W. The walk W is 
said to join vo and v,; it is also referred to as a vo-v, walk. If the graph is simple, 
a walk is determined by the sequence of its vertices. The walk is closed if vo = vp 
and is open otherwise. A walk is called a trail if all the edges appearing in the walk 
are distinct. It is called a path if all the vertices are distinct. Thus, a path in G is 
automatically a trail in G. When writing a path, we usually omit the edges. A cycle 
is a closed trail in which the vertices are all distinct. The J/ength of a walk is the 
number of edges in it. A walk of length 0 consists of just a single vertex. 


Example 1.5.2. In the graph of Fig. 1.17, vse7vjeiv2eavaesvie7V5eoV6 iS a walk 
but not a trail (as edge e7 is repeated) v,e,v2e2v3e3V2e1¥1; iS a closed walk; 
V1€1V2e4V45V1E7Vs iS a trail; veegvje;V2e2V3 is a path and vje;Vv2e4v4eoV5e7V1 iS a 
cycle. Also, vev1v2V3 is a path, and vj v2v4Vv5vev, is a cycle in this graph. Very often 
a cycle is enclosed by ordinary parentheses. 


Definition 1.5.3. A cycle of length k is denoted by C,. Further, P, denotes a 
path on k vertices. In particular, C3 is often referred to as a triangle, C4 as a 
square, and Cs as a pentagon. If P = voe,vie2v2 ... ex vx is a path, then Pils= 
VECKVk—-1€k—1Vk—2 -.- ¥11Vo 1S also a path and P~' is called the inverse of the path 
P. The subsequence v;e;41¥j41 ... ej; Vv; Of P is called the v;-v; section of P. 


Definition 1.5.4. Let G be a graph. Two vertices u and v of G are said to be 
connected if there is a u-v path in G. The relation “connected” is an equivalence 
relation on V(G). Let Vj, V2,..., Vi be the equivalence classes. The subgraphs 
G[Vi], G[Va], ..., G[V..] are called the components of G. If w = 1, the graph 
G is connected; otherwise, the graph G is disconnected with a > 2 components 
(see Fig. 1.18). 


Fig. 1.17 Graph illustrating 
walks, trails, paths, and cycles 


Us € uy 
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Fig. 1.18 A graph G with 
three components 


Vi] Glval GV] 


Definition 1.5.5. The components of G are clearly the maximal connected sub- 
graphs of G. We denote the number of components of G by w(G). Let u and v be 
two vertices of G. If u and v are in the same component of G, we define d(u, v) to 
be the length of a shortest u-v path in G; otherwise, we define d(u, v) to be oo. If 
G is a connected graph, then d is a distance function or metric on V(G); that is, 
d(u, v) satisfies the following conditions: 


(i) d(u,v) = 0, and d(u, v) = 0 if and only if u = v. 
(ii) d(u,v) = d(v, uv). 
(iii) d(u,v) < d(u,w) + d(w, v), for every w in V(G). 
Exercise 5.1. Prove that the function d defined above is indeed a metric on V(G). 


Exercise 5.2. In the following graph, find a closed trail of length 7 that is not a 
cycle: 


We now give some results relating to connectedness of graphs. 
Proposition 1.5.6. If G is simple and 5 > ">", then G is connected. 


Proof. Assume the contrary. Then G has at least two components, say G;, G2. Let 
v be any vertex of G;. Asé > a d(v) = at All the vertices adjacent to v in G 
must belong to G;. Hence, G, contains at least d(v) +1 > aot 4+1= att vertices. 
Similarly, G2 contains at least etl vertices. Therefore G has at least met 4 etl 


2 
n + 1 vertices, which is a contradiction. O 


Exercise 5.3. Give an example of a nonsimple disconnected graph with 6 > ae 


Exercise 5.4. Show by means of an example that the condition 6 > a for a 
simple graph G need not imply that G is connected. 
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Exercise 5.5. In a group of six people, prove that there must be three people who 
are mutually acquainted or three people who are mutually nonacquainted. 

Our next result shows that of the two graphs G and G°, at least one of them must 
be connected. 


Theorem 1.5.7. [fa simple graph G is not connected, then G° is connected. 


Proof. Let u and v be any two vertices of G° (and therefore of G). If u and v belong 
to different components of G, then obviously u and v are nonadjacent in G and so 
they are adjacent in G°. Thus uw and v are connected in G°. In case u and v belong to 
the same component of G, take a vertex w of G not belonging to this component of 
G. Then uw and vw are not edges of G and hence they are edges of G°. Then uwv 
is a u-v path in G°. Thus G* is connected. Oo 


Exercise 5.6. Show that if G is a self-complementary graph of ordern, thenn = 0 
or | (mod 4). 


Exercise 5.7. Show that if a self-complementary graph contains a pendant vertex, 
then it must have at least another pendant vertex. 
The next theorem gives an upper bound on the number of edges in a simple graph. 


Theorem 1.5.8. The number of edges of a simple graph of order n having w 
components cannot exceed Be ed 


Proof. Let Gi, G2,..., Gw be the components of a simple graph G and let ; be the 
number of vertices of G;, 1 < i < w.Thenm(G;) < wD and hence m(G) 


‘ -—] P| . . 
ae nu) | Since n; > lforeachi,1 <i < wo,nj =n—(nit+... +nj-1 


nigit...+Nw) < n-—w +1. Hence, >°P_, 2D) ee wre tia) = 


A 


+ 


= ae = la el= O 


Definition 1.5.9. A graph G is called locally connected if, for every vertex v of G, 
the subgraph Ng (v) induced by the neighbor set of v in G is connected. 

A cycle is odd or even depending on whether its length is odd or even. We now 
characterize bipartite graphs. 


Theorem 1.5.10. A graph is bipartite if and only if it contains no odd cycles. 


Proof. Suppose that G is a bipartite graph with the bipartition (X,Y). Let C = 
V1 €1V22V3e3.... VeexV, be acycle in G. Without loss of generality, we can suppose 
that v; € X. As v2 is adjacent to vj, v2 € Y. Similarly, v3 belongs to X, v4 to Y, 
and so on. Thus, v; € X or Y according as i is odd or even, 1 < i < k. Since 
vev, is an edge of G andy, € X,v, € Y. Accordingly, k is even and C is an even 
cycle. 

Conversely, let us suppose that G contains no odd cycles. We first assume that 
G is connected. Let u be a vertex of G. Define X = {v € V|d(u,v) is even} 
and Y = {v € V|d(u,v) is odd}. We will prove that (X, Y) is a bipartition of 
G. To prove this we have only to show that no two vertices of X as well as no two 
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Fig. 1.19 Graph for proof of Theorem 1.5.10 


vertices of Y are adjacent in G. Let v, w be two vertices of X. Then p = d(u,v) 
and q = d(u, w) are even. Further, as d(u,u) = 0, u € X. Let P be auw-v shortest 
path of length p and Q, a u-w shortest path of length g. (See Fig. 1.19.) Let w; bea 
vertex common to P and OQ such that the w)-v section of P and the w;-w section of 
Q contain no vertices common to P and Q. Then the u-w sections of both P and 
Q have the same length. 

Hence, the lengths of the w;-v section of P and the w;-w section of Q are both 
even or both odd. Now if e = vw is an edge of G, then the w)-v section of P 
followed by the edge vw and the w-w; section of the w-u path Q~! is an odd cycle 
in G, contradicting the hypothesis. This contradiction proves that no two vertices of 
X are adjacent in G. Similarly, no two vertices of Y are adjacent in G. This proves 
the result when G is connected. 

If G is not connected, let G;, G2, ... , G, be the components of G. By hypothesis, 
no component of G contains an odd cycle. Hence, by the previous paragraph, each 
component G;, 1 <i < @, is bipartite. Let (X;, Y;) be the bipartition of G;. Then 
(X,Y), where X = J?_, X; and Y = ?_, Yi, is a bipartition of G, and G is a 
bipartite graph. Oo 


Exercise 5.8. Prove that a simple nontrivial graph G is connected if and only if for 
any partition of V into two nonempty subsets V; and V2, there is an edge joining a 
vertex of V; to a vertex of V>. 


Example 1.5.11. Prove that in a connected graph G with at least three vertices, any 
two longest paths have a vertex in common. 


Proof. Suppose P = uj,u2...ugz and O = viv2...Vvx are two longest paths in G 
having no vertex in common. As G is connected, there exists a u)-v, path P’ in G. 
Certainly there exist vertices u, and v, of P’, 1 < r < k,1 < s < k such that 
the u,-v; section P” of P’ has no internal vertex in common with P or Q. 

Now, of the two sections u;-u, and u,-u; of P, one must have length at least - 
Similarly, of the two sections v;-v, and vs-vgz of QO, one must have length at least 
K Let these sections be P; and Q;, respectively. Then P; U P” U Q, is a path of 
length at least x +1+ k contradicting that k is the length of a longest path in G 
(see Fig. 1.20). Oo 


1.5 Paths and Connectedness 17 


Pi Up 


uy Uk 


Fig. 1.20 Graph for the solution to Example 1.5.11 


Exercise 5.9. Prove that in a simple graph G, the union of two distinct paths joining 
two distinct vertices contains a cycle. 


Exercise 5.10. Show by means of an example that the union of two distinct walks 
joining two distinct vertices of a simple graph G need not contain a cycle. 


Exercise 5.11. If asimple connected graph G is not complete, prove that there exist 
three vertices u, v, w of G such that uv and vw are edges of G, but uw is not an edge 
of G. 


Exercise 5.12. (see reference: [174]) Show that a simple connected graph G is 
complete if and only if for some vertex v of G, N[v] = N[u] for every u € N[v]. 


Exercise 5.13. A simple graph G is called highly irregular if, foreachv € V(G), 
the degrees of the neighbors of v are all distinct. (For example, P, is a graph with 
this property.) Prove that there exist no connected highly irregular graphs of orders 
3 and 5. 


Exercise 5.14. The generalized Petersen graph P(n, k) is defined by taking 
V(P(u,k)) = {aj,b; :0<i<n-1} 


and 
E(P(n,k)) = {di Qi41, a;b;, bibi+k, O<i<n- 1}, 


where the subscripts are integers modulon,n > 5and1<k < [FI. Prove that 
if n is even and k is odd, then P(n, k) is bipartite. 


Example 1.5.12. If G is simple and 6 > k, then G contains a path of length at 
least k. 


Proof. Let P = vov; ... v, be a longest path in G. Then the vertices adjacent to v, 
can only be from among vo, v;,..., ¥;—1. Hence, the length of P = r > dg(v,;) = 
56>k. Oo 
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1.6 Automorphism of a Simple Graph 


Definition 1.6.1. An automorphism of a graph G is an isomorphism of G onto 
itself. We recall that two simple graphs G and H are isomorphic if and only if there 
exists a bijection @ : V(G) — V(#) such that wv is an edge of G if and only if 
(u)(v) is an edge of H. In this case ¢ is called an isomorphism of G onto H. 


We prove in our next theorem that the set Aut(G) of automorphisms of G is a 
group. 


Theorem 1.6.2. The set Aut(G) of all automorphisms of a simple graph G is a 
group with respect to the composition o of mappings as the group operation. 


Proof. We shall verify that the four axioms of a group are satisfied by the pair 
(Aut(G), 0). 


(i) Let ¢; and ¢2 be bijections on V(G) preserving adjacency and nonadjacency. 
Clearly, the mapping ¢; © ¢ is a bijection on V(G). If u and v are adjacent in 
G, then $2(u) and ¢2(v) are adjacent in G. But (¢1 0 ¢2)(u) = $1 (¢2(u)) and 
(f1 © $2)(v) = $1(h2(v)). Hence, ($1 © f2)(u) and (¢ © $2)(v) are adjacent in 
G; that is,  o d2 preserves adjacency. A similar argument shows that ¢ o do 
preserves nonadjacency. Thus, ¢; © ¢2 is an automorphism of G. 

(ii) It is a well-known result that the composition of mappings of a set onto itself 
is associative. 

(iii) The identity mapping 7 of V(G) onto itself is an automorphism of G, and it 
satisfies the condition ¢o J = Tog = ¢ forevery ¢@ € Aut(G). Hence, J is 
the identity element of Aut(G). 

(iv) Finally, if @ is an automorphism of G, the inverse mapping #7! is also an 
automorphism of G (see Sect. 1.1). Oo 


Theorem 1.6.3. For any simple graph G, Aut(G) = Aut(G‘). 


Proof. Since V(G‘) = V(G), every bijection on V(G) is also a bijection on V(G*). 
As an automorphism of G preserves the adjacency and nonadjacency of vertices of 
G, it also preserves the adjacency and nonadjacency of vertices of G°. Hence, every 
element of Aut(G) is also an element of Aut(G°), and vice versa. O 


Exercise 6.1. Show that the automorphism group of K, (or K() is isomorphic to 
the symmetric group S,, of degree n. 

In contrast to the complete graphs for which the automorphism group consists 
of every bijection of the vertex set, there are graphs whose automorphism groups 
consist of just the identity permutation. Such graphs are called identity graphs. 


Example 1.6.4. The graph G shown in Fig. 1.21 is an identity graph. 


Proof. Let y be an automorphism of G. Then y preserves degrees; that is, d(v) = 
d(y(v)) for all v € V(G) (see Exercise 4.1). Since ug is the only vertex of 
degree 3 in G, y(u4) = uy. Now uy, uz, and u7 are the vertices of degree | in 
G. Hence, y(u,) € {u1, u2,u7}. Also, since u, is adjacent to u4, y(u)) is adjacent to 
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Fig. 1.21 An identity graph wy 


Ug Us U4 Us Ug Ur 


y(u4) = uy. Hence, the only possibility is y(u,) = u,. Now, 3, us, and ue are the 
vertices of degree 2 in G. Hence, y(u3) € {u3, U5, Uo}. Also, as u3 is adjacent to u4, 
y(u3) is adjacent to y(u4) = ug. Hence, y(u3) is u3 or us. Again, y(u3) is adjacent to 
a vertex of degree 1. This forces y(u3) # us since us is not adjacent to a vertex of 
degree 1. Consequently, y(u3) = u3. This again forces y(u2) = uz. Having proved 
y(u2) = uz, we must have y(u7) = u7 on degree consideration. Using similar 
arguments, one easily proves that y(u5) = us and y(ue) = ue. Consequently, y = J, 
which implies that Aut(G) = {7}. 


Exercise 6.2. Let G be a simple connected graph with n vertices such that 
Aut(G) ~ S,. Show that G is the complete graph K,,. 


Exercise 6.3. Forn > 1, give 


(a) A simple connected graph G with G # K, and Aut(G) ~ Sy, 
(b) A simple disconnected graph G withG # K‘ and Aut(G) ~ S,. 


Exercise 6.4. Find the automorphism groups of the following graphs: 


a b 


Exercise 6.5. Let G be a simple graph and y € Aut(G). Prove that y(N(v)) = 
N(y()) and y(N[v]) = N[y(v)] for every v € V. 
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1.7. Line Graphs 


Let G be a loopless graph. We construct a graph L(G) in the following way: 

The vertex set of L(G) is in 1-1 correspondence with the edge set of G and two 
vertices of L(G) are joined by an edge if and only if the corresponding edges of G 
are adjacent in G. The graph L(G) (which is always a simple graph) is called the 
line graph or the edge graph of G. 

Figure 1.22 shows a graph and its line graph in which v; of L(G) corresponds to 
the edge e; of G for each 7. Isolated vertices of G do not have any bearing on L(G), 
and hence we assume in this section that G has no isolated vertices. We also assume 
that G has no loops. (See Exercise 7.4.) 

Some simple properties of the line graph L(G) of a graph G follow: 


1. G is connected if and only if L(G) is connected. 

2. If H is a subgraph of G, then L(/7) is a subgraph of L(G). 

3. The edges incident at a vertex of G give rise to a maximal complete subgraph of 
L(G). 

4. If e = uvis an edge of a simple graph G, the degree of e in L(G) is the same as 
the number of edges of G adjacent to e in G. This number is dg (u) + dg(v) —2. 
Hence, d1(g)(e) = dg(u) + dg(v) — 2. 

5. Finally, if G is a simple graph, 


> diay (e) 


e€ V(L(G)) 


Y> (de) + dev) — 2) 


uv € E(G) 


II 


> dg(u)* | — 2m(G) (since uv belongs to the stars at u 
ue V(G) 


Fig. 1.22 A graph G and its line graph L(G) 
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and v; see Definitions 1.2.12) 


- pp a] — 2m, 


i=1 


where (d1, do,...,d,) is the degree sequence of G, and m = m(G). By Euler’s 
theorem (Theorem 1.4.4), it follows that the number of edges of L(G) is given by 


m(L(G)) = 5 bs a] 7 


i=l 
Exercise 7.1. Show that the line graph of the star K,,, is the complete graph K,,. 
Exercise 7.2. Show that L(C,,) ~ C,,n > 3. 


Theorem 1.7.1. The line graph of a simple graph G is a path if and only if G 
is a path. 


Proof. Let G be the path P,, on n vertices. Then clearly, L(G) is the path P,_; on 
n — | vertices. 

Conversely, let L(G) be a path. Then no vertex of G can have degree greater than 
2 because if G has a vertex v of degree greater than 2, the edges incident to v would 
form a complete subgraph of L(G) with at least three vertices. Hence, G must be 
either a cycle or a path. But G cannot be a cycle, because the line graph of a cycle 
is again a cycle. Oo 


Exercise 7.3. Let H = L?(G) be defined as L(L(G)). Find m(H) if G is the 
graph of Fig. 1.22. 


Exercise 7.4. Give an example of a graph G to show that the relation d7(g)(uv) = 
dg(u) + dg(v) — 2 may not be valid if G has a loop. 

As shown in Exercise 7.2, C, ~~ L(C,,); in fact, C, is the only simple graph 
with this property, as Exercise 7.5 shows. 


Exercise 7.5. Prove that a simple connected graph G is isomorphic to its line graph 
if and only if it is a cycle. 


Exercise 7.6. Disprove by a counterexample: If the graph H is a spanning sub- 
graph of a graph G, then L(/7) is a spanning subgraph of L(G). 


Theorem 1.7.2. If the simple graphs G, and G2 are isomorphic, then L(G) and 
L(G») are isomorphic. 


Proof. Let (¢, 8) be an isomorphism of G; onto G2. Then 6 is a bijection of E(G1) 
onto E(G2). We show that 0 is an isomorphism of L(G,) to L(G2). We prove this 
by showing that @ preserves adjacency and nonadjacency. Let e; and e; be two 
adjacent vertices of L(G). Then there exists a vertex v of G; incident with both e; 
and e;, and so #(v) is a vertex incident with both 6(e;) and 6(e;). Hence, 0(e;) and 
O(e;) are adjacent vertices in L(G2). 
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Fig. 1.23 Nonisomorphic 
graphs on four vertices or less e | Pan 
G4 Gs G6 


Gr; 


7 


Gs 
Gs 
Gio 
Now, let 6(e;) and 6(e;) be adjacent vertices in L(G2). This means that they are 
adjacent edges in Gz and hence there exists a vertex v’ of Go incident to both 6(e;) 
and 0(e;) in Gz. Then ¢~!(v’) is a vertex of G; incident to both e; and e;, so that 
e; and e; are adjacent vertices of L(G}). 
Thus, e; and e; are adjacent vertices of L(G,) if and only if 6(e;) and O(e;) 


are adjacent vertices of L(G). Hence, 9 is an isomorphism of L(G,) onto L(G2). 
(Recall that a line graph is always a simple graph.) Oo 


Remark 1.7.3. The converse of Theorem 1.7.2 is not true. Consider the graphs K, 3 
and K3. Their line graphs are K3. But K,,3 is not isomorphic to K3 since there is a 
vertex of degree 3 in K,,3, whereas there is no such vertex in K3. 

Theorem 1.7.4* shows that the above two graphs are the only two exceptional 
simple graphs of this type. 


Theorem 1.7.4* (H. Whitney). Let G and G’ be simple connected graphs with 
isomorphic line graphs. Then G and G' are isomorphic unless one of them is K\3 
and the other is K3. 


Proof. First, suppose that n(G) and n(G’) are less than or equal to 4. A necessary 
condition for L(G) and L(G’) to be isomorphic is that m(G) = m(G’). The 
only nonisomorphic connected graphs on at most four vertices are those shown in 
Fig. 1.23. 

In Fig. 1.23, graphs G4, Gs, and G¢ are the three graphs having three edges each. 
We have already seen that G4 and G¢ have isomorphic line graphs, namely, K3. The 
line graph of Gs is a path of length 2, and hence L(G5) cannot be isomorphic to 
L(G4) or L(Ge¢). Further, G7 and Gg are the only two graphs in the list having four 
edges each. 
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Fig. 1.24 Graphs with five vertices and edge e adjacent to one or all three other edges 


Now L(Gg) ~ Gg, and L(G7) is isomorphic to Go. Thus, the line graphs of G7 
and Gg are not isomorphic. No two of the remaining graphs have the same number 
of edges. Hence the only nonisomorphic graphs with at most four vertices having 
isomorphic line graphs are G4 and Ge. 

We now suppose that either G or G’, say G, has at least five vertices and that 
L(G) and L(G’) are isomorphic under an isomorphism ¢,. ¢; is a bijection from 
the edge set of G onto the edge set of G’. 

We now prove that ¢; transforms a K;,3 subgraph of G onto a K,3 subgraph of 
G’. Let ey = uv, €2 = uv, and e3 = uyv3 be the edges of a K, 3 subgraph of G. As 
G has at least five vertices and is connected, there exists an edge e adjacent to only 
one or all the three edges e;, e2, and e3, as illustrated in Fig. 1.24. 

Now ¢)(e1), ¢1(€2), and ;(e3) form either a K,,3 subgraph or a triangle in 
G’. If 1 (ei), ¢1(e2), and ¢;(e3) form a triangle in G’, ¢,(e) can be adjacent 
to precisely two of $)(€1), ¢1(e2), and ¢1(e3) (since L(G’) is simple), whereas 
¢\(e) must be adjacent to only one or all the three. This contradiction shows that 
{o1(e1), $1 (e2), 61 (e3)} is not a triangle in G’ and therefore forms a star at a vertex 
Vv of G’. 

It is clear that a similar result holds for 67! as well, since it is an isomorphism of 
L(G’) onto L(G). 

Let S(u) denote the star subgraph of G formed by the edges of G incident at 
a vertex u of G. We shall prove that ¢; maps S(u) onto the star subgraph S(u’) 
of G’. 


(i) First, suppose that the degree of u is at least 2. Let f; and fp be any two edges 
incident at u. The edges ¢;(f) and ¢;(f2) of G’ have an end vertex uv’ in 
common. If f is any other edge of G incident with u, then ¢,(/) is incident 
with w’, and conversely, for every edge f’ of G’ incident with u’, 7 '(f’) is 
incident with u. Thus, S(u) in G is mapped to S(u’) in G’. 

(ii) Let the degree of u in G be | and e = wy be the unique edge incident with uw. 
As G is connected and n(G) > 5, degree of v must be at least 2 in G, and 
therefore, by (i), S(v) is mapped to a star S(v’) in G’. Also, di (uv) = u'v’ 
for some u’ € V(G’). Now, if the degree of uv’ in G’ is greater than 1, by 
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paragraph (i), the star at uv’ in G’ is transformed by ¢;! either to the star at u in 
G or to the star at v in G. But as the star at v in G is mapped to the star at v’ in 
G’ by $1, ¢; | should map the star at uv’ in G’ to the star at u in G only. As ¢7' 
is 1-1, this means that dg(u) > 2, a contradiction. Therefore, dg/(u’) = 1, 
and so S(u) in G is mapped onto S(u’) in G’. 


We now define ¢ : V(G) > V(G’) by setting d(u) = wu’ if g(S(u)) = Sv’). 
Since S(u) = S(v) only whenu = v(G #4 Ky, G' # K>), dis 1-1. ¢ is also onto 
since, for v’ in G’, 6 '(S(v’)) = S(v) for some v € V(G), and by the definition of 
ob, d(v) = Vv’. Finally, if uv is an edge of G, then ¢)(uv) belongs to both S(u’) and 
S(v’), where ¢1(S(u)) = S(u’) and ¢\(S(v)) = S(’). This means that uv’v’ is an 
edge of G’. But u’ = d(u) and v’ = ¢(v). Consequently, ¢(u)¢(v) is an edge of G’. 
If u and v are nonadjacent in G, ¢(u)d(v) must be nonadjacent in G’. Otherwise, 


(u)¢(v) belongs to both $(¢(u)) and S(¢(v)), and hence 6, (owe (v)) =u e 
Oo 


E(G), a contradiction. Thus, G and G’ are isomorphic under ¢. 


Definition 1.7.5. A graph H is called a forbidden subgraph for a property P of 
graphs if it satisfies the following condition: If a graph G has property P, then G 
cannot contain an induced subgraph isomorphic to H. 

Beineke [17] obtained a forbidden-subgraph criterion for a graph to be a line 
graph. In fact, he showed that a graph G is a line graph if and only if the nine graphs 
of Fig. 1.25 are forbidden subgraphs for G. However, for the sake of later reference, 
we prove only the following result. 


Theorem 1.7.6. If G is a line graph, then K,3 is a forbidden subgraph of G. 


Proof. Suppose that G is the line graph of graph H and that G contains a K,3 as 
an induced subgraph. If v is the vertex of degree 3 in K,.3 and v;, v2, and v3 are the 
neighbors of v in this K;3, then the edge e corresponding to v in H is adjacent to 
the three edges e;, e7, and e3 corresponding to the vertices vj, v2, and v3. Hence, 
one of the end vertices of e must be the end vertex of at least two of e;, e2, and e3 in 
H, and hence v together with two of v,, v2, and v3 form a triangle in G. This means 
that the K,3 subgraph of G considered above is not an induced subgraph of G, a 
contradiction. O 


1.8 Operations on Graphs 


In mathematics, one always tries to get new structures from given ones. This also 
applies to the realm of graphs where one can generate many new graphs from a 
given set of graphs. In this section we consider some of the methods of generating 
new graphs from a given pair of graphs. 

Let G; = (Vi, £,) and Gz = (V2, E2) be two simple graphs. 


Definition 1.8.1. Union of two graphs: The graph G = (V, EF), whereV = VU 
V, and E = E;, U £), is called the union of G,; and G» and is denoted by G; U Go. 
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Gy 
G- 
Gg 


G4 5 ei 


N 


When G; and G» are vertex disjoint, G; U G2 is denoted by G; + G2 and is called 
the sum of the graphs G; and Go. 

The finite union of graphs is defined by means of associativity; in particular, if 
G1, Go, ..., G, are pairwise vertex-disjoint graphs, each of which is isomorphic to 
G, then G; + G) + ... + G, is denoted by rG. 


Ge 


fi 


Fig. 1.25 Nine graphs of Bieneke [17] 


Definition 1.8.2. Intersection of two graphs: If Vi N V2 #4 @, the graph G = 
(V, E), where V = V, NM V2 and E = E; OM Ez is the intersection of G; and G2 
and is written as G; M Go. 


Definition 1.8.3. Join of two graphs: Let G; and G2 be two vertex-disjoint graphs. 
Then the join G; V G2 of G; and G> is the supergraph of G; + G» in which each 
vertex of G; is also adjacent to every vertex of Gp. 

Figure 1.26 illustrates the graph G; V Go. If G; = K, and Gy = Cy, then 
G, V Gy is called the wheel W,,. Ws is shown in Fig. 1.27. 

It is worthwhile to note that Ki,» = Ky, V Ky and K, = K, V Ky-1. 

It follows from the above definitions that 


(i) n(G, UG) = n(G1) +n(G2)—n(G1N G2), m(G; UG2) = m(G;) +m(G2)— 
m(G,M Gp). 
(ii) n(G, + G2) = n(G,) + n(Gy), m(G, + G2) = m(G1) + m(G») and 
(iii) n(G, V G2) = n(G1) +n(G2), m(G1 V G2) = m(G,) +m(G2) +n(Gi)n(Go). 
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Fig. 1.26 G, V G» b 


G,: Gy : 


Ug 


G, V G2: 


Fig. 1.27 Wheel W; 


1.9 Graph Products 


We now define graph products. Denote a general graph product of two simple graphs 
by G « H. We define the product in such a way that G * H is also simple. Given 
graphs G, and G2 with vertex sets V; and V2 respectively, any product graph G, * G2 
has as its vertex set the Cartesian product V(G;) x V(G2). For any two vertices 
(U1, U2), (V1, V2) of G; * Gz, consider the following possibilities: 


(i) uy adjacent to v; in G; or uw; nonadjacent to v; in Gy. 
(11) uy adjacent to v2 in Gp or uz nonadjacent to v2 in Gp. 
(iii) uy = vy and/or uz = vo. 


We use, with respect to any graph, the symbols £, N, and = to denote adjacency 
(edge), nonadjacency (no edge), and equality of vertices, respectively. We then have 
the following structure table S for G; * Gz, where the rows of S correspond to G, 
and the columns to G» and 
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nA 
ll 


Ss] 
000 fm 

° 
o. 0.0 = 


fe} 


where each o in the double array S is E or N according to whether a general vertex 
(uy, U2) of G, * Go is adjacent or nonadjacent to a general vertex (v;, v2) of Gj * Go. 
Since each o can take two options, there are in all 2° = 256 graph products G, * Gy 
that can be defined using G; and Gp. 
G11 412 413 
If S = | ao, = ay3 }, then the edge-nonedge entry of S will correspond to 
431 432 433 
the nonedge-edge entry of the structure matrix of Gz * G;. Hence, the product x is 
commutative, that is, G; and G2 commute under « if and only if the double array S 
is symmetric. Hence, if the product is commutative, it is enough if we know the five 
ooo°o 
circled positions in = o | to determine S completely. Therefore, there are in all 
ie) 
2° = 32 commuting products. 
We now give the matrix S for the Cartesian, direct, composition, and strong 
products. 


Definition 1.9.1. Cartesian product, G;,OG». 


E=N 
E| NEN 
S: =| E=N 
N| NNN 
Hence, (u;, v2) and (v, v2) are adjacent in Gj 1G, if and only if either u; = v; 


and up is adjacent to v2 in Go, or uw; is adjacent to vj in G; and uz = vo. 
Definition 1.9.2. Direct (or tensor or Kronecker) product, G, x Gp. 
E=N 

ENN 


N=WN 
NNN 


nA 
om 


Hence, (uj, v2) is adjacent to (v;, v2) in G; x Gp» if and only if u; is adjacent to 
v; in Gy and wp is adjacent to v2 in Gp. 


Definition 1.9.3. Composition (or wreath or lexicographic) product G,[G2]. 
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Fig. 1.28 G3 = C,0P3 (uy, A) (Ug, U3) 


(144, 0) (ug, U3) 


E=N 
E| EEE 
S:= = WN 
N| NNN 


Therefore, (u1, uz) is adjacent to (v1, v2) in G1 [G2] if and only if u, is adjacent to v, 
in G; or uw; = V1, and up is adjacent to v2 in Gp. 


Definition 1.9.4. Strong (or normal) product G; & G2. By definition, G; KX Gz = 
(G,OG,) U (G; x G2). Hence, its structure matrix is given by 


E=N 
EEN 
E=N 
NNN 


nH 
2 io& 


Remarks 1.9.5. 1. All the four products defined above are associative. 
2. With the exception of composition, the other three are commutative. 


Example 1.9.6. Example of Cartesian product: Let Gy = C4 = (uy u2 u3 U4) and 
Gz = P3 = (v1 v2 v3). Then G;OGz> is the graph G3 given in Fig. 1.28. 


Definition 1.9.7. Let (x, y) be any vertex of GjG2. The Go-fiber (also called 
G>-layer) at x in Gj; G2, denoted by (G2) x, is the subgraph of G; G2 induced by 
the set of all vertices {(x, z) : z € V(G»)}. Similarly, the G-fiber at y, in symbol 
(G1)y, is the subgraph of G; Gz induced by {(z, y) : z € V(G1)}. 
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Fig. 1.29 G,[G)] 


Fig. 1.30 G2[G;] 
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(uy, v4) 


For instance, the outer square of the graph G3 in Fig. 1.28 is the G,-fiber (G1), 
at v3 of G2 while the path (1, v1) (ui, v2) (1, v3) is the Go-fiber (G2), at u;. Hence, 
fixing a vertex of G;, we get a G>-fiber, and fixing a vertex of G2, we get a G,-fiber. 
Moreover, it is clear that (G1), M (G2), = the vertex (x, y) of G;OG». 


Remark 1.9.8. Itis easy to see that n(G,;G2) = n(G,)n(G2) andm(G,;OG2) = 


n(G,)m(G2) + n(G2) m(G;). 


Example 1.9.9. If G; and G2 are graphs of Fig. 1.26, Gi[G2] and G2[G;] are shown 
in Figs. 1.29 and 1.30, respectively. 


Example 1.9.10. If G, and G» are graphs of Fig. 1.26, G; Kl G2 and G; x G» are 


shown in Fig. 1.31. 


Exercise 9.1. Show by means of an example that G,[G2] need not be isomorphic 


to G2[Gi]. 
Exercise 9.2. Prove that G;O 


Go land Goo 


G. 


Exercise 9.3. Prove that G; Xl G> is isomorphic to G2 XG. 
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(wy, V4) (uz, V2) (wy, va) 


(uw, V1) (ug, v4) 


G1 Go 
(uy, v1) (ui, v2) (U1, V3) (ui, va) 
(ug, 1) (ug, v2) (ug, v3) (ua, va) 
Gi x Go 


Fig. 1.31 G, & G, and G, x G, 


Exercise 9.4. Prove that 


(a) n(Gi[Go]) = n(G2[Gi] = n(G; RX Gy) = n(G1)n(Go). 

(b) m(G,[G2]) = n(Gi)m(G2) + n(G2)*m(G4). 

(c) m(G; KX Gy) = n(G1)m(G2) + m(Gi)n(G2) + 2m(G1)m(G2). 
(d) m(G, x G2) = 2m(G1)m(Gp). 


Exercise 9.5. Prove: L(Kinn) ~ KmOKn. 
We now introduce the powers of a simple graph G. 


Definition 1.9.11. The kth power G* of G has V(G*) = V(G), where u and v are 
adjacent in G* whenever dg(u,v) < k. 
Two graphs H, and H) and their squares H; and He are displayed in Fig. 1.32. 
By the definition of G*, G is a spanning subgraph of G*,k > 1. 


Exercise 9.6. Show that if G is a connected graph with at least two edges, then 
each edge of G? belongs to a triangle. 


Exercise 9.7. If dg(u, v) = p, determine dg: (u, v). 
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Fig. 1.32 Two examples for the square of a graph 


1.10 An Application to Chemistry 


The earliest application of graph theory to chemistry was found by Cayley [33] 
in 1857 when he enumerated the number of rooted trees with a given number of 
vertices. A chemical molecule can be represented by a graph by taking each atom of 
the molecule as a vertex of the graph and making the edges of the graph represent 
atomic bonds between the end atoms. Thus, the degree of each vertex of such a 
graph gives the valence of the corresponding atom. Molecules that have the same 
chemical formula but have different structural properties are called isomers. In terms 
of graphs, isomers are two nonisomorphic graphs having the same degree sequence. 
The two molecular graphs (actually trees; see Chap. 4) of Fig. 1.33 represent two 
isomers of the molecule C;H7OH (propanol). The graph of Fig. 1.34 represents 
aminoacetone C;H7NO. This has a multiple bond represented by a pair of multiple 
edges between C and O. 

The paraffins have the molecular formula C;, H2,.42, having 3k + 2 atoms 
(vertices), of which k are carbon atoms and the remaining 2k + 2 are hydrogen 
atoms. They all have 3k + 1 bonds (edges). Cayley used enumeration techniques of 
graph theory (see reference [95]) to count the number of isomers of C;, H2,+2. His 
formula shows that for the paraffin C3 Ho, there are 802 different isomers. 


1.11 Application to Social Psychology 


The study of applications of graph theory to social psychology was initiated by 
Cartwright, Harary, and Norman [97] when they were at the Research Center for 
Group Dynamics at the University of Michigan during the 1960s. 
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Fig. 1.33 Two isomers of C3H,OH 


Fig. 1.34 Aminoacetone H O H it 
C;H;NO 


Group dynamics is the study of social relationships between people within a 
particular group. The graphs that are commonly used to study these relationships 
are signed graphs. A signed graph is a graph G with sign + or — attached to each of 
its edges. An edge of G is positive (respectively, negative) if the sign attached to it is 
+ (respectively, —). A positive sign between two persons u and v would mean that 
u and v are “related”; that is, they share the same social trait under consideration. 
A negative sign would indicate the opposite. The social trait may be “same political 
ideology,” “friendship,” “likes certain social customs,” and so on. 

A group of people with such relations between them is called a social system. 
A social system is called balanced if any two of its people have a positive relation 
between them, or if it is possible to divide the group into two subgroups so that 
any two persons in the same subgroup have a positive relation between them while 
two persons of different subgroups have a negative relation between them. This of 
course means that if both wu and v have negative relation to w, then u and v must have 
positive relation between them. 

In consonance with a balanced social system, a balanced signed graph G is 
defined as a graph in which the vertex set V can be partitioned into two subsets V;, 
i = 1,2, one of which may be empty, so that any edge in each G[V;] is positive, 
while any edge between V and V3 is negative. 

For example, the signed graph G, of Fig. 1.35a is balanced (take Vi} = {u, uz} 
and Vz = {u3, u4, us}). However, the signed graph G> of Fig. 1.35b is not balanced. 
(If Gz were balanced and v4 € (say) Vi, then v5 € V2 and vo € Vj, and therefore 
Vovs Should be a negative edge, which is not the case.) 

A path or cycle in a signed graph is positive if it has an even number of — signs; 
otherwise, the path is negative. The following characterization of balanced signed 
graphs is due to Harary [97]. 
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Fig. 1.36 A negative u; — uo path 


Theorem 1.11.1 (Harary [97]). A signed graph S is balanced if and only if the 
paths between any two vertices of S either are all positive paths or are all negative 
paths. 


Proof. Let S be a balanced signed graph with (Vj, V2) being the partition of the 
vertex set V(S) of S. Let P : u = uyu2...u, = v bea path in S. Without loss 
of generality, we may assume that u; € V;. Then, as we traverse along P from uj, 
we will continue to remain in V; until we traverse along a negative edge. Recall that 
a negative edge joins a vertex of V; to a vertex of V2. Hence, if P contains an odd 
number of negative edges, that is, if P is negative, then v € V2, whereas if P is 
positive, v € V; (see Fig. 1.36). It is clear that every u-v path in S must have the 
same sign as P. 

Conversely, assume that S is a signed graph with the property that between any 
two vertices of S the paths are either all positive or all negative. We prove that S 
is balanced. We may assume that S is a connected graph. Otherwise, we can prove 
the result for the components, and if (V;, V, ), 1 < i <,o, are the partitions of the 
vertex subsets of the (signed) components, then [U?_,, V;, U?_, V;’] is a partition of 
V(S) of the requisite type. 

So we assume that S is connected. Let v be any vertex of S. Denote by V; the 
set of all vertices u of S that are connected to v by positive paths of S', and let 
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Fig. 1.37 Path P with (a) a b 

uw € P and (b) uw € P 
o-oo 0 00 o—_e-_-0 oe 0 
n P uu v P wu 


V2 = V(S)\Vi. Then no edge both of whose end vertices are in V; can be negative. 
Suppose, for instance, u € Vj, w € Vj, and edge uw is negative. Let P be any 
v-w path in S. Since w € Vj, P is a positive path. If uw € P, (Fig. 1.37a), then 
P — (uw) is a negative v-u path in S, contradicting the choice of u € Vi. If uw € P, 
(Fig. 1.37b), then P U (wu) is a negative v-u path in S, again a contradiction. For a 
similar reason, no edge both of whose end vertices are in V2 can be negative, and no 
edge with one end in V, and the other end in V2 can be positive. Thus, (V;, V2) is a 
partition of V(S) of the required type, which ensures that S is balanced. O 


Exercise 11.1. Prove that a signed graph S is balanced if and only if every cycle of 
S is positive. 


Exercise 11.2. Let S be a social system in which every two individuals dislike each 
other. Is S balanced? 


Exercise 11.3. Let S be a signed tree. Is S balanced? 


1.12. Miscellaneous Exercises 


12.1. Show that the sequences (a) (7, 6, 5, 4, 3, 3, 2) and (b) (6, 6, 5, 4, 3, 3, 1) 
are not graphical. 

12.2. Give an example of a degree sequence that is realizable as the degree 
sequence by only a disconnected graph. 

12.3. Show that for a simple bipartite graph, m < S 

12.4. If 6 and A are respectively the minimum and maximum of the degrees of a 
graph G, show that 6 < am <A. 

12.5. For every n > 3, construct a 3-regular simple graph on 2n vertices 
containing no triangles. 

12.6. If a bipartite graph G(X, Y) is regular, show that |X| = |Y|. 

12.7. Show that in a simple graph, any closed walk of odd length contains a cycle. 

12.8. Give an example of a disconnected simple graph having w components, n 
vertices, and weelinet) edges. 

12.9. Prove or disprove: If H is a subgraph of G, then 


(a) 6(H) < 6(G) 
(b) A(T) < AG). 


12.10. Ifm > ree. then show that G is connected. 
12.11. If 6 > 2, then show that G contains a cycle. 
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12.12. If6(G) => 3k—1 fora graph G, prove that G contains k edge-disjoint cycles. 

12.13. If a simple graph has two pendant vertices, prove that G° has at most two 
pendant vertices. Give an example of a graph G for which both G and G‘ 
have exactly two pendant vertices. 

12.14. Show that Aut(C,,) is D,,, the dihedral group of order 27. 

12.15. Determine Aut(K,,), p # @. 

12.16. Determine the order of the automorphism group of 
(a) K4 —e@, (b) Ph. 

12.17. Show that the line graph of K,, is regular of degree 2n — 4. Draw the line 
graph of K4. 

12.18. Show that the line graph of K,,, is regular of degree p + gq — 2. Draw the 
line graph of K>3. 

12.19. Show that a connected graph G is complete bipartite if and only if no 
induced subgraph of G is a K3 or P4. 

12.20. If G is connected and diam(G) > 3, where diam(G) = max{d(u, v) : u,v € 
V(G)}, show that G° is connected and diam(G‘) < 3. 

12.21. Show that the complement of a simple connected graph G is connected if 
and only if G has contains no spanning complete bipartite subgraph. 


Notes 


Graph theory, which had arisen out of puzzles solved for the sake of curiosity, 
has now grown into a major discipline in mathematics with problems permeating 
into almost all subjects—physics, chemistry, engineering, psychology, computer 
science, and more! It is customary to assume that graph theory originated with 
Leonhard Euler (1707-1783), who formulated the first few theorems in the subject. 
The subject, which was lying almost dormant for more than 100 years after Euler’s 
death, suddenly started exploding at the turn of the 20th century, and today it has 
branched off in various directions—coloring problems, Ramsey theory, hypergraph 
theory, Eulerian and Hamiltonian graphs, decomposition and factorization theory, 
directed graphs, just to name a few. Some of the standard texts in graph theory are 
Refs. [14, 16, 27, 28, 34, 41,51, 77, 80, 93, 155, 192]. A good account of enumeration 
theory of graphs is given in Ref. [95]. Further, a comprehensive account of 
applications of graph theory to chemistry is given in Refs. [176, 177]. 

Theorem 1.7.4* is due to H. Whitney [193], and the proof given in this chapter 
is due to Jiing [118]. 


Chapter 2 
Directed Graphs 


2.1 Introduction 


Directed graphs arise in a natural way in many applications of graph theory. The 
street map of a city, an abstract representation of computer programs, and network 
flows can be represented only by directed graphs rather than by graphs. Directed 
graphs are also used in the study of sequential machines and system analysis in 
control theory. 


2.2 Basic Concepts 


Definition 2.2.1. A directed graph D is an ordered triple (V(D), A(D), Ip), where 
V(D) is a nonempty set called the set of vertices of D; A(D) is a set disjoint from 
V(D), called the set of arcs of D; and Ip is an incidence map that associates with 
each arc of D an ordered pair of vertices of D. If a is an arc of D, and Ip(a) = 
(u, v), wis called the tail of a, and vis the head of a. The arc a is said to join v with 
u. u and v are called the ends of a. A directed graph is also called a digraph. 

With each digraph D, we can associate a graph G (written G(D) when reference 
to D is needed) on the same vertex set as follows: Corresponding to each arc 
of D, there is an edge of G with the same ends. This graph G is called the 
underlying graph of the digraph D. Thus, every digraph D defines a unique 
(up to isomorphism) graph G. Conversely, given any graph G, we can obtain a 
digraph from G by specifying for each edge of G an order of its ends. Such a 
specification is called an orientation of G. 

Just as with graphs, digraphs have a diagrammatic representation. A digraph is 
represented by a diagram of its underlying graph together with arrows on its edges, 
the arrow pointing toward the head of the corresponding arc. A digraph and its 
underlying graph are shown in Fig. 2.1. 
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Fig. 2.1 Digraph D and its underlying graph G(D) 


Many of the concepts and terminology for graphs are also valid for digraphs. 
However, there are many concepts of digraphs involving the notion of orientation 
that apply only to digraphs. 


Definition 2.2.2. If a = (u,v) is an arc of D, a is said to be incident out of u 
and incident into v. v is called an outneighbor of u, and u is called an inneighbor 
of v. N a (u) denotes the set of outneighbors of u in D. Similarly, Np (u) denotes 
the set of inneighbors of u in D. When no explicit reference to D is needed, we 
denote these sets by N*(u) and N~(u), respectively. An are a is incident with u if 
it is either incident into or incident out of u. An arc having the same ends is called a 
loop of D. The number of arcs incident out of a vertex v is the outdegree of v and is 
denoted by an (v) or d*(v). The number of arcs incident into v is its indegree and 
is denoted by dj (v) or d7(v). 

For the digraph D of Fig. 2.2, we have d+ (v;) = 3, d* (v2) = 3, dt (v3) = 0, 
d* (v4) = 2, dt (vs) = 0, d* (v6) = 2, d~(1) = 2, d~(v2) = 1, d~(03) = 4, 
d~(v4) = 1, d~(vs) = 1, and d~(v¢) = 1. (The loop at v; contributes 1 each to 
d* (v1) and d~(1).) 

The degree dp(v) of a vertex v of a digraph D is the degree of v in G(D). Thus, 
d(v) = d*(v) + d~()). As each arc of a digraph contributes 1 to the sum of the 
outdegrees and | to the sum of indegrees, we have 


~ ToM= DV CwH=mO), 


veV(D) veV(D) 


where m(D.) is the number of arcs of D. 

A vertex of D is isolated if its degree is 0; it is pendant if its degree is 1. 
Thus, for a pendant vertex v, either d+ (v) = 1 and d~(v) = 0, or d*(v) = 0 and 
d~(v) = 1. 


Definitions 2.2.3. 1. A digraph D’ is a subdigraph of a digraph D if V(D’) C 
V(D), A(D’) C A(D), and Ip is the restriction of Ip to A(D’). 
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Os 


Fig. 2.2. A strong digraph (/eft) and a symmetric digraph (right) 


2. A directed walk joining the vertex vo to the vertex vg in D is an alternating 
sequence W = vodiv1d2V2...axve, 1 < i < k, with a; incident out of v;-| 
and incident into v;. Directed trails, directed paths, directed cycles, and induced 
subdigraphs are defined analogously as for graphs. 

3. A vertex v is reachable from a vertex u of D if there is a directed path in D from 
u tov. 

4. Two vertices of D are diconnected if each is reachable from the other in D. 
Clearly, diconnection is an equivalence relation on the vertex set of D, and if 
the equivalence classes are Vi, V2,...,V, the subdigraphs of D induced by 
V,,V2,..., Vo are called the dicomponents of D. 

5. A digraph is diconnected (also called strongly-connected) if it has exactly one 
dicomponent. A diconnected digraph is also called a_ strong digraph. 

6. A digraph is strict if its underlying graph is simple. A digraph D is symmetric 
if, whenever (u, v) is an arc of D, then (v, u) is also an arc of D (see Fig. 2.2). 


Exercise 2.1. How many orientations does a simple graph of m edges have? 


Exercise 2.2. Let D be a digraph with no directed cycle. Prove that there exists a 
vertex whose indegree is 0. Deduce that there is an ordering v;, v2,...,¥, of V such 
that, for 2 <i <n, every arc of D with terminal vertex v; has its initial vertex in 
{v1, V2 586 5 Vj-1}. 


2.3. Tournaments 


A digraph D is a tournament if its underlying graph is a complete graph. Thus, in 
a tournament, for every pair of distinct vertices u and v, either (u, v) or (v, u), but 
not both, is an arc of D. Figures 2.3a, b display all tournaments on three and four 
vertices, respectively. 

The word ’tournament” derives its name from the usual round-robin tournament. 
Suppose there are players in a tournament and that every player is to play against 
every other player. The results of such a tournament can be represented by a 
tournament on n vertices, where the vertices represent the n players and an arc 
(u, v) represents the victory of player u over player v. 

Suppose the players of a tournament have to be ranked. The corresponding 
digraph T, a tournament, could be used for such a ranking. The ranking of the 
vertices of T is as follows: One way of doing it is by looking at the sequence of 
outdegrees of T. This is because dz (v) stands for the number of players defeated by 
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Fig. 2.3. Tournaments on (a) three and (b) four vertices 


the player v. Another way of doing it is by finding a directed Hamilton path, that is, 
a spanning directed path in 7. One could rank the players as per the sequence of this 
path so that each player defeats his or her successor. We now prove the existence of 
a directed Hamilton path in any tournament. 


Theorem 2.3.1 (Réedei [165]). Every tournament contains a directed Hamilton 
path. 


Proof. (By induction on the number of vertices n of the tournament.) The result can 
be directly verified for all tournaments having two or three vertices. Hence, suppose 
that the result is true for all tournaments on n > 3 vertices. Let T be a tournament on 
n + 1 vertices v1, V2,...,Vn+4+1. Now, delete v,., from T. The resulting subdigraph 
T’ of T is a tournament on n vertices and hence by the induction hypothesis contains 
a directed Hamilton path. Assume that the Hamilton path is vjv2...v,, relabeling 
the vertices, if necessary. 

If the arc joining v; and v,,+ 1 has v,+1 as its tail, then v,41V1V2...V, 1s a directed 
Hamilton path in T and the result stands proved (see Fig. 2.4a). 

If the arc joining v, and v,+; is directed from v, to v,+1, then vjv2... Vy) Vp+41 iS 
a directed Hamilton path in T (see Fig. 2.4b). 

Now suppose that none of (v,+41,v1) and (v,,¥,41) is an arc of 7. Hence, 
(V1, Vn41) and (vy41,¥_,) are arcs of 7—the first arc incident into v,4+, and the 
second arc incident out of v,4;. Thus, as we pass on from v; to v,, we encounter 
a reversal of the orientation of edges incident with v,4,. Let vy;,2 <i <n, be 
the first vertex where this reversal takes place, so that (vj—1, Vn+1) and (vj, +41, vj) are 
arcs of T. Then vjv2... Vj-1Vn+1Vi Vi+1--- Vn iS a directed Hamilton path of T (see 
Fig. 2.4c). Oo 


Theorem 2.3.2 (Moon [141,143]). Every vertex of a diconnected tournament T 
on n vertices with n > 3 is contained in a directed k-cycle, 3 < k <n.(T is then 
said to be vertex-pancyclic.) 


Proof. Let T be a diconnected tournament with n > 3 and u, a vertex of 7. Let 
S = N*(u), the set of all outneighbors of u in T, and S’ = N~(u), the set of all 
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Fig. 2.4 Digraphs for proof of Theorem 2.3.1 


Fig. 2.5 Digraphs for proof of Theorem 2.3.2 


inneighbors of u in T. As T is diconnected, none of S and S’ is empty. If [S, S’] 
denotes the set of all arcs of T having their tails in S and heads in S’, then [S, S’] 
is also nonempty for the same reason. If (v, w) is an arc of [S, S’], then (u, v, w, u) 
is a directed 3-cycle in T containing u. (see Fig. 2.5a.) 

Suppose that u belongs to directed cycles of T of all lengths k, 3 < k < p, where 
Pp <n. We shall prove that there is a directed (p + 1)-cycle of T containing u. 

Let C : (vo, V1,..-,Vp—1, Vo) be a directed p-cycle containing u, where v,—; =u. 
Suppose that v is a vertex of T not belonging to C such that for some i and j, 
O<i, j < p—1,i F J, there exist arcs (v;, v) and (v, v;) of T (see Fig. 2.5b). Then 
there must exist arcs (v,,v) and (v,v,41) of A(T), i < r < j — 1 (suffixes taken 
modulo p), and hence (vo, v1,....Vr,V.V¥r+1s+++»Vp—1, Vo) is a directed (p + 1)- 
cycle containing u (see Fig. 2.5b). 
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If no such v exists, then for every vertex v of T not belonging to V(C), either 
(v;,v) € A(T) for every i,0 <i < p—1, or (v,v;) € A(T) for every 1,0 <i < 
p—1.Let S = {ve V(T)\ V(C) : (,v) € A(T) for eachi,0 <i < p—1} 
and S’ = {we V(T) \ V(C) : (w,v;) € A(T) for each i,0 <i < p—1}. The 
diconnectedness of T implies that none of S, S’, and [S, S’] is empty. Let (v, w) be 
an arc of [S, S’]. Then (vo, v, W, v2,...,Vp—1, Vo) is a directed (p + 1)-cycle of T 
containing v,—_; = u (see Fig. 2.5c). Oo 


Remark 2.3.3. Theorem 2.3.2 shows, in particular, that every diconnected tourna- 
ment is Hamiltonian; that is, it contains a directed spanning cycle. 


Exercise 3.1. Show that every tournament T is diconnected or can be made into 
one by the reorientation of just one arc of 7. 


Exercise 3.2. Show that a tournament is diconnected if and only if it has a spanning 
directed cycle. 


Exercise 3.3. Show that every tournament of order 7 has at most one vertex v with 
d*(v) =n-1. 


Exercise 3.4. Show that for each positive integer n > 3, there exists a non- 
Hamiltonian tournament of order n (that is, a tournament not containing a spanning 
directed cycle). 


Exercise 3.5. Show that if a tournament contains a directed cycle, then it contains 
a directed cycle of length 3. 


Exercise 3.6. Show that every tournament T contains a vertex v such that every 
other vertex of T is reachable from v by a directed path of length at most 2. 


2.4 k-Partite Tournaments 


Definition 2.4.1. A k-partite graph, k > 2, is a graph G in which V(G) is 
partitioned into A nonempty subsets V|, V2,..., Vi, such that the induced subgraphs 
G[V,], G[Va],...,G[Vi] are all totally disconnected. It is said to be complete if, 
fori # j, each vertex of V; is adjacent to every vertex of V;, 1 <i, j < k. 
A k-partite tournament is an oriented complete k-partite graph (see Fig. 2.6). The 
subsets V|, V2,..., Vi are often referred to as the partite sets of G. 

The next three theorems are based on Goddard et al. [74]. We now give a 
characterization of a k-partite tournament containing a 3-cycle. 


Theorem 2.4.2. Let T be a k-partite tournament, k > 3. Then T contains a 
directed 3-cycle if and only if there exists a directed cycle in T that contains vertices 
from at least three partite sets. 


Proof. Suppose that T contains a directed 3-cycle C. Then the three vertices of C 
must belong to three distinct partite sets of T. 
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Fig. 2.6 A 3-partite 
tournament 


Fig. 2.7 Digraphs for proof 
of Theorem 2.4.2 


Conversely, suppose that T contains a directed cycle C that in turn contains 
vertices from at least three partite sets. Assume that C has the least possible length. 
Then there exist three consecutive vertices x, y, zon C that belong to distinct partite 
sets of T, say X, Y, Z, respectively. We claim that C is a directed 3-cycle. 

As x and z are in different partite sets of the k-partite tournament T, either 
(z,x) € A(T), the arc set of T, or (x,z) € A(T). If (z, x) € A(T), then (x, y, z, x) 
is a directed 3-cycle containing vertices from three partite sets of T. If (x, z) € A(T), 
then consider C’ = (C — y) + (x,z). C’ is a directed cycle of length one less than 
that of C. So by assumption on C, C’ contains vertices from only two partite sets, 
namely, X and Z. Let u be the vertex of C immediately following z on C’. Then 
u€ X. If (u,y) € A(T), then Ci! = (y,z,u, y) is a directed 3-cycle containing 
vertices from three partite sets of T. Hence, assume that (u,v) ¢ A(T), and so 
(y,u) € A(T) (see Fig. 2.7a, b). Now consider C)) = (C — z) + (y,u). Cy isa 
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Fig. 2.8 Diconnected 
3-partite tournament T 


directed cycle that is shorter than C and contains at least one vertex other than x, y, 
and u. The successor of u in C,’ belongs to Z, and thus C;’ contains vertices from 
three partite sets of 7. This is a contradiction to the choice of C. Thus, (y, u) does 
not belong to A(7’), a contradiction. This proves the result. 


Theorem 2.4.3. Let T be a k-partite tournament, k > 3. Then every vertex u 
belonging to a directed cycle in T must belong to either a directed 3-cycle or a 
directed 4-cycle. 


Proof. Let C be a shortest directed cycle in 7 that contains u. Suppose that C is 
not a directed 3-cycle. We shall prove that u is a vertex of a directed 4-cycle. Let u, 
x, y, and z be four consecutive vertices of C. If (u, y) € A(T), then C’ = (C — 
x) + (u, y) is a directed cycle in T containing u and having a length shorter than C. 
This contradicts the choice of C. Hence (u, y) ¢ A(T). Also, if (y,u) € A(T), 
then (u, x, y,u) is a directed 3-cycle containing u. This contradicts our assumption 
on C. Hence, (y,u) € A(T). Consequently, y and u belong to the same partite set 
of 7. This means that uw and z must belong to distinct partite sets of T. If (u,z) € 
A(T), then C” = (C — {x, y}) + (u, z) is a directed cycle containing u and having 
length shorter than that of C. Hence (u,z) ¢ A(T). Therefore, (z,u) € A(T) and 
(u, X, y,Z,u) is a directed 4-cycle containing u. O 


Remark 2.4.4. Theorem 2.3.2 states that every vertex of a diconnected tournament 
lies on a k-cycle for every k, 3 < k < n. However, this property is not 
true for a diconnected k-partite tournament. The tournament T of Fig.2.8 is a 
counterexample. T is a 3-partite tournament with {x,w}, {u}, and {v} as partite 
sets, (uwvxu) is a spanning directed cycle in T, and hence 7 is strongly connected, 
but x is not a vertex of any directed 3-cycle. 


Definition 2.4.5. The score of a vertex v in a tournament T is its outdegree. (This 
corresponds to the number of players who are beaten by player v.) If v1, v2,..., Vn 
are the vertices of T and S(v;) is the score of v; in T, then (S(v1), S(v2),..., S(vn)) 
is the score vector of T. An ordered triple (u,v, w) of vertices of T is a transitive 
triple of T if (u,v) € A(T) and (v, w) € A(T), then (u, w) € A(T). 


Remarks 2.4.6. 1. If v is any vertex of a tournament 7 and u, w are two outneigh- 
bors of v, then {u, v, w} determines a unique transitive triple in 7. Such a transitive 
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Fig. 2.9 Three-partite 
tournaments with eight 
directed 3-cycles (7) and 
five directed 3-cycles (72). 
Both 7; and 7> have the same 
score vector 
T, 


triple is said to be defined by the vertex v. Clearly, any transitive triple of T is 
defined by some vertex of 7. Further, the number of transitive triples defined by 
vis ‘eu 
2. The number of directed 3-cycles in a tournament T of order n is obtained by 
subtracting the total number of transitive triples of vertices of T from the total 
number of triples of vertices of T. Thus, the total number of directed 3-cycles in 
T is equal to (3) — Devry ‘es = Man tan?) —} vevir) S(v)(S(v) = 1). 
Thus, the score vector of a tournament 7 determines the number of directed 
3-cycles in T. But in a general k-partite tournament, the score vector need not 
determine the number of directed 3-cycles. Consider the two 3-partite tournaments 
T, and T> of Fig. 2.9. Both have the same score vector (2,2, 2,2,2,2). But 7; has 
eight directed 3-cycles, whereas T> has only five directed 3-cycles. 
Theorem 2.4.7 gives a formula for the number of directed 3-cycles in a k-partite 
tournament. 


Theorem 2.4.7. Let T be a k-partite tournament, k > 3, having partite sets 
Vo, Vi,..., Ve-1. Then the number of directed 3-cycles in T is given by 
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YMG NMel- SSD 1) 0,0, 


0<i<j<€<k-1 veV(T) i<j 


where O;(v) denotes the number of outneighbors of v in V;. 


Proof. Let S denote the set of triples of vertices of T such that the three vertices of 
the triple belong to three different partite sets, and let N = |S|. Then 


N= Yo IVIVYjIIVME- 


O<i <j <l<k-1 


Any orientation of a triangle gives a directed 3-cycle or a transitive triple. Hence 
the number of directed 3-cycles in T = N — Nj, where Nj is the number of 
transitive triples in 7. Also, a triple of vertices of T is transitive if and only 
if there exists a vertex of the triple having the other two vertices as outneighbors. 
The number of such triples of T to which a vertex v can belong and for which 
the other two vertices are outneighbors of v is )0;— j O;(v) O;(v). Hence Ny = 
vev(r) Di<; Qi (v) O;(v). Thus the number of directed 3-cycles in T is given by 


N-M= DD (MIIVIVeI- DDE O10) 0,0). O 


O0<i <j <l<k-1 veV(T) i<j 


Remark 2.4.8. For k = 3, the results of Theorem 2.4.7 simplify as follows: 


(i) The number of transitive triples in a 3-partite tournament equals 
2 
Yo YS D410) C1420), 
i=0 veV; 


where the suffixes are taken modulo 3. 
(ii) The number of directed 3-cycles in a 3-partite tournament is given by 


2 
[Vol [Vil Val — 32 D5 O:410) Oi42(v), 
i=0 veV; 
where the suffixes are taken modulo 3. 


Remark 2.4.9. Consider the two 3-partite tournaments of Fig.2.10. 7) has 
|Vo||Vil|V2| directed 3-cycles and has no transitive triples, whereas 7> contains 
no directed 3-cycles but contains |Vo||Vi||V2| transitive triples. 
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Fig. 2.10 Three-partite tournaments 7; (with directed 3-cycles and no transitive triples) and 7 
(with transitive triples and no directed 3-cycles). Double arrows indicate that all arcs joining 
corresponding partite sets have the same orientation 


2.5 Exercises 


5.1. 


5.2. 


5.3. 


5.4. 
5.5. 


5.6. 


3.15 


If |V;| =1;, 1 <i <k, find the number of edges in the complete multipartite 
graph G(V, V2,..., Vi). (See [27], p. 6.) 

Show that if T is a strongly connected 3-partite tournament with partite sets Vo, 
V,, V2, then the maximum number of transitive triples in T is |Vo||Vi||V2| — 1 
unless |Vo| = |Vi| = |V2| = 2, in which case T has at most |Vo||Vi||V2| —2 = 
6 transitive triples. 

Construct a strongly connected 3-partite tournament containing exactly six 
transitive triples. 

Give a definition of digraph isomorphism similar to that of graph isomorphism. 
Give an example of two nonisomorphic tournaments on five vertices. Justify 
your answer. 

If u and v are distinct vertices of a tournament T such that both d(u, v) and 
d(v,u) are defined [where d(u,v) denotes the length of a shortest directed 
(u, v)-path in T], show that d(u, v) 4 d(v, u). 

(A tournament T is called transitive if (a, b) and (5, c) are arcs of T, then (a, c) 
is also an arc of 7.) Prove that a transitive tournament contains a Hamilton 
path with any preassigned orientation. [Hint: Use the fact that T has a vertex 
of outdegree (m — 1) and a vertex of outdegree zero. ] 


Notes 


The earliest of the books on directed graphs is by Harary, Norman, and Cartwright 
[97]. Topics on Tournaments by Moon [143] deals exclusively with tournaments. 
Theorems 2.4.2, 2.4.3 and 2.4.7 are based on [74]. 


Chapter 3 
Connectivity 


3.1 Introduction 


The connectivity of a graph is a “measure” of its connectedness. Some connected 
graphs are connected rather “loosely” in the sense that the deletion of a vertex or 
an edge from the graph destroys the connectedness of the graph. There are graphs 
at the other extreme as well, such as the complete graphs K,, n > 2, which remain 
connected after the removal of any k vertices, 1 <k <n—-1. 

Consider a communication network. Any such network can be represented by 
a graph in which the vertices correspond to communication centers and the edges 
represent communication channels. In the communication network of Fig. 3.1a, any 
disruption in the communication center v will result in a communication breakdown, 
whereas in the network of Fig.3.1b, at least two communication centers have 
to be disrupted to cause a breakdown. It is needless to stress the importance of 
maintaining reliable communication networks at all times, especially during times 
of war, and the reliability of a communication network has a direct bearing on its 
connectivity. 

In this chapter, we study the two graph parameters, namely, vertex connectivity 
and edge connectivity. We also introduce the parameter cyclical edge connectivity. 
We prove Menger’s theorem and several of its variations. In addition, the theorem 
of Ford and Fulkerson on flows in networks is established. 


3.2 Vertex Cuts and Edges Cuts 


We now introduce the notions of vertex cuts, edge cuts, vertex connectivity, and 
edge connectivity. 
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Definitions 3.2.1. 1. A subset V’ of the vertex set V(G) of a connected graph G is 
a vertex cut of G if G — V’ is disconnected; it is a k-vertex cut if |V’| = k. V’ 
is then called a separating set of vertices of G. A vertex v of G is a cut vertex of 
G if {v} is a vertex cut of G. 

2. Let G be a nontrivial connected graph with vertex set V(G) and let S be a 
nonempty subset of V(G). For S = V\S # @, let [S, §] denote the set of 
all edges of G that have one end vertex in S and the other in §. A set of edges of 
G of the form [S, §] is called an edge cut of G. An edge e is a cut edge of G if 
{e} is an edge cut of G. An edge cut of cardinality k is called a k-edge cut of G. 


Example 3.2.2. For the graph of Fig. 3.2, {v2}, and {v3, v4} are vertex cuts. The edge 
subsets {v3vs5, v4vs}, {v1 v2}, and {v4v6} are all edge cuts. Of these, v2 is a cut vertex, 
and vjv2 and v4v6 are both cut edges. For the edge cut {v3v5, vavs}, we may take 
S = {vs} so that S = {v1, vo, v3, v4, Vo}. 


Remarks 3.2.3. 1. If uv is an edge of an edge cut E’, then all the edges having u 
and v as their ends also belong to E’. 
2. No loop can belong to an edge cut. 


Exercise 2.1. If {x, y} is a 2-edge cut of a graph G, show that every cycle of G that 
contains x must also contain y. 


Remarks 3.2.4. If G is connected and E’ is a set of edges whose deletion results in 
a disconnected graph, then E’ contains an edge cut of G. It is clear that if e is a cut 
edge of a connected graph G, then G — e has exactly two components. 


3.2 Vertex Cuts and Edges Cuts 51 


Remarks 3.2.5. Since the removal of a parallel edge of a connected graph does not 
result in a disconnected graph, such an edge cannot be a cut edge of the graph. A 
set of edges of a connected graph G whose deletion results in a disconnected graph 
is called a separating set of edges. In particular, any edge cut of a connected graph 
G is a separating set of edges of G. 

We now characterize a cut vertex of G. 


Theorem 3.2.6. A vertex v of a connected graph G with at least three vertices is a 
cut vertex of G if and only if there exist vertices u and w of G distinct from v such 
that v is in every u-w path in G. 


Proof. If v is a cut vertex of G, then G — v is disconnected and has at least two 
components, G; and G2. Take u € V(G,) and w € V(G2). Then every u-w path in 
G must contain v, as otherwise u and w would belong to the same component of 
G-y. 

Conversely, suppose that the condition of the theorem holds. Then the deletion 
of v destroys every u-w path in G, and hence wu and w lie in distinct components of 
G — v. Therefore, G — v is disconnected and v is a cut vertex of G. Oo 


Theorems 3.2.7 and 3.2.8 characterize a cut edge of a graph. 


Theorem 3.2.7. An edge e = xy of aconnected graph G is a cut edge of G if and 
only if e belongs to no cycle of G. 


Proof. Let e be a cut edge of G and let [S, S] = {e} be the partition of V defined 
by G —e so that one of x and y belongs to S, and the other to S, say, x € S and 
y € S. If e belongs to a cycle of G, then [S, 5] must contain at least one more edge, 

contradicting that {e} = [S, $]. Hence, e cannot belong to a cycle. 
Conversely, assume that e is not a cut edge of G. Then G — e is connected, and 
hence there exists an x-y path P in G—e. Then P Ufe} is acycle in G containing e. 
oO 


Theorem 3.2.8. An edge e = xy is a cut edge of a connected graph G if and only 
if there exist vertices u and v such that e belongs to every u-v path in G. 


Proof. Lete = xy beacut edge of G. Then G —e has two components, say, G; and 
Gp». Let u € V(G;) and v € V(G>2). Then, clearly, every u-v path in G contains e. 
Conversely, suppose that there exist vertices u and v satisfying the condition of 
the theorem. Then there exists no u-v path in G — e so that G — e is disconnected. 
Hence, e is a cut edge of G. O 


Remark 3.2.9. There exist graphs in which every edge is a cut edge. It follows from 
Theorem 3.2.7 that if G is a simple connected graph with at least one edge and 
without cycles, then every edge of G is a cut edge of G. A similar result is not true 
for cut vertices. Our next result shows that not every vertex of a connected graph 
(with at least two vertices) can be a cut vertex of G. 


Theorem 3.2.10. A connected graph G with at least two vertices contains at least 
two vertices that are not cut vertices. 
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Fig. 3.4 Graph for proof of Proposition 3.2.11 


Proof. First, suppose that n(G) > 3. Let u and v be vertices of G such that d(u, v) 
is maximum. Then neither uw nor v is a cut vertex of G. For if u were a cut vertex 
of G, G — u would be disconnected, having at least two components. The vertex v 
belongs to one of these components. Let w be any vertex belonging to a component 
of G — u not containing v. Then every v-w path in G must contain u (see Fig. 3.3). 
Consequently, d(v, w) > d(v,u), contradicting the choice of u and v. Hence, u is 
not a cut vertex of G. Similarly, v is not a cut vertex of G. 

If n(G) = 2, then K> is a spanning subgraph of G, and so no vertex of G is a 
cut vertex of G. This completes the proof of the theorem. Oo 


Proposition 3.2.11. A simple cubic (i.e., 3-regular) connected graph G has a cut 
vertex if and only if it has a cut edge. 


Proof. Let G have a cut vertex vo. Let v}, v2, v3 be the vertices of G that are adjacent 
to vo in G. Consider G — vo, which has either two or three components. If G — vo 
has three components, no two of v1, v2, and v3 can belong to the same component of 
G—vp. In this case, each of vov;, vov2, and vov3 is a cut edge of G. (See Fig. 3.4a.) In 
the case when G — vo has only two components, one of the vertices, say v,, belongs 
to one component of G — vo, and v2 and v3 belong to the other component. In this 
case, Vov; is a cut edge. (See Fig. 3.4b.) 

Conversely, suppose that e = uv is acut edge of G. Then the deletion of u results 
in the deletion of the edge uv. Since G is cubic, G —u is disconnected. Accordingly, 
u is a cut vertex of G. Oo 


Exercise 2.2. Find the vertex cuts and edge cuts of the graph of Fig. 3.2. 
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Exercise 2.3. Prove or disprove: Let G be a simple connected graph with 
n(G) = 3. Then G has a cut edge if and only if G has a cut vertex. 


Exercise 2.4. Show that in a graph, the number of edges common to a cycle and an 
edge cut is even. 


3.3. Connectivity and Edge Connectivity 


We now introduce two parameters of a graph that in a way measure the connected- 
ness of the graph. 


Definition 3.3.1. For a nontrivial connected graph G having a pair of nonadjacent 
vertices, the minimum k for which there exists a k-vertex cut is called the vertex 
connectivity or simply the connectivity of G; it is denoted by «(G) or simply k 
(kappa) when G is understood. If G is trivial or disconnected, «(G) is taken to be 
zero, whereas if G contains K,, as a spanning subgraph, «(G) is taken to be n — 1. 

A set of vertices and/or edges of a connected graph G is said to disconnect G if 
its deletion results in a disconnected graph. 

When a connected graph G (onn > 3 vertices) does not contain K,, as a spanning 
subgraph, « is the connectivity of G if there exists a set of « vertices of G whose 
deletion results in a disconnected subgraph of G while no set of « — 1 (or fewer) 
vertices has this property. 


Exercise 3.1. Prove that a simple graph G with n vertices, n > 2, is complete if 
and only if «(G) =n —-1. 


Definition 3.3.2. The edge connectivity of a connected graph G is the smallest k 
for which there exists a k-edge cut (i.e., an edge cut having k edges). The edge 
connectivity of a trivial or disconnected graph is taken to be 0. The edge connectivity 
of G is denoted by A(G). If A is the edge connectivity of a connected graph G, there 
exists a set of A edges whose deletion results in a disconnected graph, and no subset 
of edges of G of size less than A has this property. 


Exercise 3.2. Prove that the deletion of edges of a minimum-edge cut of a 
connected graph G results in a disconnected graph with exactly two components. 
(Note that a similar result is not true for a minimum vertex cut.) 


Definition 3.3.3. A graph G is r-connected if k(G) => r. Also, G is r-edge 
connected if A(G) > r. 

An r-connected (respectively, r-edge-connected) graph is also £-connected 
(respectively, £-edge connected) for each £,0<€<r-—l. 

For the graph G of Fig. 3.5, «(G) = 1 and A(G) = 2. 

We now derive inequalities connecting «(G), A(G), and 5(G). 


Theorem 3.3.4. For any loopless connected graph G, k(G) < A(G) < 6(G). 
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Proof. We observe that « = 0 if and only if A = 0. Also, 6 = 0 implies that k = 0 
and A = 0. Hence we may assume that «, A, and 6 are all at least 1. Let & be an 
edge cut of G with 4 edges. Let u and v be the end vertices of an edge of &. For 
each edge of & that does not have both u and v as end vertices, remove an end vertex 
that is different from wu and v. If there are t such edges, at most f vertices have been 
removed. If the resulting graph, say H, is disconnected, then « < t < A. Otherwise, 
there will remain a subset of edges of F having u and v as end vertices, the removal 
of which from H would disconnect G. Hence, in addition to the already removed 
vertices, the removal of one of u and v will result in either a disconnected graph or 
a trivial graph. In the process, a set of at most f + 1 vertices has been removed and 
K<t+1<i. 

Finally, it is clear that A < 6. In fact, if v is a vertex of G with dg(v) = 6, then 
the set [{v}, V \ {v}] of 6 edges of G incident at v forms an edge cut of G. Thus, 
A <6. O 

It is possible that the inequalities in Theorem 3.3.4 can be strict. See the graph G 
of Fig. 3.6, for which k = 1, A = 2, and6é = 3. 


Exercise 3.3. Prove or disprove: If H is a subgraph of G, then 

(a) K(H) < k(G) and 

(b) A(H) < A(G). 

Exercise 3.4. Determine A(K,.). 

Exercise 3.5. Determine the connectivity and edge connectivity of the Petersen 


graph P. (See graph P of Fig. 1.7. Note that P is a cubic graph.) 
Theorem 3.3.5 gives a class of graphs for which k = 1. 


Theorem 3.3.5. The connectivity and edge connectivity of a simple cubic graph G 
are equal. 
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Fig. 3.7 Connected cubic graphs for proof of Theorem 3.3.5 


Proof. We need only consider the case of a connected cubic graph. Again, since 


Kk <i <6 = 3, we have only to consider the cases when k = 1, 2, or 3. Now, 
Proposition 3.2.11 implies that for a simple cubic graph G, « = 1 if and only if 
A=1. 


If « = 3, then by Theorem 3.3.4,3 = k <A <6 = 3, and hence A = 3. 

We shall now prove that « = 2 implies that 1 = 2. 

Suppose « = 2 and {u,v} is a 2-vertex cut of G. The deletion of {u, v} results 
in a disconnected subgraph G’ of G. Since each of u and v must be joined to each 
component of G’, and since G is cubic, G’ can have at most three components. 
If G’ has three components, G,, G2, and G3, and if e; and f;,i = 1,2,3, join, 
respectively, u and v with G;, then each pair {e;, f;} is an edge cut of G (see 
Fig. 3.7a). 

If G’ has only two components, G; and G2, then each of u and v is joined to one 
of G; and G» by a single edge, say, e and f, respectively, so that {e, f} is an edge 
cut of G (see Fig. 3.7b—d). 

Hence, in either case there exists an edge cut consisting of two edges. As such, 
A < 2. But by Theorem 3.3.4,A > « = 2. Hence 4 = 2. Finally, the above 
arguments show that if A = 3, then« = 3, andif A = 2, thenk = 2. Oo 


Exercise 3.6. Give examples of cubic graphs G,, G2, and G3 with «(G;) = 1, 
K(G2) = 2, and «(G3) = 3. 
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Fig. 3.8 Graph for proof of 
Theorem 3.3.7 


Definition 3.3.6. A family of two or more paths in a graph G is said to be internally 
disjoint if no vertex of G is an internal vertex of more than one path in the family. 

We now state and prove Whitney’s characterization theorem of 2-connected 
graphs. 


Theorem 3.3.7 (Whitney [193]). A graph G with at least three vertices is 
2-connected if and only if any two vertices of G are connected by at least two 
internally disjoint paths. 


Proof. Let G be 2-connected. Then G contains no cut vertex. Let u and v be two 
distinct vertices of G. We now use induction on d(u, v) to prove that u and v are 
joined by two internally disjoint paths. 

If d(u, v) = 1, let e = wv. As G is 2-connected and n(G) > 3, e cannot be a cut 
edge of G, since if e were a cut edge, at least one of u and v must be a cut vertex. 
By Theorem 3.2.7, e belongs to a cycle C in G. Then C —e is a u-v path in G, 
internally disjoint from the path uv. 

Now assume that any two vertices x and y of G with d(x, y) = k—1,k > 2, are 
joined by two internally disjoint x-y paths in G. Let d(u, v) = k. Let P be au-v path 
of length & and w be the vertex of G just preceding v on P. Then d(u, w) = k — 1. 
By an induction hypothesis, there are two internally disjoint u-w paths, say P; and 
P,, in G. As G has no cut vertex, G — w is connected and hence there exists a u-v 
path Q in G —w. Q is clearly a u-v path in G not containing w. Let x be the vertex 
of Q such that the x-v section of Q contains only the vertex x in common with 
P, U P» (see Fig. 3.8). 

We may suppose, without loss of generality, that x belongs to P;. Then the union 
of the u-x section of P; and x-v section of Q and P) U (wv) are two internally 
disjoint u-v paths in G. This gives the proof in one direction. 

In the other direction, assume that any two distinct vertices of G are connected 
by at least two internally disjoint paths. Then G is connected. Further, G cannot 
contain a cut vertex, since if v were a cut vertex of G, there must exist vertices uv and 
w such that every u-w path contains v (compare with Theorem 3.2.6), contradicting 
the hypothesis. Hence, G is 2-connected. O 
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Fig. 3.9 Graph for 
Remark 3.3.9 


Theorem 3.3.8. A graph G with at least three vertices is 2-connected if and only if 
any two vertices of G lie on a common cycle. 


Proof. Let u and v be any two vertices of a 2-connected graph G. By Theorem 3.3.7, 
there exist two internally disjoint paths in G joining u and v. The union of these two 
paths is a cycle containing u and v. 

Conversely, if any two vertices u and v lie on a cycle C, then C is the union of 
two internally disjoint u-v paths. Again, by Theorem 3.3.7, G is 2-connected. O 


Remark 3.3.9. If G is 2-connected, if u and v are distinct vertices of G, and if P 
is a u-v path in G, it is not in general true that there exists another u-v path Q in 
G such that P and Q are internally disjoint. For example, in the 2-connected graph 
of Fig. 3.9, if P is the u-w’ path uwvv'u'w’, there exists no u-w’ path Q in G that is 
internally disjoint from P. However, there do exist two internally disjoint u-w’ paths 
in G. 


Exercise 3.7. (a) Show that a graph G with at least three vertices is 2-connected if 
and only if any vertex and any edge of G lie on a common cycle of G. 

(b) Show that a graph G with at least three vertices is 2-connected if and only if 
any two edges of G lie on acommon cycle. 


Exercise 3.8. Prove that a graph is 2-connected if and only if for every pair of 
disjoint connected subgraphs G, and Go, there exist two internally disjoint paths P; 
and P> of G between G, and Gp. 


Exercise 3.9. Edge form of Whitney’s theorem: Prove that a graph G with n > 3 
is 2-edge connected if and only if any two distinct vertices of G are connected by 
at least two edge-disjoint paths in G. [Hint: Imitate the proof of Theorem 3.3.7, or 
pass on to L(G).] 


Exercise 3.10. (a) Disprove by a counterexample: If «(G) = k, thenx(L(G))=k. 
(b) Prove: A(G) < x(L(G)). Give an example of a graph G for which A(G) < 
k(L(G)). 


Theorem 3.3.10. Jn a 2-connected graph G, any two longest cycles have at least 
two vertices in common. 


Proof. Let Cy = uju2...ugu, and Cy = vjv2... vz, be two longest cycles in G. 
If C; and C) are disjoint, there exist (since G is 2-connected) two disjoint paths, 
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Fig. 3.10 Graphs for proof of Theorem 3.3.10 


Fig. 3.11 Graph for proof of P. 
Theorem 3.3.11 7 


say, P; joining u; and v; and P2 joining ug and v,, connecting C; and C) such that 
u; # ue and v; ¥ vy (see Exercise 3.8). u; and ue divide C, into two subpaths. Let 
L, be the longer of these subpaths. (If both subpaths are of equal length, we take 
either one of them to be L,.) Let Lz be defined in a similar manner in C2. Then 
L, U P; U Lo U P2isacycle of length greater than that of C; (or C2). Hence, C, 
and C> cannot be disjoint. (See Fig. 3.10.) 

Suppose that C, and C2 have exactly one vertex, say u; = v,, in common. Since 
G is 2-connected, u; is not a cut vertex of G, and so there exists a path P with one 
end vertex u; in C; — u, and the other end vertex v; in Cz — v,, which is internally 
disjoint from C,; U C2. Let P; denote the longer of the two u;-u; sections of C), 
and Q, denote the longer of the two v,-v; sections of C>. If the two sections of C; 
or of C2 are of equal length, take any one of them. Then P; U P U Q; is acycle 
longer than C, (or C2). But this is impossible. Thus, C; and C2 must have at least 
two vertices in common. Oo 


Theorem 3.3.11 gives a simple characterization of 3-edge-connected graphs. 


Theorem 3.3.11. A connected simple graph G is 3-edge connected if and only if 
every edge of G is the (exact) intersection of the edge sets of two cycles of G. 


Proof. Let G be 3-edge connected and let x = uv be an edge of G. Since G — x is 
2-edge connected, there exist two edge-disjoint u-v paths P; and P) in G — x (see 
Exercise 3.9). Now, Pi U {x} and P2 U {x} are two cycles of G, the intersection 
of whose edge sets is precisely {x} (see Fig. 3.11). 
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Conversely, suppose that for each edge x = uv there exist two cycles C and C’ 
such that {x} = E(C) NM E(C’). G cannot have a cut edge since, by hypothesis, 
each edge belongs to two cycles and no cut edge can belong to a cycle; nor can 
G contain an edge cut consisting of two edges x and y, by Exercise 2.1. (Since 
any cycle that contains x also contains y, the intersection of any two such cycles 
must contain both x and y, a contradiction.) Hence, A(G) > 3, and G is 3-edge 
connected. O 


3.4 Blocks 


In this section, we focus on connected graphs without cut vertices. 


Definition 3.4.1. A graph G is nonseparable if it is nontrivial and connected and 
has no cut vertices. A block of a graph is a maximal nonseparable subgraph of G. If 
G has no cut vertex, G itself is a block. 

In Fig. 3.12, a graph G and its blocks B,, By, B3, and By are indicated. B,, Bs, 
and By, are the end blocks of G (i.e., blocks having exactly one cut vertex of G). The 
following facts are worthy of observation. 


Remarks 3.4.2. Let G be a connected graph with n > 3. 


1. Each block of G with at least three vertices is a 2-connected subgraph of G. 

2. Each edge of G belongs to one and only one of its blocks. Hence G is an edge- 
disjoint union of its blocks. 

3. Any two blocks of G have at most one vertex in common. (Such a common 
vertex is a cut vertex of G.) 

4. A vertex of G that is not a cut vertex belongs to exactly one of its blocks. 

5. A vertex of G is a cut vertex of G if and only if it belongs to at least two blocks 
of G. 


Whitney’s theorem (Theorem 3.3.7) implies that a graph with at least three 
vertices is a block if and only if any two vertices of the graph are connected by 
at least two internally disjoint paths. Again by Theorem 3.3.8, we see that any two 
vertices of a block with at least three vertices belong to a common cycle. Thus, a 
block with at least three vertices contains a cycle. 


Theorem 3.4.3 (Ear decomposition of a block). Jf C is any cycle of a simple 
block G, then there exists a sequence of nonseparable subgraphs C = Bo, By,..., 
B, = G such that B;+, is an edge-disjoint union of B; and a path P;, where the 
only vertices common to B; and P; are the end vertices of P;,0<i<r-—1. 


Proof. Assume that we have already determined B; (see Fig.3.13). If B; 4 G, 
there exists (as G is connected) an edge e = uv not belonging to B; but with u in 
B;. If v also belongs to B;, take P; = uv and B;+,; = B; U P;. Otherwise, e = uv 
is an edge of G having only one of its ends, namely u, in B;. Let u’ be any other 
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() U5 U7 
Uy 
U4 U6 By 
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U3 : 
G 
U7 
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U6 
U1 U4 
U4. U6 U6 By 
U3 Ug 


Fig. 3.12 A graph G and its blocks 


Fig. 3.13 Graph for proof of 
Theorem 3.4.3 


vertex of B;. Then since G is 2-connected, e and uv’ belong to a common cycle C; 
(see Exercise 3.7). Let u; be the first vertex of B; after u in the u-u' section C’ of C; 
containing v, and let P; be the u-u; section of C’. Define B;+; = B; U P;. Then 
B; +, is nonseparable and the proof follows by induction on i. Oo 
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COO 


Fig. 3.14 Graphs G(A(G) = A.(G) = 2) and H(A(H) = 1, 4.(H) = 2) 


3.5 Cyclical Edge Connectivity of a Graph 


In this section we introduce the parameter “cyclical edge connectivity of a graph.” 
Unlike connectivity and edge connectivity, cyclical edge connectivity is not defined 
for all graphs. 


Definition 3.5.1. Let G be a simple connected graph containing at least two disjoint 
cycles. Then the cyclical edge connectivity of G is defined to be the minimum 
number of edges of G whose deletion results in a graph having two components, 
each containing a cycle. It is denoted by 4.(G). 

It is clear that A < A.. The graphs G and H of Fig.3.14 show that both A = 4, 
and A < 4, can happen. 


Exercise 5.1. Show that the cyclical edge connectivity of the Petersen graph P is 5. 


3.6 Menger’s Theorem 


In this section we prove different versions of the celebrated Menger’s theorem, 
which generalizes Whitney’s theorem (Theorem 3.3.7). Menger’s theorem [140] 
relates the connectivity of a graph G to the number of internally disjoint paths 
between pairs of vertices of G. The proofs given here make use of network analysis. 
Hence we begin with the definition of a network. 


Definition 3.6.1. A network N is a digraph D with two distinguished vertices s 
and t, (s 4 t), and a nonnegative integer-valued function c defined on its arc set A. 
s is called the source and t is called the sink of N. The source corresponds to the 
supply center and the sink corresponds to a market. Vertices of N, other than s and 
t, are called the intermediate vertices of N. The digraph D is called the underlying 
digraph of N. The function c is called the capacity function of N and c(a), for an 
arc a, denotes the capacity of a. 
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Fig. 3.15 Network with 
source (s), sink (¢), and three 
intermediate vertices 


Example 3.6.2. A network N is diagrammatically represented by the underlying 
digraph D, labeling each arc with its capacity. Figure 3.15 is a network with source 
s and sink t, and three intermediate vertices. The numbers inside the brackets denote 
the capacities of the respective arcs. 


For a real-valued function f defined on A, and K C A, >> f(a) will be denoted 
aeK 
by f(K). If K isa set of arcs of D of the form [S, S], that is, the set of arcs with 
heads in S and tails in S, where S C V(D), S = V(D) \ S, then f*(S) and 
JS ~(S) denote f([S, S]) and f([S,S]), respectively. If S = {v}, then f*(S) and 
f—(S) are denoted by f*(v) and f~(v), respectively. 


Definition 3.6.3. A flow in a network N is an integer-valued function f defined on 
A = A(N) such that 0 < f(a) < c(a) foralla € Aand ft(v) = f7(v) for all 
the intermediate vertices v of N. 


Remarks 3.6.4. 1. f*(v) is the flow out of v and f~(v) is the flow into v. The 
condition f + (v) = f~ (v) for each intermediate vertex v then signifies that there 
is conservation of flow at every such vertex. 

2. Ifa = (u,v), we denote f(a) by fi. Every network N has at least one flow 
since the function f defined by f(a) = 0 for alla € A is a flow. It is called the 
zero flow in N. 

3. A less trivial example of a flow in the network of Fig. 3.15 is given by f, where 
Sra = 4, fsa = 3, fos = 2, far = 2, fab = 3, fra = 1, fra = 1, far = 3, 
cin _ 2: Fat = 3, and Tia = 2. 

4. If S is a subset of vertices ina network N and f isa flowin N, ft(S)— f~(S), 
is called the resultant flow out of S and f~(S)— f*(S), the resultant flow into 
S, relative to f. 
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5. 


The flow along any arc (u, v) is both the outflow at u along (u, v) and the inflow 
at v along (u,v). Hence, > ey) fto)- Diver) Sv) = 0. This gives us 


Lt@-f-Ol+ DD OTM -f-M) + TO - f-@) =0. 
veEV(N) 


vAs,t 
But f*+(v) = f7() foreach v € V(N), v 4 s,t. Hence, 
ftO-f-O=Ff°-O-FTO. 


Thus, relative to any flow f, the resultant flow out of s is equal to the resultant 
flow into ¢. For a similar reason, if S is any subset of V(NV) containing s but 
not f, 


Yo FFM FW) = fF) - f7). (3.1) 


ves veS 


This common quantity is called the value of f and is denoted by val f. Thus, 
val f = f*(s)— f(s) = f-@) — fT. 


The value of the flow f of the network of Fig. 3.15 is 5. 


Definition 3.6.5. 1. A flow f in N is a maximum flow if there is no flow f’ in N 


2. 


such that val f’ > val f. 

A cut K in N isa set of arcs of the form [S, S,] where s € S andt € S$. Such 
a cut is said to separate s and t. For example, K = {(a,t), (b,t), (d, t)} is a cut 
in the network of Fig. 3.15, where S = {s,a,b,d}. 


. The capacity of a cut K is the sum of the capacities of its arcs. We denote 


the capacity of K by cap K. Thus, cap K = )° ex c(a). For the network of 
Fig.3.15,cap K =24+2+3=7. 


Theorem 3.6.6 gives the relation between the value of a flow and the capacity of 


a cut in a network. 


Theorem 3.6.6. In any network N, the value of any flow f is less than or equal to 
the capacity of any cut K. 


Proof. Let [S, S] be any cut with s € § and t € T. We have, by (3.1), 


val f = f*(s)— f(s) 


VY fO-dY fw 


ves veS 


> fou + 3 Fou —_ 2 Tn —_ > Suv: 


veS, ues, ves, ueS, ues, ves, ueS, ves, 
(vue A(D) (vue A(D) (u,v)E A(D) (u,v)€A(D) 


II 


64 3 Connectivity 


But 
> tye i »~ ie = 0. 
ves, uc. ueS, ves, 
QV, u)EA(D) (u,v)€A(D) 
Hence 
vl f= D> fu- do fav (3.2) 
veS, ueS ueS, ves, 
(v,u)EA(D) (u,v)EA(D) 
Since 


) Tw = 0 
ueS, ves, 
(u,v)€ A(D) 


(recall that f is a nonnegative integer-valued function), we get 


val f < a fus YE cev,wW =ci(S,S). Oo 
ves, ves, ueS, 
(vy, = CD) (v,u)EA(D) 


Note 3.6.7. Note that we have shown in (3.2) that val f is the flow out of S minus 
the flow into § for any S C V withs € S andt € S. 

By Theorem 3.6.6, in any network N, the value of any flow f does not exceed 
the capacity of any cut K. In particular, if f* is a maximum flow in N and K* isa 
minimum cut, that is, a cut with minimum capacity, then val f* < cap K*. 


Lemma 3.6.8. Let f be a flow and K a cut in a network N such that val f = 
cap K. Then f is a maximum flow and K is a minimum cut. 


Proof. Let f* be a maximum flow and K* be a minimum cut in NV. Then we have, 
by Theorem 3.6.6, val f < val f* < cap K* < cap K. But by hypothesis, val f = 
cap K. Hence, val f = val f* = cap K* = cap K. Thus, f is a maximum flow 
and K is a minimum cut. O 


Theorem 3.6.9 is the celebrated max-flow min-cut theorem due to Ford and 
Fulkerson [65], which establishes the equality of the value of a maximum flow 
and the minimum capacity of a cut separating s and f. 


Theorem 3.6.9 (Ford and Fulkerson). Jn a given network N (with source s and 
sink t), the maximum value of a flow is equal to the minimum value of the capacities 
of all the cuts in N. 


Proof. In view of Lemma 3.6.8, we need only prove that there exists a flow in N 
whose value is equal to c([S, S]) for some cut [S, S] separating s and t in N. Let f 
be a maximum flow in N with val f = wo. Define S C N recursively as follows: 


(a) s € S, and 
(b) Ifa vertex u € S and either fi, < c(u,v) or fi, > 0, then include v in S. 


Any vertex not belonging to S belongs to S$. We claim that ¢ cannot belong to 
S; indeed, if we suppose that ¢ € S, then there exists a path P from s to f, say 
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Po: sviv2...VjVj41...Vet, With its vertices in S such that for any arc of P, either 
Srivjiar < Cz, Vj41) OF fo,yiv, > 0. Call an arc joining v; and vj41 of P a 
forward arc if it is directed from v; to v;+1; otherwise, it is a backward arc. 

Let 5; be the minimum of all differences (c(v;,vj+1) — fvjv;4,) for forward 
arcs, and let 6 be the minimum of all flows in backward arcs of P. Both 6; and 65 
are positive, by the definition of S. Let 6 = min{d,, 52}. Increase the flow in each 
forward arc of P by 6 and also decrease the flow in each backward arc of P by 6. 
Keep the flows along the other arcs of N unaltered. Then there results a new flow 
whose value is wo + 6 > wo, leading to a contradiction. [This is because among all 
arcs incident at s, only in the initial arc of P, the flow value is increased by 6 if it 
is a forward arc or decreased by 6 if it is a backward arc; see (5) of Remarks 3.6.4.] 
This contradiction shows that t ¢ S, and therefore t € S. In other words, [S, S] 
is a cut separating s and t. If v € S and u € S, we have, by the definition of S, 
Fru = c(v, u) if (v, u) is an arc of N, and f,,, = 0 if (u,v) is an arc of N. Hence, as 
in the proof of Theorem 3.6.6, 


Wo = >, tw- >) Su = > Sw 0 = c(u,v) = c({S, §]). Oo 


ues ves ues. ueS 
veS ues ves veS 


We now use the max-flow min-cut theorem to prove a number of results due 
to Menger. We shall first prove a result for a network in which each arc has unit 
capacity. 


Theorem 3.6.10. Let N be a network with source s and sink t. Let each arc of N 
have unit capacity. Then, 


(a) The value of a maximum flow in N is equal to the maximum number k of arc- 
disjoint directed (s,t)-paths in N, and 

(b) The capacity of a minimum cut in N is equal to the minimum number € of arcs 
whose deletion destroys all (s, t)-paths in N. 


Proof. Let f* be a maximum flow in N, and let D* denote the digraph obtained 
from D, the underlying digraph of N, by deleting all arcs whose flow is zero in 
f*. Now, note that0 < f*(a) < c(a) = 1 forall a € A(D*), and therefore, 
Ff *(a) = 1 foralla € A(D*). Hence, 


(i) d5.(8) — dpx(s) = f°" (3) — f* () = val f* = fh O- FO = 
dp«(t) — ae (t) and 

(ii) dp«(v) = dp(v) for v € VIN) \ {s, t}. 

(i) and (ii) imply that there are val f* arc-disjoint directed (s, t)-paths in D* and 
hence also in D. Thus, val f* < k. Now let Pi, Po,..., Py be any system of k 
arc-disjoint directed (s, t)-paths in N. Define a function f on A(NV) by 


k 
1 ifaisanarcof |) P,, 


f(@ = i=l 


0 otherwise. 
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Then f is a flow in N with value k. Since f* is a maximum flow, we have 
val f* > k. Consequently, val f* = k, proving (a). 

Let K* = [S, §] be a minimum cut in N so that |K*| > £ by the definition of @. 
Then, cap K* = |K*| > €. 

Now let Z be a set of £ arcs whose deletion destroys all directed (s, t)-paths, 
and let T denote the set of all vertices including s joined to s by a directed path in 
N —Z. Then since s € T, andt € T, K = [T,T] is acut in N. By the definition of 
T, N — Z can contain no arc of [T, T), and hence K C Z. Since K* is a minimum 
cut, we conclude that cap K* < cap K = |K| <|Z| =. Thus,capkK* =€. O 


We now state and prove the edge version of Menger’s theorem for directed graphs. 


Theorem 3.6.11. Let x and y be two vertices of a digraph D. Then the maximum 
number of arc-disjoint directed (x, y)-paths in D is equal to the minimum number 
of arcs whose deletion destroys all directed (x, y)-paths in D. 


Proof. Apply Theorem 3.6.9 to the two results of Theorem 3.6.10. O 
Theorem 3.6.12 is the edge version of Menger’s theorem for undirected graphs. 


Theorem 3.6.12. Let x and y be two vertices of a graph G. Then the maximum 
number of edge-disjoint (x, y)-paths in G is equal to the minimum number of edges 
of G whose deletion destroys all (x, y)-paths in G. 


Proof. Construct a digraph D(G) from G as follows: V(G) is also the vertex set 
of D(G) and if u,v € V(G), then (u,v) € A(D(G)) if and only if u and v are 
adjacent in G; that is, D(G) is obtained from G by replacing each edge uv of G bya 
symmetric pair of arcs (u, v) and (v, uv). By Theorem 3.6.11, the maximum number 
of arc-disjoint directed (x, y)-paths in D(G) is equal to the minimum number of 
arcs whose deletion destroys all directed (x, y)-paths in D(G). But each directed 
(x, y)-path in D(G) gives rise to a unique (x, y)-path in G, and conversely an 
(x, y)-path in G yields a unique directed (x, y)-path in D(G). Hence, the deletion 
of a set of A edges in G destroys all (x, y)-paths in G if and only if the deletion of 
the corresponding set of A arcs in D(G) destroys all directed (x, y)-paths in D(G). 

Oo 


Theorem 3.6.13 is the vertex version of Menger’s theorem for digraphs. 


Theorem 3.6.13. Let x and y be two vertices of a digraph D such that (x,y) € 
A(D). Then the maximum number of internally disjoint directed (x, y)-paths in D 
is equal to the minimum number of vertices whose deletion destroys all directed 
(x, y)-paths in D. 


Proof. Construct a new digraph D’ from D as follows: 


(a) Split each vertex v € V \ {x, y} into two new vertices, v’ and v”, and join them 
by an arc (v’, v”), and 
(b) Replace 


(i) Each arc (u,v) of D where u ¢ {x, y} and v ¢ {x, y} by the arc (u”, v’), 
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D D! 


Fig. 3.16 Digraphs D and D’ for proof of Theorem 3.6.13 


(ii) Each arc (x, v) of D by (x, v’) and (v, x) by (v”, x), and 
(iii) Each arc (v, y) of D by (v”, y) and (y, v) by (y, v’). 
(See Fig. 3.16.) 


Now, to each directed (x, y)-path in D’, there corresponds a directed (x, y)-path 
in D obtained by contracting all arcs of the type (v’,v”) [that is, delete the arc 
(v’, v’) and identify the vertices v’ and v’], and, conversely, to each directed (x, y)- 
path in D, there corresponds a directed (x, y)-path in D’ obtained by splitting each 
intermediate vertex of the path. Furthermore, two directed (x, y)-paths in D’ are arc- 
disjoint if and only if the corresponding directed paths in D are internally disjoint. 
Hence, the maximum number of arc-disjoint directed (x, y)-paths in D’ is equal to 
the maximum number of internally disjoint directed (x, y)-paths in D. 

Similarly, the minimum number of arcs in D’ whose deletion destroys all directed 
(x, y)-paths in D’ is equal to the minimum number of vertices in D whose deletion 
destroys all directed (x, y)-paths in D. To see this, let A’ be a minimum set of p 
arcs of D’ whose deletion destroys all directed (x, y)-paths in D’, and let B’ be a 
minimum set of g vertices of D whose deletion destroys all directed (x, y)-paths 
in D. We have to show that p = q. Any arc of A’ must contain either v’ or v” 
corresponding to the vertex v of D. Then the deletion of all vertices v corresponding 
to such arcs of D’ separates x and y in D and hence q < p. Conversely, if v € B’, 
delete the corresponding arc (v’, v”) in D’. Then the deletion of the g arcs (v’, v’) 
(which correspond to the g vertices of B’) from D’ destroys all directed (x, y)- 
paths in D’, and therefore p < q. Thus, p = q. The result now follows from 
Theorem 3.6.11. O 


Theorem 3.6.14 is the vertex version of Menger’s theorem for undirected graphs. 


Theorem 3.6.14. Let x and y be two nonadjacent vertices of a graph G. Then the 
maximum number of internally disjoint (x, y)-paths in G is equal to the minimum 
number of vertices whose deletion destroys all (x, y)-paths. 


Proof. Define D(G) as in Theorem 3.6.12 and apply Theorem 3.6.13. Oo 


Let G be an undirected graph with n > k + 1 vertices. Suppose G satisfies the 
condition (*) : 


(x) Any two distinct vertices of G are connected by k internally disjoint paths in G. 
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Uy U6 
U4 ) Ug 


U3 U2 U10 Ug 
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Fig. 3.17 A 2-connected and 3-edge connected graph 


Then Theorem 3.6.14 implies that to separate two nonadjacent vertices x and y of 
G, at least k vertices are to be removed. Hence if (*) holds, G is k-connected. 

Conversely, if G is k-connected, to separate any pair of nonadjacent vertices x 
and y of G, at least k vertices are to be removed, and by Theorem 3.6.14, there are at 
least & internally disjoint (x, y)-paths in G. However, if x and y are adjacent, then 
since G—xy is (k—1)-connected, there are at least k internally disjoint (x, y)-paths, 
including the edge xy. Thus, we have the following result of Whitney’s generalizing 
Theorem 3.3.7. 


Theorem 3.6.15 (Whitney). A graph G withn > k + 1 vertices is k-connected 
if and only if any two vertices of G are connected by at least k internally disjoint 
paths. 


Example 3.6.16. The graph G of Fig.3.17 is 2-connected and 3-edge connected. 
The pair of vertices us and uo are connected by the following two internally disjoint 
paths: 

UsuU, U9 aNd UsUgUZU2U 109 


Moreover, they are connected by the following 3-edge-disjoint paths: 


UsU{ U9; UsU2U19; aNd UsU4U Ugo. 


Exercise 6.1. If u and v are vertices of a graph G such that any two u-v paths in G 
have an internal common vertex, show that all the u-v paths in G have an internal 
common vertex. 


Exercise 6.2. Show that if G is k-connected, then G v K, is (k + 1)-connected. 


Exercise 6.3. Let S be a subset of the vertex set of a k-connected graph G with 
|S| = k. Ifv € V \ S, show that there exist k internally disjoint paths from v to 
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Fig. 3.18 A 6-graph 


the k vertices of S. [Remark: In particular, if C is a cycle of length at least k ina 
k-connected graph G, andv € V(G) \ V(C), then there are k internally disjoint 
paths from v to C.] 


The remark in Exercise 6.3 yields the following theorem of Dirac [55], which 
generalizes Theorem 3.3.8. 


Exercise 6.4. Dirac’s theorem [55]: If a graph is k-connected (k > 2), then 
any set of k vertices of G lie on a cycle of G. (Note: The cycle may contain 
additional vertices besides these k vertices.) Hint: Use induction on k. If G is 
(k + 1)-connected, and {vj,v2,..., VK, Ve+1} is any set of k + 1 vertices of G, 
by the induction assumption, vj, v2,..., vg all lie on a cycle C of G. If V(C) = 
{11, V2,..., Ve}, then the & disjoint paths from vz to C must end in vj, v2,..., Vg. 
Otherwise, V(C) 2 {v1,v2,..., ve}. Since G is (k + 1)-connected, by the 
pigeonhole principle, the end vertices of two of the (kK + 1) disjoint paths from 
ve+1 to C must belong to one of the k closed paths [v;,vj41], 1 < i < k-1 
and [vz, v1] on C. (Here [v;, vi+1] and [vz, vi] are those paths on C that contain no 
other v;.) 


Exercise 6.5. Show by means of an example that the converse of Dirac’s theorem 
(Exercise 6.4) is false. 


Exercise 6.6. Show that a k-connected simple graph on (k + 1) vertices is Kx 41. 


Exercise 6.7. Dirac’s theorem [55]; see also [93]: Show that a graph G with at 
least 2k vertices is k-connected if and only if for any two disjoint sets V; and V2 of 
k vertices each, there exist k disjoint paths from V; to V> in G. 


Exercise 6.8. Show that a 2-connected non-Hamiltonian graph contains a 6- 
subgraph. (A 6-graph is a graph of the form C U P, where C is a cycle of length 
at least 4 and P is a path of length at least 2 that joins two nonadjacent vertices of 
C and is internally disjoint from C.) (See Fig. 3.18.) 
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3 Connectivity 
Exercises 


Prove that there exists no simple connected cubic graph with fewer than 10 
vertices containing a cut edge. (For a simple connected cubic graph having 
exactly 10 vertices and having a cut edge, see Exercise 7.13) 
Show that no vertex v of a simple graph can be a cut vertex of both G and G*. 
Show that a simple connected graph that is not a block contains at least two 
end blocks. 
Show that a connected 4-regular bipartite graph is 2-connected. 
Let b(v) denote the number of blocks of a simple connected graph G to which 
a vertex v belongs. Then prove that the number of blocks b(G) of G is given 
by D(G) = 14+ deve) — D.- 

(Hint: Use induction on the number of blocks of G.) 
If c(B) denotes the number of cut vertices of a simple connected graph G 
belonging to the block B, prove that the number of cut vertices c(G) of G is 
given by c(G) = 1 + )-(c(B) — 1), the summation being over the blocks of 
G. 


. Show that a simple connected graph with at least three vertices is a path if 


and only if it has exactly two vertices that are not cut vertices. 


. Prove that if a graph G is k-connected or k-edge connected, then m > me 
. Construct a graph with k = 3, A = 4, andé = 5. 


For any three positive integers a, b, c, witha < b < c, construct a simple 
graph withk =a,A =b,andé=c. 


. Let G be a cubic graph with a |-factor (i.e., a 1-regular spanning subgraph) 


F of G. Prove that any cut edge of G belongs to F. 


. Let G be a k-connected graph and let S be a separating set of G? such that 


G? — S has q components. Show that |S| > qk. 


Find all the edge cuts of the above graph. 

Let G be a 2-connected graph and let v;, v. € V(G). Let n; and n> be positive 
integers with n = n| +2. Show that there exists a partition of V into V; U V2 
with |V;| = n;, G[V;] connected, and v; € V; for eachi = 1,2. (Remark: 
The generalization of this result to k-connected graphs is also true [55].) 
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Notes 


Chronologically, Menger’s theorem appeared first [140]. Then followed Whitney’s 
generalizations [193] of Menger’s theorem. Our proof of Menger’s theorem is based 
on the max-flow min-cut theorem of Ford and Fulkerson [65, 66]. 


Chapter 4 
Trees 


4.1 Introduction 


“Trees” form an important class of graphs. Of late, their importance has grown 
considerably in view of their wide applicability in theoretical computer science. 

In this chapter, we present the basic structural properties of trees, their centers 
and centroids. In addition, we present two interesting consequences of the Tutte— 
Nash—Williams theorem on the existence of k pairwise edge-disjoint spanning trees 
in a simple connected graph. We also present Cayley’s formula for the number 
of spanning trees in the labeled complete graph K,,. As applications, we present 
Kruskal’s algorithm and Prim’s algorithm, which determine a minimum-weight 
spanning tree in a connected weighted graph and discuss Dijkstra’s algorithm, which 
determines a minimum-weight shortest path between two specified vertices of a 
connected weighted graph. 


4.2 Definition, Characterization, and Simple Properties 


Certain graphs derive their names from their diagrams. A “tree” is one such graph. 
Formally, a connected graph without cycles is defined as a tree. A graph without 
cycles is called an acyclic graph or a forest. So each component of a forest is a tree. 
A forest may consist of just a single tree! Figure 4.1 displays two pairs of isomorphic 
trees. 


Remarks 4.2.1. 1. It follows from the definition that a forest (and hence a tree) is a 
simple graph. 

2. A subgraph of a tree is a forest and a connected subgraph of a tree T is a subtree 
of T. 
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Fig. 4.1 Examples of 
isomorphic trees 


2 


In aconnected graph, any two distinct vertices are connected by at least one path. 
Trees are precisely those simple connected graphs in which every pair of distinct 
vertices is joined by a unique path. 


Theorem 4.2.2. A simple graph is a tree if and only if any two distinct vertices are 
connected by a unique path. 


Proof. Let T be a tree. Suppose that two distinct vertices u and v are connected by 
two distinct u-v paths. Then their union contains a cycle (cf. Exercise 5.9, Chap. 1) 
in T, contradicting that T is a tree. 

Conversely, suppose that any two vertices of a graph G are connected by a unique 
path. Then G is obviously connected. Also, G cannot contain a cycle, since any two 
distinct vertices of a cycle are connected by two distinct paths. Hence G is a tree. 


A spanning subgraph of a graph G, which is also a tree, is called a spanning tree 
of G. A connected graph G and two of its spanning trees 7; and 72 are shown in 
Fig. 4.2. 

The graph G of Fig. 4.2 shows that a graph may contain more than one spanning 
tree; each of the trees 7; and 7) is a spanning tree of G. 

A loop cannot be an edge of any spanning tree, since such a loop constitutes a 
cycle (of length 1). On the other hand, a cut edge of G must be an edge of every 
spanning tree of G. Theorem 4.2.3 shows that every connected graph contains a 
spanning tree. 


Theorem 4.2.3. Every connected graph contains a spanning tree. 


Proof. Let G be a connected graph. Let @ be the collection of all connected 
spanning subgraphs of G. @ is nonempty as G € @. Let T € @ have the fewest 
number of edges. Then 7 must be a spanning tree of G. If not, 7 would contain 
a cycle of G, and the deletion of any edge of this cycle would give a (spanning) 


4.2 Definition, Characterization, and Simple Properties 715 


Fig. 4.2. Graph G and two of 
its spanning trees 7; and 7 


€9 


€2 


subgraph in @ having one edge less than that of 7. This contradicts the choice of T. 
Hence, T has no cycles and is therefore a spanning tree of G. Oo 


There is a nice relation between the number of vertices and the number of edges 
of any tree. 


Theorem 4.2.4. The number of edges in a tree on n vertices isn — 1. Conversely, a 
connected graph on n vertices and n — | edges is a tree. 


Proof. Let T be a tree. We use induction on 7 to prove thatm = n—1. Whenn = 1 
orn = 2, the result is straightforward. 

Now assume that the result is true for all trees on (7 — 1) or fewer vertices, 
n > 3. Let T be a tree with n vertices. Let e = uv be an edge of T. Then wv is 
the unique path in T joining u and v. Hence the deletion of e from T results in a 
disconnected graph having two components 7; and 7. Being connected subgraphs 
of a tree, 7, and T> are themselves trees. As n(T,) and n(7>) are less than n(T), by 
an induction hypothesis, m(T,) = n(T,) — 1 and m(T2) = n(T) — 1. Therefore, 
m(T) = m(T,) +m(T)) + 1 = n(T,) —14+n(Th)-14+1=n(%)+n(%))-1= 
n(T) — 1. Hence, the result is true for 7. By induction, the result follows in one 
direction. 
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Conversely, let G be a connected graph with n vertices and n — 1 edges. By 
Theorem 4.2.3, there exists a spanning tree T of G. T has n vertices and being a 
tree has (n — 1) edges. Hence G = T, and G is a tree. Oo 


Exercise 2.1. Give an example of a graph with n vertices and n — 1 edges that is 
not a tree. 


Theorem 4.2.5. A tree with at least two vertices contains at least two pendant 
vertices (i.e., end vertices or vertices of degree 1). 


Proof. Consider a longest path P of a tree T. The end vertices of P must be pendant 
vertices of 7’; otherwise, at least one of the end vertices of P has a second neighbor 
in P, and this yields a cycle, a contradiction. Oo 


Corollary 4.2.6. If5(G) > 2, G contains a cycle. 
Proof. If G has no cycles, G is a forest and hence 6(G) < 1 by Theorem 4.2.5. O 


Exercise 2.2. Show that a simple graph with w components is a forest if and only 
ifm =n—-o. 


Exercise 2.3. A vertex v of a tree T with at least three vertices is a cut vertex of T 
if and only if v is not a pendant vertex. 


Exercise 2.4. Prove that every tree is a bipartite graph. 
Our next result is a characterization of trees. 


Theorem 4.2.7. A connected graph G is a tree if and only if every edge of G is a 
cut edge of G. 


Proof. If G is a tree, there are no cycles in G. Hence, no edge of G can belong to 
a cycle. By Theorem 3.2.7, each edge of G is a cut edge of G. Conversely, if every 
edge of a connected graph G is a cut edge of G, then G cannot contain a cycle, since 
no edge of a cycle is a cut edge of G. Hence, G is a tree. O 


Theorem 4.2.8. A connected graph G with at least two vertices is a tree if and only 
if its degree sequence (d\, do, ..., dn) satisfies the condition: )~;_, d; = 2(n — 1) 
with d; > 0 for eachi. 


Proof. Let G be a tree. As G is connected and nontrivial, it can have no isolated 
vertex. Hence every term of the degree sequence of G is positive. Further, by 
Theorem 1.4.4, )° dj = 2m = 2(n— 1). 
i=l 
Conversely, assume that the condition }~"_, dj = 2(n — 1) holds. This implies 
that m =n —1as )>'_, dj = 2m. Now apply Theorem 4.2.4. Oo 


Lemma 4.2.9. [fu and v are nonadjacent vertices of a tree T, then T + uv contains 
a unique cycle. 


Proof. If P is the unique u-v path in T, then P + uv is a cycle in T + wv. It is 
unique, as the path P is unique in T. Oo 
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Example 4.2.10. Prove that if m(G) = n(G) for a simple connected graph G, then 
G is unicyclic, that is, a graph containing exactly one cycle. 


Proof. By Theorem 4.2.3, G contains a spanning tree T. As T has n(G) — 1 edges, 
E(G)\E(T) consists of a single edge e. Then G = T U e is unicyclic. O 


Exercise 2.5. If for a simple graph G, m(G) > n(G), prove that G contains a 
cycle. 


Exercise 2.6. Prove that every edge of a connected graph G that is not a loop is in 
some spanning tree of G. 


Exercise 2.7. Prove that the following statements are equivalent: 


(i) G is connected and unicyclic (i.e., G has exactly one cycle). 
(ii) G is connected and n = m. 
(iii) For some edge e of G, G — e is a tree. 
(iv) G is connected and the set of edges of G that are not cut edges forms a cycle. 


Example 4.2.11. Prove that for a simple connected graph G, L(G) is isomorphic to 
G if and only if G is acycle. 


Proof. If G is a cycle, then clearly L(G) is isomorphic to G. Conversely, let 
G ~ L(G). Then n(G) = n(L(G)), and m(G) = m(L(G)). But since 
n(L(G)) = m(G), we have m(G) = n(G). By Example 4.2.10, G is unicyclic. 
Let C = vjv2...vx%v1 be the unique cycle in G. If G 4 C, there must be an edge 
e ¢ E(C) incident with some vertex v; of C (as G is connected). Thus, there is 
a star with at least three edges at v;. This star induces a clique of size at least 3 in 
L(G) (& G). This shows that there exists at least one more cycle in L(G) distinct 
from the cycle corresponding to C in G. This contradicts the fact that L(G) ~ G 
(as G is unicyclic). Oo 


4.3 Centers and Centroids 


There are certain parameters attached to any connected graph. These are defined 
below. 


Definitions 4.3.1. Let G be a connected graph. 


1. The diameter of G is defined as max{d(u, v) : u,v € V(G)} and is denoted by 
diam(G). 

2. If vis a vertex of G, its eccentricity e(v) is defined by e(v) = max{d(v,u) : ué 
V(G)}. 

3. The radius r(G) of G is the minimum eccentricity of G; that is, r(G) = 
min{e(v) : v € V(G)}. Note that diam(G) = max{e(v) : v € V(G)}. 

4. A vertex v of G is called a central vertex if e(v) = r(G). The set of central 
vertices of G is called the center of G. 
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Fig. 4.3 Eccentricities of vertices for graphs G and T 


Example 4.3.2. Figure 4.3 displays two graphs T and G with the eccentricities of 
their vertices. We find that r(7) = 4 and diam(T) = 7. Each of u and v is a central 
vertex of 7. Also, r(G) = 3 and diam(G) = 4. Further, G has five central vertices. 


Remark 4.3.3. It is obvious that r(G) < diam(G). For a complete graph, r(G) = 
diam(G) = 1. For a complete bipartite graph G(X, Y) with |X| > 2 and |Y| > 2, 
r(G) = diam(G) = 2. For the graphs of Fig. 4.3, r(G) < diam(G). The terms 
*radius” and diameter” tempt one to expect that diam(G) = 27r(G). But this need 
not be the case as the complete graphs and the graphs of Fig. 4.3 show. In a tree, 
for any vertex u, d(u,v) is maximum only when v is a pendant vertex. We use this 
observation in the proof of Theorem 4.3.4. 


Theorem 4.3.4 (Jordan [117]). Every tree has a center consisting of either a 
single vertex or two adjacent vertices. 


Proof. The result is obvious for the trees K; and K>. The vertices of K; and K» 
are central vertices. Now let T be a tree with n(7) > 3. Then T has at least two 
pendant vertices (cf. Theorem 4.2.5). Clearly, the pendant vertices of T cannot be 
central vertices. Delete all the pendant vertices from 7. This results in a subtree T’ 
of 7. As any maximum-distance path in T from any vertex of T’ ends at a pendant 
vertex of T, the eccentricity of each vertex of T’ is one less than the eccentricity 
of the same vertex in T. Hence the vertices of minimum eccentricity of T’ are the 
same as those of T. In other words, T and T’ have the same center. Now, if 7” is 
the tree obtained from 7’ by deleting all the pendant vertices of T’, then T” and 
T’ have the same center. Hence the centers of T” and T are the same. Repeat the 
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Fig. 4.4 Determining the center of tree T 


process of deleting the pendant vertices in the successive subtrees of T until there 
results a K, or K. This will always be the case as T is finite. Hence the center of 
T is either a single vertex or a pair of adjacent vertices. Oo 


The process of determining the center described above is illustrated in Fig. 4.4 
for the tree T of Fig.4.3. We observe that the center of T consists of the pair of 
adjacent vertices v2 and v3. 


Exercise 3.1. Construct a tree with 85 vertices that has A = 5 and the center 
consisting of a single vertex. 


Exercise 3.2. Show that an automorphism of a tree on an odd number (> 3) of 
vertices has a fixed vertex; that is, for any automorphism / of a tree T withn = 
2k + 1 (k > 1) vertices, there exists a vertex v of T with f(v) = v. (Hint: Use the 
fact that f permutes the end vertices of T.) 
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Fig. 4.5 Tree showing three 
branches at u 


Fig. 4.6 Weights of vertices of a tree 


Exercise 3.3. Show that the distinct eccentricities of the vertices of a (connected) 
graph G form a set of consecutive integers starting from the radius of G and ending 
in the diameter of G. 


Definitions 4.3.5. 1. A branch at a vertex u of a tree T is a maximal subtree 

containing u as an end vertex. Hence the number of branches at u is d(u). 

For instance, in Fig. 4.5, there are three branches of the tree at u. 
2. The weight of a vertex u of T is the maximum number of edges in any branch 

at u. 

3. A vertex v is a centroid vertex of T if v has minimum weight. The set of all 

centroid vertices is called the centroid of T. 

In Fig.4.6 the numbers in the parentheses indicate the weights of the corre- 
sponding vertices. It is clear that all the end vertices of T have the same weight, 
namely, m(T). 

As in the case of centers, any tree has a centroid consisting of either two adjacent 
vertices or a single vertex. But there is no relation between the center and centroid 
of a tree either with regard to the number of vertices or with regard to their location. 


Exercise 3.4. Give an example of 


(i) A tree with just one central vertex that is also a centroidal vertex; 
(ii) A tree with two central vertices, one of which is also a centroidal vertex; 
(iii) A tree with two centroidal vertices, one of which is also a central vertex; 


4.4 Counting the Number of Spanning Trees 81 


(iv) A tree with two central vertices, both of which are also centroidal vertices; and 
(v) A tree with a disjoint center and centroid. 
; : ; diam(7') 
Exercise 3.5. Show that the radius of a tree T is equal to ||. 


Exercise 3.6. Show that in a tree, any path of maximum length contains the center 
of the tree. 


Exercise 3.7. Show that the center of a tree consists of two adjacent vertices if and 
only if its diameter is even. 


4.4 Counting the Number of Spanning Trees 


Counting the number of spanning trees in a graph occurs as a natural problem in 
many branches of science. Spanning trees were used by Kirchoff to generate a “cycle 
basis” for the cycles in the graphs of electrical networks. In this section, we consider 
the enumeration of spanning trees in graphs. 

The number of spanning trees of a connected labeled graph G will be denoted 
by t(G). If G is disconnected, we take t(G) = O. There is a recursive formula 
for t(G). Before we establish this formula, we shall define the concept of edge 
contraction in graphs. 


Definition 4.4.1. An edge e of a graph G is said to be contracted if it is deleted 
from G and its ends are identified. The resulting graph is denoted by G oe. 

Edge contraction is illustrated in Fig. 4.7. 

If e is not a loop of G, then n(G 0 e) = n(G) — 1, m(G 0 e) = m(G) — 1, and 
w(G oe) = w(G). Fora loop e, n(G 0 e) = n(G), m(G oe) = m(G) — 1, and 
@(G oe) = a(G). Theorem 4.4.2 gives a recursive formula for t(G). 


Theorem 4.4.2. If e is not a loop of a connected graph G, t(G) = t(G —e) + 
t(G oe). 


Fig. 4.7 Edge contraction 
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Proof. t(G) is the sum of the number of spanning trees of G containing e and the 
number of spanning trees of G not containing e. 

Since V(G — e) = V(G), every spanning tree of G — e is a spanning tree of 
G not containing e, and conversely, any spanning tree of G for which e is not an 
edge is also a spanning tree of G — e. Hence the number of spanning trees of G not 
containing e is precisely the number of spanning trees of G — e, that is, T(G — e). If 
T is a spanning tree of G containing e, the contraction of e in both T and G results 
in a spanning tree T 0 e of Goe. 

Conversely, if Ty is a spanning tree of G 0 e, there exists a unique spanning tree 
T of G containing e such that T oe = 7). Thus, the number of spanning trees of G 
containing e is t(G oe). Hence t(G) = t(G —e) + t(G oe). Oo 


We illustrate below the use of Theorem 4.4.2 in calculating the number of 
spanning trees. In this illustration, each graph within parentheses stands for the 


number of its spanning trees. For example, [O] stands for the number of spanning 
trees of C4. 


Example 4.4.3. Find t(G) for the following graph G: 


Proof. 
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Hence t(G) = 12. A 


We have seen in Sect. 3.2 that every connected graph has a spanning tree. When 
will it have k edge-disjoint spanning trees? An answer to this interesting question 
was given by both Tutte [181] and Nash-Williams [145] at just about the same time. 


Theorem 4.4.4 (Tutte [181]; Nash-Williams [145]). A simple connected graph 
G contains k pairwise edge-disjoint spanning trees if and only if for each partition 
FP of V(G) into p parts, the number m(“) of edges of G joining distinct parts is 
at least k(p —1),2 < p < |V(G)|. 


Proof. We prove only the easier part of the theorem (necessity of the condition). 
Suppose G has k pairwise edge-disjoint spanning trees. If T is one of them and if 


P = {V,,...,Vp} is a partition of V(G) into p parts, then G must have at least 
| P| — 1 edges of T. As this is true for each of the k pairwise edge-disjoint trees of 
G, the number of edges joining distinct parts of Y is at least k(p — 1). Oo 


For the proof of the converse part of the theorem, we refer the reader to the 
references cited. 

As a consequence of Theorem 4.4.4, we obtain immediately at least one family 
of graphs that possesses the property stated in the theorem. 
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Corollary 4.4.5. Every 2k-edge-connected (k > 1) graph contains k pairwise 
edge-disjoint spanning trees. 


Proof. Let G be 2k-edge connected, and let Y = {Vi,..., Vp} be a partition of V 
into p subsets. By hypothesis on G, there are at least 2k edges from each part V; to 
V\V; = Ae V;. The total number of such edges is at least kp (as each such edge 


J#i 
is counted twice). Hence, m(Y) > kp > k(p—1). Theorem 4.4.4 now ensures that 
there are at least k pairwise edge-disjoint spanning trees in G. O 


Setting A = 2 in the above corollary, we get the result of Kundu. 


Corollary 4.4.6 (Kundu [128]). Every 4-edge-connected graph contains two 
edge-disjoint spanning trees. 


Corollary 4.4.7. Every 3-edge-connected graph G has three spanning trees whose 
intersection is a spanning totally disconnected subgraph of G. 


Proof. Let G be a 3-edge-connected graph. Duplicate each edge of G by a 
parallel edge. The resulting graph, say, G’, is 6-edge connected, and hence by 
Corollary 4.4.5, G’ has three pairwise edge-disjoint spanning trees, say, T/, T;, and 
T;. Hence E(T; NT; 1 Tj) = ¢. Let T;, 1 <i < 3, be the tree obtained from T/ 
by replacing any parallel edge of G’ by its original edge in G. Then, clearly, 7), T>, 
and 73 are three spanning trees of G with E(T,; N T, N T3) = @ because neither an 
edge of G nor its parallel edge can belong to all of T/, Tj, and T;. oO 


4.5 Cayley’s Formula 


Cayley was the first mathematician to obtain a formula for the number of spanning 
trees of a labeled complete graph. 


Theorem 4.5.1 (Cayley [33]). t(K,) = n"—2, where K,, is a labeled complete 
graph onn vertices, n > 2. 


Before we prove Theorem 4.5.1, we establish two lemmas. 


Lemma 4.5.2. Let (di,...,d,) be a sequence of positive integers with )~'_, dj = 


2(n — 1). Then there exists a tree T with vertex set {v,,...,V,} and d(v;) = di, 
l<i<n. 

Proof. It is easy to prove the result by induction on n. Oo 
Lemma 4.5.3. Let {v1,..., Vn}, > 2 be given and let {d,,...,d,} be a sequence 


of positive integers such that ¥~"_, d; = 2(n — 1). Then the number of trees with 
(n—2)! 


{v1,..., Vn} as the vertex set in which v; has degree dj, 1 <i <n, is CCG 
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Proof. We prove the result by induction on n. Forn = 2, 2(n — 1) = 2, so that 
d, + dy = 2. Since d, > 1 and dy > 1, d; = dy = 1. Hence K;j is the only tree in 
which v; has degree d;, i = 1,2. So the result is true form = 2. Now assume that 


the result is true for all positive integers up ton — 1, n > 3. Let {d,,...,d,} bea 
sequence of positive integers such that )°’_, dj; = 2(n — 1), and let {vy,...,v,} 
be any set. If dj > 2 foreveryi, 1 < i <n, then )°"_, d; > 2n. Hence, there 


exists ani, 1 < i <n, for which d; = 1. For the sake of definiteness, assume 
that d, = 1. By Lemma 4.5.2, there exists a tree T with V(T) = {v1,...,Vn} 
and degree of v; = d;. Let v; be the unique vertex of T adjacent to v,. Delete v, 
from T. The resulting graph is a tree T’ with {v1,..., vn—1} as its vertex set and 
(d1,...,dj-1,d; —1,dj41,...,dn—1) as its degree sequence. 

In the opposite direction, given a tree 7’ with {v1,...,Vn—1} as its vertex set 
and (d\,...,dj;-1,d; — 1,dj+1,...,dn—1) as its degree sequence, a tree T with 
vertex set {v),...,v,} and degree sequence (d),...,d,), dy = 1, can be obtained 
by introducing a new vertex v, and taking T = T’ + vjv,. Hence the number of 
trees with vertex set {v1,..., vn} and degree sequence (d,..., dn) with d, = degree 
of v, = 1 and v, adjacent to v; is the same as the number of trees with vertex set 
{V1,...,Vn—1} and degree sequence (d1,...,dj—1,d; —1,dj41,...,dn—1). By the 
induction hypothesis, the latter number is equal to 


(n — 3)! 
(d, = 1)! ssn (dj-1 = 1)! (d; — 2)! (dj4i _ 1)! oye (dn-1 = 1)! 
_ (n — 3)'(d; — 1) 
~ (aq-D)!... @ai-D!@ -—D! @a-D!... Gar - DY 
Summing over j, the number of trees with {v),...,v,} as its vertex set and 
(d,,...,d,) as its degree sequence is 


n—-1 
(n — 3)! (d; 1) 
Ls (=I) ... (GaA=1) 


j=l 

= (n — 3)! n—1 | 

~ (d—D!... (dri — D! X (dj —1) 

= (n — 3)! wes 

a es eee eT 24 ~(n=1) 
(n — 3)! 

~(= Dl 2G a—D! [Qn —3)—(n—D] 
(n-3)! 


= Gla @a=0 
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= (n — 2)! 
~ (dy—1)!... (dy — 1)! 
(n — 2)! 


= oD! (aa! (recall that d, = 1). 


This completes the proof of Lemma 4.5.2. O 
Proof of theorem 4.5.1. The total number of trees T,, with vertex set {v1,...,Vn} 
is obtained by summing over all possible sequences (d),..., dn) with )~"_, dj = 
2n — 2. Hence, 
_ 2 ! n 
t(Kn) = )~ aed with )* dj = 2n—2 
i=] 


(d,;—1)!... (d,-1! 


dj>1 


=D)! n 
= wit Yb == 2, where k; = d; —1,1 <i <n. 


ki =0 i=1 
Putting x} = x. =-+-: = x, = 1 andm = n — 2 in the multinomial expansion 
ky \.ko k, 
Ry Xe a 
(xp + x2 +--+)" = 2 im! with (k) + kp +2 thn) =m, 
eo Wilko! eK! 
7 (n — 2)! : 
we getn" ~*~ = SY) ————— with (kj + ko +--+ +k,) = n — 2. Thus, 
k;>0 ky!ko!...k,! 
Uk Jan. O 


4.6 Helly Property 


Definitions 4.6.1. A family {A; : i € I} of subsets of a set A is said to satisfy the 
Helly property if, whenever J C I and A; 1 A; ¥ ¢ for every i, j € J, then 


() jel Aj # @. 
Theorem 4.6.2. Any family of subtrees of a tree satisfies the Helly property. 


Proof. Let F = {T; : i € I} be a family of subtrees of a tree 7. Suppose that for 
alli, 7 €e J C1,T; NT; F o. We have to prove that jes T; # ¢. If for some 
i € J, tree T; is a single-vertex tree {v} (i.e., K 1), then, clearly, jer T; = {vy}. 
We therefore suppose that each tree T; € ¥ withi € J has at least two vertices. 
We now apply induction on the number of vertices of 7’. Let the result be true for 
all trees with at most 7 vertices, and let T be a tree with (n + 1) vertices. Let vo be 
an end vertex of 7’, and uo its unique neighbor in 7’. Let T} = 7; —vo,i € J, and 
T’ = T — vo. (If vo ¢ T;, we take T/ = T;.) By the induction assumption, the result 
is true for the tree T’. Moreover, T/T; 4 ¢ for anyi, j € J. In fact, if 7; and T; 
have a vertex u (~ vo) in common, then T/ and T; also have u in common, whereas 
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if T; and T; have vo in common, then 7; and T; have uo also in common and so 
do T/ and T;. Hence, by the induction assumption, (\;<; T; # ¢, and therefore 


() jel Tj # @. O 
Exercise 6.1. In the cycle Cs, give a family of five paths such that the intersection 


of the vertex sets of any two of them is nonempty while the intersection of the vertex 
sets of all of them is empty. 


Exercise 6.2. Prove that a connected graph G is a tree if and only if every family 
of paths in G satisfies the Helly property. 


4.7 Applications 


We conclude this chapter by presenting some immediate applications of trees in 
everyday life problems. 


4.7.1 The Connector Problem 


Problems I. Various cities in a country are to be linked via roads. Given the 
various possibilities of connecting the cities and the costs involved, what is the 
most economical way of laying roads so that in the resulting road network, any 
two cities are connected by a chain of roads? Similar problems involve designing 
railroad networks and water-line transports. 


Problems 2. A layout for a housing settlement in a city is to be prepared. Various 
locations of the settlement are to be linked by roads. Given the various possibilities 
of linking the locations and their costs, what is the minimum-cost layout so that any 
two locations are connected by a chain of roads? 


Problems 3. A layout for the electrical wiring of a building is to be prepared. Given 
the costs of the various possibilities, what is the minimum-cost layout? 

These three problems are particular cases of a graph-theoretical problem known 
as the connector problem. 


Definition 4.7.1. Let G bea graph. To each edge e of G, we associate a nonnegative 
number w(e) called its weight. The resulting graph is a weighted graph. If H is a 
subgraph of G, the sum of the weights of the edges of H is called the weight of H. 
In particular, the sum of the weights of the edges of a path is called the weight of the 
path. 


We shall now concentrate on Problem |. Problems 2 and 3 can be dealt with 
similarly. Let G be a graph constructed with the set of cities as its vertex set. An 
edge of G corresponds to a road link between two cities. The cost of constructing a 
road link is the weight of its corresponding edge. Then a minimum-weight spanning 
tree of G provides the most economical layout for the road network. 
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We present two algorithms, Kruskal’s algorithm and Prim’s algorithm, for 
determining a minimum-weight spanning tree in a connected weighted graph. We 
can assume, without loss of generality, that the graph is simple because, since no 
loop can be an edge of a spanning tree, we can discard all loops. Also, since we are 
interested in determining a minimum-weight spanning tree, we can retain, from a 
set of multiple edges having the same ends, an edge with the minimum weight, and 
we can discard all the others. 

First, we describe Kruskal’s algorithm [127]. 


4.7.2 Kruskal’s Algorithm 


Let G be a simple connected weighted graph with edge set E = {e1,...,@m}. The 
three steps of the algorithm are as follows: 


Step 1: Choose an edge e; with its weight w(e;) as small as possible. 
Step 2: If the edges e;,e2,...,e;, 1 = 1, have already been chosen, choose e;+1 
from the set E\{e1, e2,...,e;} such that 


(i) The subgraph induced by the edge set {e), €2,...,e;41} is acyclic, 
and 
(ii) w(e;+1) is as small as possible subject to (i). 


Step 3: Stop when step 2 cannot be implemented further. 


We now show that Kruskal’s algorithm does indeed produce a minimum-weight 
spanning tree. 


Theorem 4.7.2. Any spanning tree produced by Kruskal’s algorithm is a minimum- 
weight spanning tree. 


Proof. Let G be a simple connected graph of order n with edge set E(G) = 
{é1,...,@m}. Let T* be a spanning tree produced by Kruskal’s algorithm and let 
E(T*) = {e1,...,@n—1}. For any spanning tree T of G, let f(T) be the least value 
of i such that e; ¢ E(T). Suppose 7T* is not of minimum weight. Let Ty be any 
minimum-weight spanning tree with f(7o) as large as possible. 

Suppose f(7o) = k. This means that e),...,e,— are in both Ty and T*, but 
ex € To. Then To + ex contains a unique cycle C. Since not every edge of C can 
be in 7*, C must contain an edge e/, not belonging to T*. Let Tj} = To + ex — ej. 
Then 7; is another spanning tree of G. Moreover, 


w(Ty) = w(To) + wlex) — w(e;,). (4.1) 


Now, in Kruskal’s algorithm, e, was chosen as an edge with the smaller 
weight such that G[f{e),...,ex—1, ex }] was acyclic. Since G[f{e),...,ex—1, e; }] is 
a subgraph of the tree To, it is also acyclic. Hence, 


wk) < we), (4.2) 


4.7 Applications 89 


Table 4.1 Mileage between Indian cities 
Mumbai Hyderabad Nagpur Calcutta New Delhi Chennai 


Mumbai (M) 

Hyderabad (7) 385 

Nagpur (V) 425 255 

Calcutta (Ca) 1035 740 679 

New Delhi(D) 708 773 531 816 

Chennai (Ch) 644 329 860 1095 


and therefore from (4.1) and (4.2), 


w(Ty) = w(To) + wlex) — w(e;) 
< w(To). 


But 7p is of minimum weight. Hence, w(Ty ) = w(Tp), and so ves is also of minimum 
weight. However, as {e1,...,ex} C E(T)), 


f (To) > k = f(T). 


contradicting the choice of To. Thus, 7* is a minimum-weight spanning tree of G. 
oO 


When the graph is not weighted, we can give the weight | to each of its edges 
and then apply the algorithm. The algorithm then gives an acyclic subgraph with as 
many edges as possible, that is, a spanning tree of G. 


Illustration The distances in miles between some of the Indian cities connected by 
air are given in Table 4.1. 

Determine a minimum-cost operational system so that every city is connected to 
every other city. Assume that the cost of operation is directly proportional to the 
distance. 

Let G be a graph with the set of cities as its vertex set. An edge corresponds to a 
pair of cities for which the ticketed mileage is indicated. The ticketed mileage is the 
weight of the corresponding edge (see Fig. 4.8). 

The required operation system demands a minimum-cost spanning tree of G. We 
shall apply Kruskal’s algorithm and determine such a system. The following is a 
sequence of edges selected according to the algorithm. 


HN, HCh, HM, ND, NCa. 
The corresponding spanning tree is shown in bold lines, and its weight is 255 + 


329 + 385 + 531 + 679 = 2,179. 
We next describe Prim’s algorithm [159]. 
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HN, HCh, HM, ND, NCa. 


Fig. 4.8 Graph of mileage between cities 


4.7.3. Prim’s Algorithm 


Let G be a simple connected weighted graph having n vertices. Let the vertices of 
G be labeled as v}, v2,...,¥,. Let W = W(G) = (wi;) be the weight matrix of G. 
That is, W is the n x n matrix with 


Gi) wi = co,forl <i <n, 
(ii) wij; = wj; = the weight of the edge (v;,v;) if v; and v; are adjacent, 
Gli) wi; = wi; = co if vj and v; are nonadjacent. 


The algorithm constructs a minimum-cost spanning tree. 


Step 1: Start with v;. Connect v; to vg, where vy is a nearest vertex to vy (vx is 
nearest to v, if vj vg is an edge with minimum possible weight). The vertex 
vx; could be easily determined by observing the matrix W. Actually, v;z is a 
vertex corresponding to which the entry in row | of W is minimum. 

Step 2: Having chosen v;, let v; # v, or vz be a vertex corresponding to the smallest 
entry in rows | and & put together. Then v; is the vertex “nearest” the edge 
subgraph defined by the edge v;vg. Connect v; to vy or vg, according to 
whether the entry is in the first row or kth row. Suppose it is, say, in the kth 
row; then it is the (k,7)th entry of W. 

Step 3: Consider the edge subgraph defined by the edge set {vi vg, vev; }. Determine 
the nearest neighbor to the set of vertices {v1, vz, vi}. 

Step 4: Continue the process until all the n vertices have been connected by (n — 1) 
edges. This results in a minimum-cost spanning tree. 


Proof of correctness: Let T be a tree obtained by applying Prim’s algorithm. We 
want to show that T is a minimum-weight spanning tree (that is, an optimal tree) 
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of G. We prove by induction on n = |V(G)|. Suppose e = v1 v2 is an edge of least 
weight incident at vy. 


Claim. There exists a minimum-weight spanning tree of G that contains e. To see 
this, consider an optimal tree T’ of G. Suppose T’ does not contain e. As T’ 
contains the vertex v,, T’ must contain some edge f of G incident at v;. By Prim’s 
algorithm, w(e) < w(e’) for every edge e’ of G incident at v, and consequently, 
w(e) < w(f), where w denotes the weight function. Hence, the spanning tree 
T” = T'+e—f of G has the property that w(T”) = w(T’)+w(e)—w(f) < w(T’). 

As T’ is optimal, T” is also optimal. But T” contains e. This establishes our 
claim. 

Let G’ = G coe, the contraction of G obtained by contracting the edge e. 
Every spanning tree of G that contains e gives rise to a unique spanning tree of 
G’. Conversely, every spanning tree of G’ gives rise to a unique spanning tree of G 
containing e. 

Let S denote the set of vertices of the tree T, (with e € E(T;,)) grown by Prim’s 
algorithm at the end of p steps, p > 2, and S’ denote the set of vertices of Yr, = 
T,oe. Then [S, V(G)\S] = [S’, V(G’)\S’]. Therefore, an edge of minimum weight 
in [S, V(G)\S] is also an edge of minimum weight in [S’, V(G’)\S’]. As the final 
tree T is a Prim tree of G, the final tree T o e of G’ is a Prim tree of G’. But then 
G’ has one vertex less than that of G and so T 0 ¢ is an optimal tree of G o e. 
Consequently, 7 is an optimal tree of G. Oo 


Illustration Consider the weighted graph G shown in Fig. 4.8. The weight matrix 


W of Gis 
M H N Ca D_ Ch 


M| co 385 425 1035 708 644 
H| 385 oo 255 740 773 329 
N| 425 255 co 679 531 oo 
Cal 1035 740679 co 816 860 
D| 708 773531 816 co 1095 
ch} 644 329 co 860 1095 co 


In row M (i.e., in the row corresponding to the city M/, namely, Mumbai), the 
smallest weight is 385, which occurs in column H. Hence join M and H. Now, 
after omitting columns M and H, 255 is the minimum weight in the rows M and 
HT put together. It occurs in row H and column N. Hence, join H and N. Now, 
omitting columns M, H, and N, the smallest number in the rows M, H, and N put 
together is 329, and it occurs in row H and column CA, so join H and CA. Again, 
the smallest entry in rows M, H, N and Ch not belonging to the corresponding 
columns is 531, and it occurs in row N and column D. So join N and D. Now, 
the lowest entry in rows M, H, N, D and Ch not belonging to the corresponding 
columns is 679, and it occurs in row N and column Ca. So join N and Ca. This 
construction gives the same minimum-weight spanning tree of Fig. 4.8. 
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Remark. In each iteration of Prim’s algorithm, a subtree of a minimum-weight 
spanning tree is obtained, whereas in any step of Kruskal’s algorithm, just a 
subgraph of a minimum-weight spanning tree is constructed. 


4.7.4 Shortest-Path Problems 


A manufacturing concern has a warehouse at location X and the market for the 

product at another location Y. Given the various routes of transporting the product 

from X to Y and the cost of operating them, what is the most economical way 

of transporting the materials? This problem can be tackled using graph theory. All 

such optimization problems come under a type of graph-theoretic problem known 

as “shortest-path problems.” Three types of shortest-path problems are well known: 
Let G be a connected weighted graph. 


1. Determine a shortest path, that is, a minimum-weight path between two specified 
vertices of G. 

2. Determine a set of shortest paths between all pairs of vertices of G. 

3. Determine a set of shortest paths from a specified vertex to all other vertices of G. 


We consider only the first problem. The other two problems are similar. We 
describe Dijkstra’s algorithm [52] for determining the shortest path between two 
specified vertices. Once again, it is clear that in shortest-path problems, we could 
restrict ourselves to simple connected weighted graphs. 


4.7.5 Dijkstra’s Algorithm 


Let G be a simple connected weighted graph having vertices v1, v2,...,Vn. Let s 
and ¢ be two specified vertices of G. We want to determine a shortest path from 
s tot. Let W be the weight matrix of G. Dijkstra’s algorithm allots weights to the 
vertices of G. At each stage of the algorithm, some vertices have permanent weights 
and others have temporary weights. 

To start with, the vertex s is allotted the permanent weight 0 and all other vertices 
the temporary weight oo. In each iteration of the algorithm, one new vertex is 
allotted a permanent weight by the following rules: 


Rule 1: Ifv; is a vertex that has not yet been allotted a permanent weight, determine 
for each vertex v; that had already been allotted a permanent weight, 


aj; = min{old weight of v;, (old weight of v;) + wj;}. 


Let w; = Min; a;;. Then w; is a new temporary weight of v; not exceeding the 
previous temporary weight. 
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Fig. 4.9 Graph of mileage C 7 D 
between cities 


go E 


Table 4.2 Steps of algorithm for shortest path from A to B 


A B C D E F H 
Iteration 0 0 [o-e) [o-e) [o-e) (o-e) [oe] (oe) 
Iteration | 0 (oe) 3 (oe) (o“e) 2 [oe] 
Iteration 2 0 ee) 3 [o“e) 3 2 7 
Iteration 3 0 [o-e) 3 10 3 2 d 
Iteration 4 0 8 3 6 3 2 7 
Iteration 5 0 8 3 6 3 2 7 
Iteration 6 0 8 3 6 3 2 7 


Rule 2: Determine the smallest among the w;’s. If this smallest weight is at vz, wx 
becomes the permanent weight of v;. In case there is a tie, any one vertex is taken 
for allotting a permanent weight. 


The algorithm stops when the vertex ¢ gets a permanent weight. 

It is clear from the algorithm that the permanent weight of each vertex is the 
shortest weighted distance from s to that vertex. The shortest path from s to ¢ is 
constructed by working backward from the terminal vertex t. Let P be a shortest 
path and p; a vertex of P. The weight of p;—, the vertex immediately preceding p; 
on P, is such that the weight of the edge p;—; p; equals the difference in permanent 
weights of p; and p;—1. 

We present below an illustrative example. Let us find the shortest path from A to 
B in the graph of Fig. 4.9. 

We present the various iterations of the algorithm by arrays of weights of the 
vertices, one consisting of weights before iteration and another after it. Temporary 
weights will be enclosed in squares and the permanent weights enclosed in double 
squares. The steps of the algorithm for determining the shortest path from vertex A 
to vertex B in graph G of Fig. 4.9 are given in Table 4.2. 
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In our example, B is the last vertex to get a permanent weight. Hence the 
algorithm stops after Iteration 6, in which B is allotted the permanent weight. 
However, the algorithm may be stopped as soon as vertex B gets the permanent 


weight. 
The shortest distance from A to B is 8. A shortest path with weight 8 is 
AFEDB. 
4.8 Exercises 
8.1. Show that any tree of order n contains a subtree of order k for every k <n. 


8.2. 


8.3. 


8.4. 


8.5. 


8.6. 


8.7. 


8.8. 


8.9. 


8.10. 


8.11. 


8.12. 


Let u, v, w be any three vertices of a tree 7. Show that either u, v, w all lie in 
a path of T or else there exists a unique vertex z of T which is common to the 
u-v, v-w, w-u paths of T. 

Show that in a tree, the number of vertices of degree at least 3 is at most the 
number of end vertices minus 2. 

Show that if G is a connected graph with at least three vertices, then G 
contains two vertices u and v such that G — {u, v} is also connected. 

* Tf H is a graph of minimum degree at least k—1, then prove that H contains 
every tree on k vertices. (Hint: Prove by induction on k.) (See [88].) 

Prove that a nontrivial simple graph G is a tree if and only if for any set of 
r distinct vertices in G, r > 2, the minimum number of edges required to 
separate them is r — 1. (See E. Sampathkumar [168].) 

Show that a simple connected graph contains at least 7 —n + | distinct cycles. 
Prove that for a connected graph G, r(G) < diam(G) < 2r(G). (The graphs 
of Fig. 4.3 show that the inequalities can be strict.) 

Prove that a tree with at least three vertices has diameter 2 if and only if it is 
a star. 

Determine the number of spanning trees of the two graphs in Fig. 4.10: 

If T is a tree with at least two vertices, show that there exists a set of edge- 
disjoint paths covering all the vertices of J such that each of these paths has 
at least one end vertex that is an end vertex of T. 

Let T be a tree of order n with V(T) = {1,2,...,}, and let A be a set 
of transpositions defined by A = {(i, 7) : ij € E(T)}. Show that A is a 
minimal set of transpositions that generates the symmetric group S,,. 


Vy V9 U1 V9 


U4 U3 U5 U4 


Fig. 4.10 
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Fig. 4.11 


8.13. For the graph G of Fig.4.11, determine two distinct minimum-weight 
spanning trees using 


(i) Kruskal’s algorithm, 
(ii) Prim’s algorithm. 


What is the weight of such a tree? Also, determine a minimum-weight s-t 
path using Dijkstra’s algorithm. 

8.14. Apply Prim’s algorithm to the illustrative example given in Sect.4.7.3 by 
starting from the third row of the weight matrix. 

8.15. If G is a connected weighted graph in which no two edges have the same 
weight, show that G has a unique minimum-weight spanning tree. 

8.16. Establish the correctness of Dijkstra’s algorithm. 


Notes 


In 1847, G. R. Kirchoff (1824-1887) developed the theory of trees for their appli- 
cations in electrical networks. Ten years later, in 1857, the English mathematician 
A. Cayley (1821-1895) rediscovered trees while he was trying to enumerate the 
isomers of the saturated hydrocarbons C,, Hz,+2 (see also Chap. 1). Since then 
“trees” have grown both vertically and horizontally. They are widely used today 
in computer science. 

There is also a simpler (?) proof of the converse part of Theorem 4.4.4 using 
matroid theory (see pp. 126-127 of [191]). 

Corollary 4.4.6 is due to Kilpatrick [122], but the elegant proof given here is due 
to Jaeger [114]. The proof of Cayley’s theorem presented here (Theorem 4.5.1) is 
based on Moon [142], which also contains nine other proofs. The book by Serre 
[170] entitled Trees is mainly concerned with the connection between trees and the 
group SL2(Q p). 

For general algorithmic results related to graphs, see [3,72, 153]. 


Chapter 5 
Independent Sets and Matchings 


5.1 Introduction 


Vertex-independent sets and vertex coverings as also edge-independent sets and 
edge coverings of graphs occur very naturally in many practical situations and 
hence have several potential applications. In this chapter, we study the properties 
of these sets. In addition, we discuss matchings in graphs and, in particular, in 
bipartite graphs. Matchings in bipartite graphs have varied applications in operations 
research. We also present two celebrated theorems of graph theory, namely, Tutte’s 
1-factor theorem and Hall’s matching theorem. All graphs considered in this chapter 
are loopless. 


5.2 Vertex-Independent Sets and Vertex Coverings 


Definition 5.2.1. A subset S of the vertex set V of a graph G is called independent 
if no two vertices of S are adjacent in G. S C V is a maximum independent set of 
G if G has no independent set S’ with |S’| > |S|. A maximal independent set of G 
is an independent set that is not a proper subset of another independent set of G. 

For example, in the graph of Fig. 5.1, {u, v, w} is a maximum independent set and 
{x, y} is a maximal independent set that is not maximum. 


Definition 5.2.2. A subset K of V is called a covering of G if every edge of G 
is incident with at least one vertex of K. A covering K is minimum if there is no 
covering K’ of G such that | K’| < |K|; it is minimal if there is no covering K, of 
G such that K, is a proper subset of K. 

In the graph Ws; of Fig.5.2, {v1,v2,v3,v4,vs} is a covering of Ws and 
{V1, V3, Va, Vo} is a minimal covering. Also, the set {x, y} is a minimum covering of 
the graph of Fig. 5.1. 


R. Balakrishnan and K. Ranganathan, A Textbook of Graph Theory, 97 
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© Springer Science+Business Media New York 2012 


98 5 Independent Sets and Matchings 


Fig. 5.1 Graph with 


maximum independent set Z 
{u, v, w} and maximal 
independent set {x, y} 
U x WwW 
Fig. 5.2. Wheel W; Vo 
UL V3 
U5 V4 


The concepts of covering and independent sets of a graph arise very naturally in 
practical problems. Suppose we want to store a set of chemicals in different rooms. 
Naturally, we would like to store incompatible chemicals, that is, chemicals that 
are likely to react violently when brought together, in distinct rooms. Let G be a 
graph whose vertex set represents the set of chemicals and let two vertices be made 
adjacent in G if and only if the corresponding chemicals are incompatible. Then any 
set of vertices representing compatible chemicals forms an independent set of G. 

Now consider the graph G whose vertices represent the various locations in a 
factory and whose edges represent the pathways between pairs of such locations. 
A light source placed at a location supplies light to all the pathways incident to that 
location. A set of light sources that supplies light to all the pathways in the factory 
forms a covering of G. 


Theorem 5.2.3. A subset S of V is independent if and only if V\S is a covering 
of G. 


Proof. S is independent if and only if no two vertices in S are adjacent in G. Hence, 
every edge of G must be incident to a vertex of V\S. This is the case if and only if 
V\S is a covering of G. oO 


Definition 5.2.4. The number of vertices in a maximum independent set of G is 
called the independence number (or the stability number) of G and is denoted by 
a(G). The number of vertices in a minimum covering of G is the covering number 
of G and is denoted by 6(G). We denote these numbers simply by a and 6 when 
there is no confusion. 


Corollary 5.2.5. For any graph G, a+ B =n. 
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Proof. Let S be a maximum independent set of G. By Theorem 5.2.3, V\S is a 


covering of G and therefore |V\S| = n—a@ > B. Similarly, let K be a minimum 
covering of G. Then V\ K is independent and so |V\K| = 1 — B < a. These two 
inequalities together imply that n = a + B. Oo 


5.3. Edge-Independent Sets 


Definitions 5.3.1. 1. A subset M of the edge set F of a loopless graph G is called 
independent if no two edges of M are adjacent in G. 

2. A matching in G is a set of independent edges. 

3. An edge covering of G is a subset L of E such that every vertex of G is incident 
to some edge of L. Hence, an edge covering of G exists if and only if 5 > 0. 

4. A matching M of G is maximum if G has no matching M’ with |M’| > |M]. 
M is maximal if G has no matching M’ strictly containing M. a’(G) is the 
cardinality of a maximum matching and 6’(G) is the size of a minimum edge 
covering of G. 

5. A set S of vertices of G is said to be saturated by a matching M of G or M- 
saturated if every vertex of S is incident to some edge of M. A vertex v of G is 
M-saturated if {v} is M-saturated. v is M -unsaturated if it is not M -saturated. 
For example, in the wheel Ws; (Fig.5.2), M = {v1v2, v4ve} is a maximal 

matching; {v1 v5, v2v3, vavo} is a maximum matching and a minimum edge covering; 

the vertices v,, v2, v4, and v6 are M -saturated, whereas v3 and vs are M -unsaturated. 


Remark 5.3.2. The edge analog of Theorem 5.2.3 is not true, however. For instance, 
in the graph G of Fig.5.3, the set FE’ = {e3,e4} is independent, but E\E’ = 
{€1, €2, es} is not an edge covering of G. Also, E” = {e1, €3, e4} is an edge covering 
of G, but E\ E” is not independent in G. Again, E’ is a matching in G that saturates 
V2, V3, v4 and vs but does not saturate v,. 


Theorem 5.3.3. For any graph G for which 5 > 0, a' + Bp’ =n. 


Proof. Let M be a maximum matching in G so that |M| = a’. Let U be the set 
of M-unsaturated vertices in G. Since M is maximum, U is an independent set of 
vertices with |U| = n — 2a’. Since 6 > 0, we can pick one edge for each vertex in 


Fig. 5.3 Graph illustrating 
edge relationships 
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Fig. 5.4 Herschel graph 


U incident with it. Let F be the set of edges thus chosen. Then M U F is an edge 
covering of G. Hence, |M U F| = |M|+|F| =a’ +n -—2da’ > 6’, and therefore 


n>a' +’. (5.1) 


Now let L be a minimum edge covering of G so that |L| = 6’. Let H = G[L] be 
the edge subgraph of G defined by L, and let My be a maximum matching in H. 
Denote the set of My-unsaturated vertices in H by U. As L is an edge covering of 
G, H is aspanning subgraph of G. Consequently, |L|—|Ma| = |L\My| => |U| = 
n —2|My| and so |L| + |My| > n. But since My is a matching in G, |My| < a’. 
Thus, 

n<|L|+|My| < pf’ +a’. (5.2) 


Inequalities (5.1) and (5.2) imply that a’ + fp’ = n. oO 
Exercise 3.1. Determine the values of the parameters a, a’, 6, and f’ for 


1. Kn, 
2. The Petersen graph P, 
3. The Herschel graph (see Fig. 5.4). 


Exercise 3.2. For any graph G with 5 > 0, prove that aw < f’ anda’ > B. 


Exercise 3.3. Show that for a bipartite graph G, w 6 > m and that equality holds if 
and only if G is complete. 


5.4 Matchings and Factors 


Definition 5.4.1. A matching of a graph G is (as given in Definition 5.3.1) a set 
of independent edges of G. If e = wv is an edge of a matching M of G, the end 
vertices u and v of e are said to be matched by M. 

If M, and M) are matchings of G, the edge subgraph defined by M; AM), the 
symmetric difference of M, and M, is a subgraph H of G whose components are 
paths or even cycles of G in which the edges alternate between M; and M). 
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G: M M’ M\M' 
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M 

H: M! Mi 
M i oe a 


Fig. 5.5 Graphs for proof of Theorem 5.4.4 


Definition 5.4.2. An M-augmenting path in G is a path in which the edges 
alternate between E\M and M and its end vertices are M-unsaturated. An M- 
alternating path in G is a path whose edges alternate between E\M and M. 


Example 5.4.3. In the graph G of Fig.5.2, My = {v1v2,v3v4,v5V6}, Mz = 
{v1V2,V3V¥6,V4vs}, and M3; = {v3v4,vsve} are matchings of G. Moreover, 
G[M,AM)] is the even cycle (v3v4vsvev3). The path vov3vqvevsvy,; is an M3- 
augmenting path in G. 

Maximum matchings have been characterized by Berge [19]. 


Theorem 5.4.4. A matching M of a graph G is maximum if and only if G has no 
M -augmenting path. 


Proof. Assume first that M is maximum. If G has an M-augmenting path P 
Vov1¥2 ...V2¢+1 in which the edges alternate between E\\M and M, then P has one 
edge of E\M more than that of M. Define 


M’ = (M U {vov1, vov3,..., Vor Vor41})\{¥1V2, V3V4, +++» V2r—1V2¢ f 


Clearly, M’ is a matching of G with |M’| = |M|+ 1, which is a contradiction since 
M is a maximum matching of G. 

Conversely, assume that G has no M-augmenting path. Then M must be 
maximum. If not, there exists a matching M’ of G with |M’| > |M|. Let H be the 
edge subgraph G[M AM" defined by the symmetric difference of M and M’. Then 
the components of H are paths or even cycles in which the edges alternate between 
M and M’. Since |M’| > |M|, at least one of the components of H must be a path 
starting and ending with edges of M’. But then such a path is an M-augmenting 
path of G, contradicting the assumption (see Fig. 5.5). Oo 


Definition 5.4.5. A factor of a graph G is a spanning subgraph of G. A k-factor of 
G is a factor of G that is k-regular. Thus, a 1-factor of G is a matching that saturates 
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G3 G4 


Fig. 5.6 Graphs illustrating factorability 


all the vertices of G. For this reason, a 1-factor of G is called a perfect matching of 
G. A 2-factor of G is a factor of G that is a disjoint union of cycles of G. A graph 
G is k-factorable if G is an edge-disjoint union of k-factors of G. 


Example 5.4.6. In Fig.5.6, G; is 1-factorable and G2 is 2-factorable, whereas G3 
has neither a 1-factor nor a 2-factor. The dotted, solid, and ordinary lines of G, 
give the three distinct 1-factors, and the dotted and ordinary lines of G2 give its two 
distinct 2-factors. 


Exercise 4.1. Give an example of a cubic graph having no 1-factor. 
Exercise 4.2. Show that K,,,, and K2, are 1-factorable. 
Exercise 4.3. Show that the number of 1-factors of 


(i) Kn» isn}, 
(ii) Kon is 22 


2" nl" 
Exercise 4.4. The n-cube Q,, is the graph whose vertices are binary n-tuples. Two 
vertices of Q,, are adjacent if and only if they differ in exactly one place. Show 
that QO, (n => 2) has a perfect matching. (The 3-cube Q3 and the 4-cube Q, are 
displayed in Fig. 5.7.) It is easy to see that O, ~ K20 Kal K» (n times). 
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Fig. 5.7 (a) 3-cube Q3 and 
(b) 4-cube Q4 (0,1,1) (1,1,1) 


(0,0,0) (1,0,0) 


The 3-cube Qs 


The 4-cube Q4 


Exercise 4.5. Show that the Petersen graph P is not 1-factorable. (Hint: Look at 
the possible types of 1-factors of P.) 


Exercise 4.6. Show that every tree has at most one perfect matching. 


Exercise 4.7*. Show that if a 2-edge-connected graph has a 1-factor, then it has at 
least two distinct 1-factors. 


Exercise 4.8. Show that the graph Gy of Fig.5.6 is not 1-factorable. 


An Application to Physics 5.4.7. In crystal physics, a crystal is represented by 
a three-dimensional lattice in which each face corresponds to a two-dimensional 
lattice. Each vertex of the lattice represents an atom of the crystal, and an edge 
between two vertices represents the bond between the two corresponding atoms. 

In crystallography, one is interested in obtaining an analytical expression for 
certain surface properties of crystals consisting of diatomic molecules (also called 
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dimers). For this, one must find the number of ways in which all the atoms of the 
crystal can be paired off as molecules consisting of two atoms each. The problem 
is clearly equivalent to that of finding the number of perfect matchings of the 
corresponding two-dimensional lattice. 

Two different dimer coverings (perfect matchings) of the lattice defined by the 
graph Gy, are exhibited in Fig. 5.6—one in solid lines and the other in parallel lines. 


5.5 Matchings in Bipartite Graphs 


Assignment Problem 5.5.1. Suppose in a factory there are n jobs ji, j2,..-, Jn 
and s workers w1, w2,...,Ws. Also suppose that each job j; can be performed by a 
certain number of workers and that each worker w; has been trained to do a certain 
number of jobs. Is it possible to assign each of the 1 jobs to a worker who can do 
that job so that no two jobs are assigned to the same worker? 


We convert this job assignment problem into a problem in graphs as follows: 
Form a bipartite graph G with bipartition (J, W), where J = {ji, j2,..., jn} and 
W = {w1,W2,...,Ws}, and make j; adjacent to w; if and only if worker w; can 
do the job j;. Then our assignment problem translates into the following graph 
problem: Is it possible to find a matching in G that saturates all the vertices of J? 

A solution to the above matching problem in bipartite graphs has been given by 
Hall [90] (see also Hall, Jr. [91]). 

For a subset S C V ina graph G, N(S) denotes the neighbor set of S, that is, 
the set of all vertices each of which is adjacent to at least one vertex in S. 


Theorem 5.5.2 (Hall). Let G be a bipartite graph with bipartition (X,Y). Then 
G has a matching that saturates all the vertices of X if and only if 


|N(S)| > [S| (5.3) 
for every subset S of X. 


Proof. If G has a matching that saturates all the vertices of X, then distinct vertices 
of X are matched to distinct vertices of Y. Hence, trivially, |N(S)| > |S| for every 
subset S C X. 

Conversely, assume that the condition (5.3) above holds but that G has no 
matching that saturates all the vertices of X. Let M be a maximum matching of G. 
As M does not saturate all the vertices of X, there exists a vertex x) € X that is 
M-unsaturated. Let Z denote the set of all vertices of G connected to x») by M- 
alternating paths. Since M is a maximum matching, by Theorem 5.4.4, G has no 
M -augmenting path. As xo is M-unsaturated, x9 is the only vertex of Z that is M- 
unsaturated. Let A = Z MX and B = ZY. Then the vertices of A\{xo} get 
matched under M to the vertices of B, and N(A) = B. Thus, since |B| = |A| — 1, 
|N(A)| = |B] = |A| —1 < |Al, and this contradicts the assumption (5.3) (see 
Fig. 5.8). Oo 
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Xo 


Y 


Fig. 5.8 Figure for proof of Theorem 5.5.2 (matching edges are boldfaced) 


We now give some important consequences of Hall’s theorem. 
Theorem 5.5.3. Ak (> 1)-regular bipartite graph is 1-factorable. 


Proof. Let G be k-regular with bipartition (X, Y). Then E(G) = the set of edges 
incident to the vertices of X = the set of edges incident to the vertices of Y. Hence, 
k|X| = |E(G)| = k|Y|, and therefore |X| = |Y|. If S C X, then N(S) C Y, 
and N(N(S)) contains S. Let E; and E> be the sets of edges of G incident to S$ 
and N(S), respectively. Then E; C E>, |E,| = k|S|, and |E2| = k|N(S)|. Hence, 
as |E,| > |Ey|, |NCS)| = |S|. So by Hall’s theorem (Theorem 5.5.2), G has a 
matching that saturates all the vertices of X; that is, G has a perfect matching M. 
Deletion of the edges of M from G results in a (k — 1)-regular bipartite graph. 
Repeated application of the above argument shows that G is 1-factorable. Oo 


Konig’s theorem: Consider any matching M of a graph G. If K is any (vertex) 
covering for the graph, then it is clear that to cover each edge of M, we have to 
choose at least one vertex of K. Thus, |M| < | K'|. In particular, if M* is amaximum 
matching and K* is a minimum covering of G, then 


IM) = ||; (5.4) 


KOnig’s theorem asserts that for bipartite graphs, equality holds in relation (5.4). 
Before we establish this theorem, we present a lemma that is interesting in its own 
right and is similar to Lemma 3.6.8. 


Lemma 5.5.4. Let K be any covering and M any matching of a graph G with 
|K| = |M|. Then K is a minimum covering and M is a maximum matching. 


Proof. Let M* be a maximum matching and K* a minimum covering of G. Then 
|M| <|M*|and|K| > |K*|. Hence, by (5.4) we have |M| < |M*| < |K*| < |K]. 
Since |M| = |K|, we must have |M| = |M*| = |K*| = |K|, proving the lemma. 

Oo 
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Fig. 5.9 Graph for proof of Theorem 5.5.5 


Theorem 5.5.5 (K6nig). Jn a bipartite graph the minimum number of vertices that 
cover all the edges of G is equal to the maximum number of independent edges; that 


is, a'(G) = B(G). 


Proof. Let G be a bipartite graph with bipartition (X,Y). Let M be a maximum 
matching in G. Denote by A the set of vertices of X unsaturated by M (see Fig. 5.9). 
As in the proof of Theorem 5.5.2, let Z stand for the set of vertices connected to A 
by M-alternating paths starting in A. Let S = XZ andT = YZ. Thenclearly, 
T = N(S) and K = T U (X\S) is a covering of G, because if there is an edge e 
not incident to any vertex in K, then one of the end vertices of e must be in S and 
the other in Y\T, contradicting the fact that N(S) = T. Clearly, |K| = |M|, and 
so by Lemma 5.5.4, M is a maximum matching and K a minimum covering of G. 

oO 


Let A be a binary matrix (so that each entry of A is 0 or 1). A line of A is a row 
or column of A. A line covers all of its entries. Two 1’s of A are called independent 
if they do not lie in the same line of A. The matrix version of Konig’s theorem is 
given in Theorem 5.5.6. 


Theorem 5.5.6 (Matrix version of Konig’s theorem). Jn a binary matrix, the 
minimum number of lines that cover all the 1’s is equal to the maximum number of 
independent 1’s. 


Proof. Let A = (aj;) be a binary matrix of size p by q. Form a bipartite graph G 
with bipartition (X, Y), where X and Y are sets of cardinality p and q, respectively, 
say, X = {v1,V2,...,vp} and Y = {w1,w2,..., wa}. Make v; adjacent to w; in G 
if and only if aj; = 1. Then an entry | in A corresponds to an edge of G, and 
two independent 1’s in A correspond to two independent edges of G. Further, each 
vertex of G corresponds to a line of A. Thus, the matrix version of K6nig’s theorem 
is actually a restatement of Konig’s theorem. Oo 
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A consequence of Theorem 5.5.2 is the theorem on the existence of a system of 
distinct representatives (SDR) for a family of subsets of a given finite set. 


Definition 5.5.7. Let F = {Ag : a € J} be a family of sets. An SDR for the 
family is a family of elements {xy : a € J} such that xy € Ay for everya € J 
and X» # Xg whenever a # f. 


Example 5.5.8. For instance, if Ay = {1}, Ao = {2,3}, Az = {3,4}, Ad = 
{1,2,3,4}, and As = {2,3, 4}, then the family {A1, Az, A3, Ay} has {1, 2,3, 4} as 
an SDR, whereas the family {A,, Az, A3, 44, As} has no SDR. It is clear that for ¥ 
to have an SDR, it is necessary that for any positive integer k, the union of any k sets 
of ¥Y must contain at least k elements. That this condition is also sufficient when 
is a finite family of finite sets is the assertion of Hall’s theorem on the existence 
of an SDR. 


Theorem 5.5.9 (Hall’s theorem on the existence of an SDR [90]). Let F¥ = 
{Aj : 1 <i <r} bea family of finite sets. Then ¥ has an SDR if and only if the 
union of any k members of F, 1 <k <r, contains at least k elements. 


Proof. We need only prove the sufficiency part. Let Ui_, Ai = {91,2.---. Yn}. 
Form a bipartite graph G = G(X,Y) with X = {x,,X,...,x,}, where x; 
corresponds to the set Aj, 1 < i < r, and Y = {y,, yo,...,¥n}. Make x; 
adjacent to y; in G if and only if y; € A;. Then it is clear that Y has an SDR 
if and only if G has a matching that saturates all the vertices of X. But this is the 
case, by Theorem 5.5.2, if foreach S C X, |N(S)| = |S], that is, if and only if 
|U,,es Ai! = |S], which is precisely the condition stated in the theorem. Oo 


Exercise 5.1. Prove Theorem 5.5.5 (K6nig’s theorem) assuming Theorem 5.5.9. 


Exercise 5.2. Show that a bipartite graph has a 1-factor if and only if |N(S)| > |S 
for every subset S of V. Does this hold for any graph G? 

When does a graph have a 1-factor? Tutte’s celebrated 1-factor theorem answers 
this question. The proof given here is due to Lovasz [135]. A component of a graph 
is odd or even according to whether it has an odd or even number of vertices. Let 
O(G) denote the number of odd components of G. 


Theorem 5.5.10 (Tutte’s 1-factor theorem [179]). A graph G has a I-factor if 
and only if 


O(G —S) <|S|, (5.5) 
forallS CV. 


Proof. While considering matchings in graphs, we are interested only in the 
adjacency of pairs of vertices. Hence, we may assume without loss of generality 
that G is simple. If G has a 1-factor M, each of the odd components of G — S 
must have at least one vertex, which is to be matched only to a vertex of S under M. 
Hence, for each odd component of G — S, there exists an edge of the matching with 
one end in S. Hence, the number of vertices in S should be at least as large as the 
number of odd components in G — S; that is, O(G — S) < |S]. 
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Fig. 5.10 Supergraph G* for proof of Theorem 5.5.10. Unbroken lines correspond to edges of G* 
and broken lines correspond to edges not belonging to G* 


Conversely, assume that condition (5.5) holds. If G has no 1-factor, we join pairs 
of nonadjacent vertices of G until we get a maximal supergraph G* of G with G* 
having no 1-factor. Condition (5.5) holds clearly for G* as 


O(G* — S) < O(G-S). (5.6) 


(When two odd components are joined by an edge, the result is an even component.) 

Taking S = @ in (5.5), we see that O(G) = 0, and so n(G*) (= n(G)) = nis 
even. Further, for every pair of nonadjacent vertices u and v of G*, G* + uv hasa 
1-factor, and any such 1-factor must necessarily contain the edge uv. 

Let K be the set of vertices of G* of degree (n — 1). K 4 V, since otherwise 
G* = K,, has a perfect matching. We claim that each component of G* — K is 
complete. Suppose to the contrary that some component G; of G* — K is not 
complete. Then in G, there are vertices x, y and z such that xy € E(G*), yz € 
E(G*), but xz does not belong to E(G*) (Exercise 5.11 of Chap. 1). Moreover, 
since y € V(G,), dgx(y) < n — 1 and hence there exists a vertex w of G* with 
yw € E(G*). Necessarily, w does not belong to K. (See Fig. 5.10.) 

By the choice of G*, each of G* + xz and G* + yw has a 1|-factor, say M; and 
M2, respectively. Necessarily, xz € M, and yw € Mp. Let H be the subgraph of 
G* + {xz, yw} induced by the edges in the symmetric difference M; AM> of M, 
and M>. Since M, and M2 are 1-factors, each vertex of G* is saturated by both 
My, and Mo, and H is a disjoint union of even cycles in which the edges alternate 
between M, and M>. There arise two cases: 


Case 1. xz and yw belong to different components of H (Fig.5.11la). If yw 
belongs to the even cycle C, then the edges of M, in C together with 
the edges of M) not belonging to C form a 1-factor in G*, contradicting 
the choice of G*. 

Case 2. xz and yw belong to the same component C of H’. Since each component 
of H is acycle, C is a cycle (Fig. 5.11b). By the symmetry of x and z, 
we may suppose that the vertices x, y, w, and z occur in that order on C. 
Then the edges of M, belonging to the yw...z section of C together 
with the edge yz and the edges of M, not in the yw...z section of C 
form a 1-factor of G*, again contradicting the choice of G*. Thus, each 
component of G* — K is complete. 


By condition (5.6), O(G* — K) < |K|. Hence, a vertex of each of the odd 
components of G* — K is matched to a vertex of K. (This is possible since each 
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Fig. 5.11 1-factors M, and a 

Mz for (a) case | and (b) case 

2 in proof of Theorem 5.5.10. 

Ordinary lines correspond to 

edges of M, and bold lines C 
correspond to edges of M2 


7] Ww 


vertex of K is adjacent to every other vertex of G*.) Also, the remaining vertices in 
each of the odd and even components of G* — K can be matched among themselves 
(see Fig. 5.12). The total number of vertices thus matched is even. Since |V(G*)| is 
even, the remaining vertices, if any, of K can be matched among themselves. This 
gives a 1-factor of G*. Note that if K = @, O(G*) = 0, and the existence of a 1- 
factor in G* is trivially true. But by choice, G* has no 1-factor. This contradiction 
proves that G has a 1-factor. Oo 


Corollary 5.5.11 (Petersen [158]). Every connected 3-regular graph having no 
cut edges has a I-factor. 


Proof. Let G be a connected 3-regular graph without cut edges. Let S C V. Denote 
by G,, Go,..., G, the odd components of G — S. Let m; be the number of edges of 
G having one end in V(G;) and the other end in S. Since G is a cubic graph, 


YS d(v) = 3n(Gi). (5.7) 
veV(G;) 
and 
Y > d(v) = 35]. (5.8) 


veS 
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Fig. 5.12 Components of G* — K for proof of Theorem 5.5.10 


Fig. 5.13 (a) 3-regular graph 


a b 
with cut edges having no 
1-factor; (b) cubic graph with al €9 
a 1-factor having a cut edge 
€3 
vo 
E4 €5 


Now £(G;) = [V(G;), V(G;) U S]\[V(G;), S], where [A, B] denotes the set of 
edges having one end in A and the other end in B, A C V, B C V. Hence, m; = 
[V(G;), S]| = eva) d(v) — 2m(G;), and since d(v) is 3 for each v and V(G;) 
is an odd component, m; is odd for each 7. Further, as G has no cut edges, m; > 3. 
Thus, O(G —S) =k < Dy < ee d(v) = 13|S| = |S|. Therefore, 


by Tutte’s theorem (Theorem 5.5.10), G has a 1-factor. Oo 


Example 5.5.12. A 3-regular graph with cut edges may not have a 1-factor (see 
Fig. 5.13a). Again, a cubic graph with a 1-factor may have cut edges (see Fig. 5.13b). 

In Fig. 5.13a, if S = {vo}, O(G —S) = 3 > 1 =|S|, and so G has no 1-factor. 
In Fig. 5.13b, {e1, e2, €3, €4, es} is a 1-factor, and e3 is a cut edge of G. 

If G has no 1-factor, by Theorem 5.5.10 there exists S C V(G) with O(G—S) > 
|S|. Such a set S is called an antifactor set of G; clearly, S is a proper subset of 
V(G). 

Let G be a graph of even order n and let S be an antifactor set of G. Then |S| 
and O(G — S) have the same parity, and therefore O(G — S') = |S| (mod 2). Thus, 
we make the following observation. 
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Fig. 5.14 Figure for the proof of Corollary 5.5.14 


Observation 5.5.13. If S is an antifactor set of a graph G of even order, then 
O(G — S) > |S| +2. 


Corollary 5.5.14 (W. H. Cunnigham; see [119]). The edge set of a simple 
2-edge-connected cubic graph G can be partitioned into paths of length 3. 


Proof. By Corollary 5.5.11, G is a union of a 1-factor and a 2-factor. Orient the 
edges of each cycle of the above 2-factor in any manner so that each cycle becomes 
a directed cycle. Then if e; is any edge of the 1-factor, and f;, f/ are the two arcs of 
G having their tails at the end vertices of e1, then {e1, fi, f/} forms a typical 3-path 
of the edge partition of G (see Fig. 5.14). 


Corollary 5.5.15. A (p — 1)-regular connected simple graph on 2p vertices has a 
1-factor. 


Proof. Proof is by contradiction. Let G be a (p — 1)-regular connected simple 
graph on 2p vertices having no 1-factor. Then G has an antifactor set S. By 
Observation 5.5.13, O(G — S) > |S| + 2. Hence, |S| + (|S| + 2) < 2p, and 
therefore |S| < p — 1. Let |S| = p—r.Thenr ¥ 1 since ifr = 1, |S| = p—1, 
and therefore O(G — S) = p+ 1. (Recall that G has 2 p vertices.) Hence, each odd 
component of G — S is a singleton, and therefore each such vertex must be adjacent 
to all the p—1 vertices of S [as G is (p—1)-regular]. But this means that every vertex 
of S is of degree at least p + 1, a contradiction. Thus, |S] = p—r,2<r< pl. 
If G’ is any component of G — S and v € V(G’), then v can be adjacent to at most 
|S| vertices of S. Therefore, as G is (p — 1)-regular, v must be adjacent to at least 
(p—1)—(p-—-r) = r—1 vertices of G’. Thus, |V(G’)| => r. Counting the vertices of 
all the odd components of G—S and the vertices of S, we get (|S|+2)r+|S| < 2p, 
or (p—r+2)r+(p—r) < 2p. This gives (r — 1)(r — p) = 0, violating the 
condition on r. Oo 
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Our next result shows that there is another special family of graphs for which we 
can immediately conclude that all the graphs of the family have a 1-factor. 


Theorem 5.5.16* (D. P. Sumner [174]). Let G be a connected graph of even 
order n. If G is claw-free (i.e., contains no K,3 as an induced subgraph), then G 
has a I-factor. 


Proof. If G has no 1-factor, G contains a minimal antifactor set S of G. There must 
be an edge between S and each odd component of G — S. Since O(G — S) > |S| 
and G is of even order, by Observation 5.5.13, O(G — S) => |S| + 2. Hence, there 
are two possibilities: (i) There exists v € S, and vx, vy, vz are edges of G with x, y 
and z belonging to distinct odd components of G — S. This cannot occur since by 
hypothesis G is K,3-free. (ii) There exist a vertex v of S, and edges vu and vw 
of G with u and w in distinct odd components of G — S. Suppose G, and G,, are 
the odd components containing u and w, respectively. Then < G, U Gy U {v} > 
is an odd component of G — S,, where S; = S — {v}. Further, O(G — S;) = 
O(G — S)—1 > |S|—1 = |S,|, and hence S; is an antifactor set of G with 


|Si| = |S|— 1, a contradiction to the choice of S. Thus, G must have a 1-factor. 
[Note that by Observation 5.5.13, the case |S| = 1 and O(G—S) = 2 cannotarise.] 
Oo 


Exercise 5.3. Find a 1-factorization of (1) Q3, (ii) Q4. 
Exercise 5.4. Prove that Q,,, n > 2, is 1-factorable. 
Exercise 5.5. Display a 2-factorization of Ko. 


Exercise 5.6. Show that a k-regular (k —1)-edge-connected graph of even order has 
a 1-factor. (This result of F. Babler generalizes Petersen’s result (Corollary 5.5.11) 
and can be shown by imitating the proof of Corollary 5.5.11). 


Exercise 5.7. If G is a k-connected graph of even order having no K,,4 as an 
induced subgraph, show that G has a 1-factor. 


Exercise 5.8. Show that if G is a connected graph of even order, then G? has a 
1-factor. 


Exercise 5.9. (A square matrix A = (aj;;) is called doubly stochastic if aj; = 0 
for each i and j, and the sum of the entries in each row and column of A is 1.) 
Let A = (aj;;) be a doubly stochastic matrix of order n. Let G = G(X, Y) be the 
bipartite graph with |X| = |Y| = 7 obtained by setting x;x; € E(G) if and only if 
ai; = 0. Prove that G has a perfect matching. (Hint: Apply Hall’s theorem.) 


5.6* Perfect Matchings and the Tutte Matrix 


It has been established by Tutte that the existence of a perfect matching in a 
simple graph is related to the nonsingularity of a certain square matrix. This matrix 
is called the “Tutte matrix” of the graph. We now define the Tutte matrix. 
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Definition 5.6.1. Let G = (V,£E) be a simple graph of order n and let V = 
{V1,V2,--.5 Vn}. Let {xj : 1 < i < j < n} bea set of indeterminates. Then 
the Tutte matrix of G is defined to be the n by n matrix T = (¢;;), where 


xij if ivy € E(G) andi < j 
ty =) —x;ji if viv; € E(G) andi > j 
0 otherwise 


Thus, 7 is a skew-symmetric matrix of order n. 


Example 5.6.2. For example, if G is the graph 


U4 U3 
G 
then 
thy ti2 t13 tha O O x13 X14 
_ | tar too t23 toa | 0 O x3 X04 
T= = ; (5.9) 
t3, 32 133 34 X13 —X23 0 X34 
t41 t4z 43 tag —X14 —X24 —X34 0 


Now, by the definition of a determinant of a square matrix, the determinant 
of T(= detT) is given by detT = De nes, sgn(s) tii) tom(2) «++ tna(n), Where 
xz € S, (ie., m is a permutation on {1,2,...,m}), and sgn(z) = 1 or —1, 
according to whether z is an even or odd permutation. We denote the expression 
tix()ton(2) «++ tnan) by ty. Hence, det T = ee, sgn(s) t,. Further, if n is odd, 
say, w = (123), then tr = ty2t23f31 = X12X23(—Xx13) [Note: We take xj; = 0 if 
viv; ¢ E(G)). Also, a! = (321) and t,-1 = t3f21f32 = X13(—X12)(—X23), so that 
tr +t,-1 = 0. It is clear that the same relation is true for any odd n > 3.] 

Now, for the Tutte matrix of relation (5.9), we have 


det T = x}3x34 + X14X33 — 2%13X24X 14X23. 
In this expression, the term Peer is obtained by choosing the entries 
X13, X24, —X13 = X31, and —X24 = Xaz of T, and hence it corresponds to the 1-factor 
{V1V3, v2v4}. Similarly, the term ree corresponds to the 1-factor {v; v4, v2v3}, and 
the term x13%24x14%23 corresponds to the cycle (v;v3v2v4) consisting of the edges 
V1 V3, V3V2, Vov4, and v4v}. 
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We are now ready to prove Tutte’s theorem, but before doing so, we make two 
useful observations. 


Observation 5.6.3. If € S,, is a product of disjoint even cycles, then sgn(z)t, = 
is a product of squares of the form x?.. 

Indeed, in this case, 1 is even, and the edges of G corresponding to the alternate 
transpositions in all of the even cycles of a form a 1-factor of G. [For example, for 
the even cycle (1234), we take the alternate transpositions (12) and (34).] Further, 
if v;,v; (i < j) is an edge of this 1-factor, the partial product tt;; = —x}, occurs 
in t,. The number of such products is a and therefore 


sen(z)t, = (—1)2(-1)? Es a | [ 3: 


where the product runs over all pairs (i, 7) with? < 7 such that v;,v; is an edge of 
the 1-factor corresponding to z. 


Observation 5.6.4. If 2 © S, has an odd cycle @ in its decomposition into the 
product of disjoint cycles, consider 7; € S,, where x, is obtained from a by 
replacing a by a! and retaining the remaining cycles in x. Then, from our earlier 
remarks, it is clear that sgn(z)t, + sgn(z1)tz, = 0. 


Theorem 5.6.5 (W. T. Tutte). A simple graph G has a 1-factor if and only if its 
Tutte matrix is invertible. 


Proof. Let G be a simple graph having T as its Tutte matrix. Suppose 
that detT +# 0. Then by Observation 5.6.4 and the fact that detT = 


ee. sgn(Z) tin(1) ton(2) --- tnx(n), there exists a wm € S, containing no odd 
cycle in its cycle decomposition. Then z is a product of even cycles and, by 
Observation 5.6.3, sgn(z)t; = I] xj. The alternate transpositions of the even 


cycles of z then yield a 1-factor of G. 

Conversely, assume that G has a 1-factor. Let w € S, be the product of those 
transpositions corresponding to the 1-factor of G. [If v;v; is an edge of the 1-factor, 
the corresponding transposition is (ij).] Then by Observation 5.6.3, sgn(z)t,; = 
[| xj; Now set 


eae lif x? appears in the product for sgn(z)t, 
’ ~ ) 0 otherwise. 


Then sgn(z)t, = 1, and for these values of x;;,sgn(o)tz = 0 for anyo ¢€ 
S,, 0 # 2. This means that the polynomial det T is not the zero polynomial. O 


Remark 5.6.6. Actually, our definition of the Tutte matrix of G depends on the 
order of the vertices of G. That is to say, the definition of T is based on regarding 
G as a labeled graph. However, if 7 is nonsingular with regard to one labeling of 
G, then the Tutte matrix of G will remain nonsingular with regard to any other 
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labeling of G. This is because if T and T’ are the Tutte matrices of G with regard 
to two labelings of G, T’ = PTP—', where P isa permutation matrix of order n. 
Hence, T is nonsingular if and only if T’ is nonsingular. 


Exercise 6.1. By evaluating the Tutte matrix of the following graph G, show that 
G has a 1-factor. 


Notes 


Readers who are more interested in matching theory can consult [91, 136], and 
[155]. Our proof of Tutte’s 1-factor theorem is due to Lovasz [135] (see also [27]). 


Chapter 6 
Eulerian and Hamiltonian Graphs 


6.1 Introduction 


The study of Eulerian graphs was initiated in the 18th century and that of 
Hamiltonian graphs in the 19th century. These graphs possess rich structures; hence, 
their study is a very fertile field of research for graph theorists. In this chapter, we 
present several structure theorems for these graphs. 


6.2 Eulerian Graphs 


Definition 6.2.1. An Euler trail in a graph G is a spanning trail in G that contains 
all the edges of G. An Euler tour of G is a closed Euler trail of G. G is called 
Eulerian (Fig. 6.1a) if G has an Euler tour. It was Euler who first considered these 
graphs, and hence their name. 

It is clear that an Euler tour of G, if it exists, can be described from any vertex 
of G. Clearly, every Eulerian graph is connected. 

Euler showed in 1736 that the celebrated Konigsberg bridge problem has no 
solution. The city of K6nigsberg (now called Kaliningrad) has seven bridges linking 
two islands A and B and the banks C and D of the Pregel (now called Pregalya) 
River, as shown in Fig. 6.2. 

The problem was to start from any one of the four land areas, take a stroll across 
the seven bridges, and get back to the starting point without crossing any bridge a 
second time. This problem can be converted into one concerning the graph obtained 
by representing each land area by a vertex and each bridge by an edge. The resulting 
graph H is the graph of Fig.6.1b. The Konigsberg bridge problem will have a 
solution provided that this graph H is Eulerian. But this is not the case since it 
has vertices of odd degrees (see Theorem 6.2.2). 

Eulerian graphs admit, among others, the following two elegant characteriza- 
tions, Theorems 6.2.2 and 6.2.3*. 
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a b 
G 

C (land) 


Pregel river 


D (land) 


Fig. 6.1 (a) Eulerian graph 
G; (b) non-Eulerian graph H 


Fig. 6.2. K6nigsberg bridge problem 


Theorem 6.2.2. For a nontrivial connected graph G, the following statements are 
equivalent: 


(i) G is Eulerian. 
(ii) The degree of each vertex of G is an even positive integer. 
(iii) G is an edge-disjoint union of cycles. 


Proof. (i) = (ii): Let T be an Euler tour of G described from some vertex vo € 
V(G). If v € V(G), and v ¥ vo, then every time T enters v, it must move out of v 
to get back to vo. Hence two edges incident with v are used during a visit to v, and 
therefore, d(v) is even. At vo, every time T moves out of vo, it must get back to vo. 
Consequently, d(vo) is also even. Thus, the degree of each vertex of G is even. 

(ii) > (iii): As 6(G) > 2, G contains a cycle C, (Exercise 11.11 of Chap. 1). In 
G\ E(C;), remove the isolated vertices if there are any. Let the resulting subgraph 
of G be G. If G; is nonempty, each vertex of G; is again of even positive degree. 
Hence 6(G,) > 2, and so G, contains a cycle C). It follows that after a finite number, 
say r, of steps, G\E(C, U ... U C,) is totally disconnected. Then G is the edge- 
disjoint union of the cycles Ci, Co, ..., C;. 

(iii) = (i): Assume that G is an edge-disjoint union of cycles. Since any cycle 
is Eulerian, G certainly contains an Eulerian subgraph. Let G, be a longest closed 
trail in G. Then G; must be G. If not, let G; = G\E(G;). Since G is an edge- 
disjoint union of cycles, every vertex of G is of even degree > 2. Further, since G; 
is Eulerian, each vertex of G; is of even degree > 2. Hence each vertex of G» is of 
even degree. Since G2 is not totally disconnected and G is connected, G2 contains 
a cycle C having a vertex v in common with G;. Describe the Euler tour of G; 
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Fig. 6.3 Eulerian graph with P. 
edge e belonging to three : 
cycles 


starting and ending at v and follow it by C. Then G; U C is a closed trail in G 
longer than G,. This contradicts the choice of G;, and so G; must be G. Hence G 
is Eulerian. Oo 


If Gi, ..., G, are subgraphs of a graph G that are pairwise edge-disjoint and 
their union is G, then this fact is denoted by writing G = G, ® ... ® G,. In the 
above equation, if G; = C;, a cycle of G for eachi, thenG = C, @ ... C,. The 
set of cycles S = {C), ... ,C,} is then called a cycle decomposition of G. Thus, 
Theorem 6.2.2 implies that a connected graph is Eulerian if and only if it admits a 
cycle decomposition. 

There is yet another characterization of Eulerian graphs due to McKee [138] and 
Toida [175]. Our proof is based on Fleischner [63, 64]. 


Theorem 6.2.3*. A graph G is Eulerian if and only if each edge e of G belongs to 
an odd number of cycles of G. 


For instance, in Fig. 6.3, e belongs to the three cycles P; Ue, P, Ue, and P; Ue. 


Proof. Denote by y, the number of cycles of G containing e. Assume that y, is odd 
for each edge e of G. Since a loop at any vertex v of G is in exactly one cycle of G 
and contributes 2 to the degree of v in G, we may suppose that G is loopless. 

Let S = {C\,..., Cp} be the set of cycles of G. Replace each edge e of G 
by ye parallel edges and replace e in each of the y, cycles containing e by one of 
these parallel edges, making sure that none of the parallel edges is repeated. Let the 
resulting graph be Go and let the new set of cycles be So = {C : eres ©: : \. Clearly, 
So is a cycle decomposition of Go. Hence, by Theorem 6.2.2, Go is Eulerian. But 
then dg,(v) = 0 (mod 2) for each v € V(Go) = V(G). Moreover, dg(v) = 
dg,(v) — *, (ve — 1), where e is incident at v in G and hence dg(v) = 0 (mod 2), 
y- being odd for each e € E(G). Thus, G is Eulerian. 

Conversely, assume that G is Eulerian. We proceed by induction onn = |V(G)|. 
If n = 1, each edge is a loop and hence belongs to exactly one cycle of G. 
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Fig. 6.4 Graph for proof of Theorem 6.2.3 


Assume the result for graphs with fewer than n (= 2) vertices. Let G be a graph 
with n vertices. Let e = xy be an edge of G and let A(e) be the multiplicity of e 
inG. 

The graph G o e obtained from G by contracting the edge e (cf. Sect.4.4 of 
Chap. 4) is also Eulerian. Denote by z the new vertex of Goe obtained by identifying 
the vertices x and y of G. The set of edges incident with z in G 0 € is partitioned 
into three subsets (see Fig. 6.4): 


1. E,(x) = set of edges arising out of edges of G incident with x but not with y 

2. E,(y) = set of edges arising out of edges of G incident with y but not with x 

3. E,(xy) = set of A(e) — 1 loops of G o e corresponding to the edges parallel to 
einG 


Let k = |E,(x)|. Since G is Eulerian, 
k + A(e) = dg(x) = 0(mod 2). (6.1) 


Let I'y and I(e;, e;) denote, respectively, the number of cycles in G o e 
containing the edge f and the pair (e;, e;) of edges. Since |V(G 0 e)| = n—1, 
and since G o e is Eulerian by the induction assumption, I" is odd for each edge f 
of G oe. Now, any cycle of G containing e either consists of e and an edge parallel 
to e in G (and there are A(e) — 1 of them) or contains e, an edge e; of E(x), and 
an edge er of E,(y). These correspond in G o e, respectively, to a loop at z and to a 
cycle containing the edges of G o e that correspond to the edges e; and e" of G. By 
abuse of notation, we denote these corresponding edges of G 0 e also by e; and e', 
respectively. Moreover, any cycle of G o e containing an edge e; of F(x) will also 
contain either an edge e; of E(x) or an edge e. of E,(y), but not both. A cycle of 
the former type is counted once in I, and once in ,,, and these will not give rise 
to cycles in G containing e. Thus, 


ve=Qe)-N)+ Do m- YO reine). 
e; € E(x) tijd 


ifj 
ee; €Ez(x) 
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Now, by the induction hypothesis, I, = 1 (mod 2) for each e;, and I’(e;, ej) = 
I(e;, e;) in the last sum on the right, and hence this latter sum is even. Thus, yp = 
(A(e) — 1) + & (mod 2) = 1 (mod 2) by relation (6.1). Oo 


A consequence of Theorem 6.2.3 is a result of Bondy and Halberstam [26], which 
gives yet another characterization of Eulerian graphs. 


Corollary 6.2.4*. A graph is Eulerian if and only if it has an odd number of cycle 
decompositions. 


Proof. In one direction, the proof is trivial. If G has an odd number of cycle 
decompositions, then it has at least one, and hence G is Eulerian. 

Conversely, assume that G is Eulerian. Let e € E(G) and let Cj, ..., C, be 
the cycles containing e. By Theorem 6.2.3, r is odd. We proceed by induction on 
m = |E(G)| with G Eulerian. 

If G is just a cycle, then the result is true. Assume then that G is not a cycle. This 
means that foreachi, 1 <i < r, by the induction assumption, G; = G — E(C;) 
has an odd number, say s;, of cycle decompositions. (If G; is disconnected, apply 
the induction assumption to each of the nontrivial components of G;.) The union of 
each of these cycle decompositions of G; and C; yields a cycle decomposition of G. 
Hence the number of cycle decompositions of G containing C; is s;, 1 <i <r. Let 
s(G) denote the number of cycle decompositions of G. Then 


s(G) 


~ S; = r (mod 2) (since s; = 1 (mod 2)) 


i=1 


= 1 (mod 2). 


Exercise 2.1. Find an Euler tour in the graph G below. 
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Fig. 6.5 (a) Hamiltonian a b 
graph; (b) non-Hamiltonian 
but traceable graph 


Exercise 2.2. Does there exist an Eulerian graph with 


(i) An even number of vertices and an odd number of edges? 
(ii) An odd number of vertices and an even number of edges? Draw such a graph if 
it exists. 


Exercise 2.3. Prove that a connected graph is Eulerian if and only if each of its 
blocks is Eulerian. 


Exercise 2.4. If G is a connected graph with 2k(k > 0) vertices of odd degree, 
show that E(G) can be partitioned into & open (i.e., not closed) trails. 


Exercise 2.5. Prove that a connected graph is Eulerian if and only if each of its 
edge cuts has an even number of edges. 


6.3 Hamiltonian Graphs 


Definition 6.3.1. A graph is called Hamiltonian if it has a spanning cycle (see 
Fig. 6.5a). These graphs were first studied by Sir William Hamilton, a mathemati- 
cian. A spanning cycle of a graph G, when it exists, is often called a Hamilton cycle 
(or Hamiltonian cycle) of G. 


Definition 6.3.2. A graph G is called traceable if it has a spanning path of G (see 
Fig.6.5b). A spanning path of G is also called a Hamilton path (or Hamiltonian 
path) of G. 


6.3.1 Hamilton’s “Around the World’ Game 


Hamilton introduced these graphs in 1859 through a game that used a solid 
dodecahedron (Fig. 6.6). A dodecahedron has 20 vertices and 12 pentagonal faces. 
At each vertex of the solid, a peg was attached. The vertices were marked 
Amsterdam, Ann Arbor, Berlin, Budapest, Dublin, Edinburgh, Jerusalem, London, 
Melbourne, Moscow, Novosibirsk, New York, Paris, Peking, Prague, Rio di Janeiro, 
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Fig. 6.6 Solid dodecahedron 
for Hamilton’s “Around the 
World” problem 


Rome, San Francisco, Tokyo, and Warsaw. Further, a string was also provided. The 
object of the game was to start from any one of the vertices and keep on attaching 
the string to the pegs as we move from one vertex to another along a particular edge 
with the condition that we have to get back to the starting city without visiting any 
intermediate city more than once. In other words, the problem asks one to find a 
Hamilton cycle in the graph of the dodecahedron (see Fig. 6.6). Hamilton solved 
this problem as follows: When a traveler arrives at a city, he has the choice of taking 
the edge to his right or left. Denote the choice of taking the edge to the right by R 
and that of taking the edge to the left by L. Let 1 denote the operation of staying 
where he is. 

Define the product O; O2 of two operations O; and O, as O; followed by OQ. 
For example, LR denotes going left first and then going right. Two sequences of 
operations are equal if, after starting at a vertex, the two sequences lead to the same 
vertex. The product defined above is associative but not commutative. Further, it is 
clear (see Fig. 6.6) that 


R=L>=1 
RL?R = LRL, 
LR’L = RLR, 
RL?R = L’, and 
LR?L = R?. 


These relations give 

1 = R° = R*R? = (LR°L)R* — (LR°)(LR?) = (LR°Y = (LR’RY 
= (L(LR°L)R)? = (L?R°LR)Y = (L?((LR°L)R)LRY? = (L3R3LRLRY? 
= LLLRRRLRLRLLLRRRLRLR. (6.2) 
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Fig. 6.7 A knight’s tour in a chessboard 


The last sequence of operations contains 20 operations and contains no partial 
sequence equal to 1. Hence, this sequence must represent a Hamilton cycle. Thus, 
starting from any vertex and following the sequence of operations (6.2), we do 
indeed get a Hamilton cycle of the graph of Fig. 6.6. 


Knight’s Tour in a Chessboard 6.3.3. The knight’s tour problem is the problem of 
determining a closed tour through all 64 squares of an 8 x 8 chessboard by a knight 
with the condition that the knight does not visit any intermediate square more than 
once. This is equivalent to finding a Hamilton cycle in the corresponding graph of 
64 (= 8 x8) vertices in which two vertices are adjacent if and only if the knight can 
move from one vertex to the other following the rules of the chess game. Figure 6.7 
displays a knight’s tour. 

Even though Eulerian graphs admit an elegant characterization, no decent 
characterization of Hamiltonian graphs is known as yet. In fact, it is one of 
the most difficult unsolved problems in graph theory. (Actually, it is an NP- 
complete problem; see reference [71].) Many sufficient conditions for a graph to be 
Hamiltonian are known; however, none of them happens to be an elegant necessary 
condition. 

We begin with a necessary condition. Recall that w(H) stands for the number of 
components of the graph H. 


Theorem 6.3.4. If G is Hamiltonian, then for every nonempty proper subset S of 
V.@(G = 8) = S|: 


Proof. Let C be a Hamilton cycle in G. Then, since C is a spanning subgraph of 
G, wo(G —S) < w(C —S). If |S| = 1, C —S isa path, and therefore w(C — S) = 
1 = |S|. The removal of a vertex from a path P results in one or two components, 
according to whether the removed vertex is an end vertex or an internal vertex of P. 
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Fig. 6.8 Theta graph 


Hence, by induction, the number of components in C — S cannot exceed ||. This 
proves that o(G — S) < w(C —S) < |S}. oO 


It follows directly from the definition of a Hamiltonian graph or from Theo- 
rem 6.3.4 that any Hamiltonian graph must be 2-connected. [If G has a cut vertex v, 
then taking S = {v}, we see that w(G — S) > |S|.] The converse, however, is not 
true. For example, the theta graph of Fig. 6.8 is 2-connected but not Hamiltonian. 
Here, P stands for a u-v path of any length > 2 containing neither x nor y. 


Exercise 3.1. Show by means of an example that the condition in Theorem 6.3.4 is 
not sufficient for G to be Hamiltonian. 


Exercise 3.2. Use Theorem 6.3.4 to show that the Herschel graph (shown in 
Fig. 5.4) is non-Hamiltonian. 


Exercise 3.3. Do Exercise 3.2 by using Theorem 1.5.10 (characterization theorem 
for bipartite graphs). 


If a cubic graph G has a Hamilton cycle C, then G\ E(C) is a 1-factor of G. 
Hence, for a cubic graph G to be Hamiltonian, G must have a 1-factor F' such that 
G\E(F) is a Hamilton cycle of G. Now, the Petersen graph P (shown in Fig. 1.7) 
has two different types of 1-factors (see Fig. 6.9), and for any such 1-factor F of 
P, P\E(F) consists of two disjoint 5-cycles. Hence P is non-Hamiltonian. 

Theorem 6.3.5 is a basic result due to Ore [150] which gives a sufficient condition 
for a graph to be Hamiltonian. 


Theorem 6.3.5 (Ore [150]). Let G be a simple graph with n 
for every pair of nonadjacent vertices u, v of G, d(u) + d(v) 
Hamiltonian. 


3 vertices. If, 


= 
> n, then G is 


Proof. Suppose that G satisfies the condition of the theorem, but G is not 
Hamiltonian. Add edges to G (without adding vertices) and get a supergraph G* 
of G such that G* is a maximal simple graph that satisfies the condition of the 
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Fig. 6.9 Petersen graph. The solid edges form a 1-factor of P 


U= UV, U2 Vi-1 Ui Un—-1 Un = V 


Fig. 6.10 Hamilton path for proof of Theorem 6.3.5 


theorem, but G* is non-Hamiltonian. Such a graph G* must exist since G is non- 
Hamiltonian while the complete graph on V(G) is Hamiltonian. Hence, for any pair 
u and v of nonadjacent vertices of G*, G* + uv must contain a Hamilton cycle C. 
This cycle C would certainly contain the edge e = uv. Then C — e is a Hamilton 
path vu = vj v2Vv3 ... Vy, = v of G* (see Fig. 6.10). 

Now, if v; € N(u), v;-1 ¢ N(v); otherwise, v; v2... Vi=1 Vn Vn—1 Vn—2 +» Vi 


v; v; would be a Hamilton cycle in G*. Hence, for each vertex v; adjacent to u, the 
vertex v;_1 of V — {v} is nonadjacent to v. But then 


dg* (v) < (n _ 1) — dg» (u). 
This gives that dg* (u) + dg* (v) <n — 1, and therefore dg (uv) + dg (v) <n —1, 
a contradiction. Oo 


Corollary 6.3.6 (Dirac [54]). If G is a simple graph with n = 3 andé = 5, then 
G is Hamiltonian. Oo 


Corollary 6.3.7. Let G be a simple graph with n > 3 vertices. If d(u) + d(v) = 
n — | for every pair of nonadjacent vertices u and v of G, then G is traceable. 


Proof. Choose a new vertex w and let G’ be the graph G v {w}. Then each vertex 
of G has its degree increased by one, and therefore in G’, d(u) + d(v) >n + 1 for 
every pair of nonadjacent vertices. Since |V(G’)| = n + 1, by Theorem 6.3.5, G’ is 
Hamiltonian. If C’ is a Hamilton cycle of G’, then C’ — w is a Hamilton path of G. 
Thus, G is traceable. Oo 
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Exercise 3.4. Show by means of an example that the conditions of Theorem 6.3.5 
and its Corollary 6.3.6 are not necessary for a simple connected graph to be 
Hamiltonian. 


Exercise 3.5. Show that if a cubic graph G has a spanning closed trail, then G is 
Hamiltonian. 


Exercise 3.6. Prove that the n-cube Q,, is Hamiltonian for every n > 2. 
Exercise 3.7. Prove that the wheel W,, is Hamiltonian for every n > 4. 
Exercise 3.8. Prove that a simple k-regular graph on 2k —1 vertices is Hamiltonian. 


Exercise 3.9. For any vertex v of the Petersen graph P, show that P — v is 
Hamiltonian. (A non-Hamiltonian graph G with this property, namely, for any 
vertex v of G the subgraph G — v of G is Hamiltonian, is called a hypo-Hamiltonian 
graph. In fact, P is the lowest-order graph with this property.) 


Exercise 3.10. For any vertex v of the Petersen graph P, show that a Hamilton path 
exists starting at v. 


Exercise 3.11. If G = G(X,Y) is a bipartite Hamiltonian graph, show that 
|X| = |Y|. 


Exercise 3.12. Let G be a simple graph on 2k vertices with 6(G) > k. Show that 
G has a perfect matching. 


Exercise 3.13. Prove that a simple graph of order n with n even and 6 > aya) has 
a 3-factor. 

Bondy and Chvatal [25] observed that the proof of Theorem 6.3.5 is essentially 
based on the following result. 


Theorem 6.3.8. Let G be a simple graph of order n > 3 vertices. Then G is 
Hamiltonian if and only if G + uv is Hamiltonian for every pair of nonadjacent 
vertices u and v with d(u) + d(v) =n. 


The last result has been instrumental for Bondy and Chvatal to define the closure 
of a graph G. 


Definition 6.3.9. The closure of a graph G, denoted cl(G), is defined to be that 
supergraph of G obtained from G by recursively joining pairs of nonadjacent 
vertices whose degree sum is at least n until no such pair exists. 

This recursive definition does not stipulate the order in which the new edges are 
added. Hence, we must first show that the definition does not depend upon the order 
of the newly added edges. Figure 6.11 explains the construction of cl(G). 


Theorem 6.3.10. The closure cl(G) of a graph G is well defined. 


Proof. Let G; and G2 be two graphs obtained from G by recursively joining pairs 
of nonadjacent vertices whose degree sum is at least 1 until no such pair exists. We 
have to prove that G; = Gp. 
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Fig. 6.11 Closure of a graph 


69eag 
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Let {e1,..., eps and{ fi, ..., f,} be the sets of new edges added to G in these 
sequential orderings to get G; and Gp, respectively. We want to show that each e; 
is some f; (and therefore belongs to G2) and that each fj is some e; (and therefore 
belongs to G;). Let e; be the first edge in {e;, ..., e,} not belonging to Gz. Then 
{é1, ..., e;-1} are all in both G, and G2, and uv = e; ¢ E(G2). Let H = G+ 
{é1, ..., e;-1}. Then H is a subgraph of both G; and G2. By the way cl(G) is 
defined, 

dy(u) + du(v) = n, 
and hence, 
dg,(u) + dg,(v) > 1. 


But this is a contradiction since u and v are nonadjacent vertices of G2, and G2 
is a closure of G. Thus e; € E(G») for each i and similarly, f, € E(G1) for 
each k. oO 


An immediate consequence of Theorem 6.3.8 is the following. 
Theorem 6.3.11. Jf cl(G) is Hamiltonian, then G is Hamiltonian. 
Corollary 6.3.12. If cl(G) is complete, then G is Hamiltonian. 
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Exercise 3.14. Determine the closure of the following graph. 


We conclude this section with a result of Chvatal and Erdés [39]. 


Theorem 6.3.13 (Chvatal and Erdos). Jf for a simple 2-connected graph G, 
a < xk, then G is Hamiltonian. (a is the independence number of G and k is the 
connectivity of G.) 


Proof. Suppose a < « but G is not Hamiltonian. Let C : voy ... vp-1 bea 
longest cycle of G. We fix this orientation on C. By Dirac’s theorem (Exercise 6.4 
of Chap.3), p > x. Let v € V(G)\V(C). Then by Menger’s theorem (see also 
Exercise 6.3 of Chap. 3), there exist « internally disjoint paths P;, ..., P, from v 
to C. Let v;,, vj, ..., vi, be the end vertices (with suffixes in the increasing order) 
of these paths on C.. No two of the consecutive vertices v;,, V;,, ..., Vi,. Vi, can be 
adjacent vertices of C, since otherwise we get a cycle of G longer than C. Hence, 
between any two consecutive vertices of {v;,, vi,, ..., Vi,, Vi, }, there exists at least 
one vertex of G. Let Uj, be the vertex next to Vi; in the Vi; path along C (see 
Fig. 6.12a). 

We claim that {u;,, ..., Wi, } is an independent set of G. Suppose u;, is adjacent 
to uj,,,m > j (suffixes taken modulo «); then 


“Vij-+1 


Uj, ... 


—l 
j Vim P., v P; Viz ves Vipay ves Vin Ui; 


Vizad eas 
is a cycle of G longer than C, a contradiction. 

Further, {v, uj, ..., ui,} is also an independent set of G. [Otherwise, vj, € 
E(G) for some m. See Fig. 6.12b. Then 
Vin oes Vingy cee Vig vee Vip vee Vin Pov 
is a cycle longer than C, a contradiction.] But this implies thata > k,a 
contradiction to our hypothesis. Thus G is Hamiltonian. O 


This theorem, although interesting, is not powerful in that for the cycle C,,,« = 2 
while a = [4 | and hence increases with n. 

A graph G with at least three vertices is Hamiltonian-connected if any two 
vertices of G are connected by a Hamilton path in G. For example, for n > 3, K,, is 
Hamiltonian-connected, whereas for n > 4, C, is not Hamiltonian-connected. 


Theorem 6.3.14. [fG is a simple graph with n > 3 vertices such that d(u)+d(v) = 
n+ 1 for every pair of nonadjacent vertices of G, then G is Hamiltonian-connected. 
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Fig. 6.12 Graphs for proof 
of Theorem 6.3.13 


a 


Proof. Let u and v be any two vertices of G. Our aim is to show that a Hamilton 
path exists from u to v in G. 

Choose a new vertex w, and let G* = G U {wu, wv}. We claim that cl(G*) = 
Ky+1. First, the recursive addition of the pairs of nonadjacent vertices u and v of 
G with d(u) + d(v) => n+ 1 gives K,,. Further, each vertex of K, is of degree 
n—1in K, and dg*(w) = 2. Hence, cl(G*) = K,+41. So by Corollary 6.3.12, G* 
is Hamiltonian. Let C be a Hamilton cycle in G*. Then C — w is a Hamilton path 
in G from u to v. Oo 


6.4* Pancyclic Graphs 


Definition 6.4.1. A graph G of order n (= 3) is pancyclic if G contains cycles of 
all lengths from 3 to n. G is called vertex-pancyclic if each vertex v of G belongs to 
acycle of every length /, 3 </ <n. 


Example 6.4.2. Clearly, a vertex-pancyclic graph is pancyclic. However, the con- 
verse is not true. Figure 6.13 displays a pancyclic graph that is not vertex-pancyclic. 

The study of pancyclic graphs was initiated by Bondy [24], who showed that 
Ore’s sufficient condition for a graph G to be Hamiltonian (Theorem 6.3.5) actually 


. . 7 2 
implies much more. Note that if 6 > 5, thenm > "7. 
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Fig. 6.13 Pancyclic graph 
that is not vertex-pancyclic 


Fig. 6.14 Graph for proof C 
of Theorem 6.4.3 Vv; W 


Theorem 6.4.3. Let G be a simple Hamiltonian graph on n vertices with at least 
Ea edges. Then G either is pancyclic or else is the complete bipartite graph Kan. 


n 


me then G is pancyclic. 


In particular, if G is Hamiltonian andm > 


Proof. The result can directly be verified for n = 3. We may therefore assume that 
n > 4. We apply induction on n. Suppose the result is true for all graphs of order at 
most n — 1(n => 4), and let G be a graph of order n. 

First, assume that G has a cycle C = vov, ... Vy—2 vo of length n — 1. Let 
v be the (unique) vertex of G not belonging to C. If d(v) = 5, v is adjacent 
to two consecutive vertices on C, and hence G has a cycle of length 3. Suppose 


for some r,2 <r < — C has no pair of vertices u and w on C adjacent to 


vin G with dc(u,w) = r. Then, if vj,, vj, ... Vigq, are the vertices of C that 
are adjacent to v in G (recall that C contains all the vertices of G except v,) 
then Vj,4r, Vitrs »+++ Viggytr are nonadjacent to v in G, where the suffixes are 


taken modulo (n — 1). Hence, 2d(v) < n — 1, a contradiction. Thus, for each 
r2<r< nt C has a pair of vertices u and w on C adjacent to v in G with 
dc(u,w) = r. So foreachr,2 <r < a G has a cycle of length r + 2 as well 
as a cycle of lengthn —-1—-r+2=n-—r +1 (see Fig. 6.14). Consequently, G is 
pancyclic. (Recall that G is already Hamiltonian.) 

d(v) < a then G[V(C)], the subgraph of G induced by V(C) has at least 


" —d(v)> a —tl> n fee edges. So by the induction assumption, G[V(C)] is 
panievelc and ‘heniee G is pancyclic. (By hypothesis, G is Hamiltonian.) 

Next, assume that G has no cycle of length n — 1. Then G is not pancyclic. In 
this case, we show that G is Kun. 

Let C = vov) v2 ... Vn—1 Vo be a Hamiltonian cycle of G. We claim that of the 
two pairs v; vz and vj+1 Ve+2 (where suffixes are taken modulo 7), at most one of 
them can be an edge of G. Otherwise, vx vy—1 Ve—2 «~~ Vit1 Vk+2 Vk43 Ve+4 «++ Vi VE 
is an (n — 1)-cycle in G (as it misses only the vertex vz, of G), a contradiction. 
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Hence, if d(v;) = r, then there are r vertices adjacent to v; in G and hence at 
least r vertices that are nonadjacent to v;;,. Thus, d(v; + 1) <n —r, and d(v;) + 
d(vi41) < 7. 


Summing the last inequality over i from 0 ton — 1, we get 4m < n?. But by 
hypothesis, 4m > n?. Hence, m = 7 and so n must be even. Again, this yields 


d(v;) + d(v;41) = n for each i, and therefore for each i and k, 
exactly one of v; vg, and v;+1 Vg+2 1s an edge of G. (*) 


Thus, if G # Kz», then certainly there exist i and j such that vv; € E and 


22? 
i = j (mod 2). Hence, for some /, there exists an even positive integer s such 
that v;41v;+14s € E. Choose s to be the least even positive integer with the above 
property. Then v; vj4s—1 ¢ E. Hence, s > 4 (as s = 2 would mean that v; vj+1 ¢ 
E). Again by (*), vj-1 Vj4s—3 = Vj—-1 Vj—-14(s-2) € E(G) contradicting the choice 


of s. Thus, G = Kz 2. The last part follows from the fact that |E(Kz 2 )| = . Oo 


Corollary 6.4.4. Let G # Kz 2, be a simple graph with n > 3 vertices, and let 
d(u) + d(v) => n for every pair of nonadjacent vertices of G. Then G is pancyclic. 


Proof. By Ore’s theorem (Theorem 6.3.5), G is Hamiltonian. We show that G is 

pancyclic by first proving that m > Zi and then invoking Theorem 6.4.3. This is 

true if 6 > 5 (as 2m = Vid >ébn>= n?/2). So assume that 6 < oo 
i=] 

Let S be the set of vertices of degree 6 in G. For every pair (u, v) of vertices of 
degree 5, d(u) + d(v) < 5 +35 =n. Hence, by hypothesis, S induces a clique of G 
and |S| < 6+ 1.If|S| = 6 +1, then G is disconnected with G[S] as a component, 
which is impossible (as G is Hamiltonian). Thus |S| < 6. Further if v € S, v is 
nonadjacent to n — 1 — 6 vertices of G. If u is such a vertex, d(v) + d(u) > n 
implies that d(u) > n — 6. Further, v is adjacent to at least one vertex w ¢ S and 


d(w) => 6 + 1 by the choice of S'. These facts give that 
2m = ao > (n—-8-1I—8) +8? +(64+1), 
i=1 
where the last (6 + 1) comes out of the degree of w. Thus, 
2m > n? —n(26 + 1) + 267 +25+1 
which implies that 


4m > 2n? —2n(25 + 1) + 487 + 4642 
(n—(26 +1)? +77 +1 


n>+1,  sincen > 26. 


II 


IV 


Consequently, m > ‘, and by Theorem 6.4.3, G is pancyclic. O 
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6.5 Hamilton Cycles in Line Graphs 


We now turn our attention to the existence of Hamilton cycles in line graphs. 


Theorem 6.5.1. Jf G is Eulerian, then L(G), the line graph of G is both Hamilto- 
nian and Eulerian. 


Proof. As G is Eulerian, it is connected and hence L(G) is also connected. If 
€1 2 ... @m is the edge sequence of an Euler tour in G, and if vertex u; in L(G) 
represents the edge e;, | < i < m, then wuz... Uy, uy; is a Hamilton cycle of 
L(G). Further, if e = v) v2 € E(G) and the vertex u in L(G) represents the edge e, 
then dyg)(u) = dg(v1) + dg(v2) — 2, which is even (and > 2) since both dg (v1) 
and dg(v2) are even (and > 2). Hence in L(G) every vertex is of even degree (> 2). 
So L(G) is also Eulerian. Oo 


Exercise 5.1. Disprove the converse of Theorem 6.5.1 by a counterexample. 


Definition 6.5.2. A dominating trail of a graph G is a closed trail T in G (which 
may be just a single vertex) such that every edge of G not in T is incident with 7. 


Example 6.5.3. For instance, in the graph of Fig.6.13, the trail abcdbea is a 
dominating trail. 

Harary and Nash—Williams [94] characterized graphs that have Hamiltonian line 
graphs. 


Theorem 6.5.4 (Harary and Nash-Williams). The line graph of a graph G with 
at least three edges is Hamiltonian if and only if G has a dominating trail. 


Proof. Let T be a dominating trail of G and let {e), e2,..., es} be the 
edge sequence representing 7. Then every edge of G not in T is incident 
to some vertex of 7. Assume that e; and e are incident at v,;. Replace 
the subsequence {e), eo} of {e), €2,..., es} by the sequence {e1, e1, ey, 
+5 Clr,, C2}, Where €11, 12, ... Cir, are the edges of E(G)\E(T) incident at 
v, other than e; and ez. Assume that we have already replaced the subsequence 


{e;, e;4i1} by {e;, Ci, ..., Cir;, Ci+1}- Then replace {e;+1, e;+2} by the sequence 
{€i41, CGHI1s «++s CG4Drgty Cit2t in E(G)\E(T), where the new edges 
CG411 +++. CG+Drg¢41, have not appeared in the previous i subsequences. 
(Here we take e,4; = e;.) The resulting edge sequence is e) @1; €12 ... é1r, 
€7 €71 C22... Cap, C3. «-. Cs Cs} Cy? ... Csr, €1 and this gives the Hamilton cycle 
Uy Uy, Uy... Up; U2 U2] U22 ... U2, UZ... Us Us] Us? ... Us, Uy in L(G). [Here wy is 


the vertex of L(G) that corresponds to the edge e; of G, and so on.] 

Conversely, assume that L(G) has a Hamilton cycle C. Let C = uy up... Um uy 
and let e; be the edge of G corresponding to the vertex u; of L(G). Let To be 
the edge sequence e €2 ... em e;. We now delete edges from Ty one after another 
as follows: Let e; e; e, be the first three distinct consecutive edges of 7o that 
have a common vertex; then delete e; from the sequence. Let Th = Th -e; 
= {@,€2 ... @; ee... Cm ej}. 
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a T b ih 


U Ww 
UV 


Fig. 6.15 Graphs for proof of Theorem 6.5.6. (a) T U {uv, vw, wu} is longer than T; (b) 
(T\{uw}) U {uy, vw} is longer than T 


Now proceed with Tj as we did with 7p. Continue this process until no such triad 
of edges exists. Then the resulting subsequence of 7) must be a dominating trail or 
a pair of adjacent edges incident at a vertex, say, vg. In the latter case, all the edges 
of G are incident at vp, and hence we take {vo} as the dominating trail of G. Oo 


Corollary 6.5.5. The line graph of a Hamiltonian graph is Hamiltonian. 


Proof. Let G be a Hamiltonian graph with Hamilton cycle C. Then C is a 
dominating trail of G. Hence, L(G) is Hamiltonian. Oo 


Exercise 5.2. Show that the line graph of a graph G has a Hamilton path if and 
only if G has a trail T such that every edge of G not in T is incident with T. 


Exercise 5.3. Draw the line graph of the graph of Fig. 6.13 and display a Hamilton 
cycle in it. 


Theorem 6.5.6 ([12]). Let G be any connected graph. If each edge of G belongs 
to a triangle in G, then G has a spanning, Eulerian subgraph. 


Proof. Since G has a triangle, G has a closed trail. Let T be a longest closed trail 
in G. Then 7 must be a spanning Eulerian subgraph of G. If not, there exists a 
vertex v of G with v ¢ T and v is adjacent to a vertex u of T. 

By hypothesis, uv belongs to a triangle, say uvw. If none of the edges of this 
triangle is in T, then T U {uv, vw, wu} yields a closed trail longer than T (see 
Fig. 6.15). If uw € T, then (T —uw) U {uv, vw} would be a closed trail longer than 
T. These contradictions prove that T is a spanning closed trail of G. Oo 


Corollary 6.5.7. Let G be any connected graph. If each edge of G belongs to a 
triangle, then L(G) is Hamiltonian. 


Proof. The proof is an immediate consequence of Theorems 6.5.4 and 6.5.6. O 


Corollary 6.5.8 (Chartrand and Wall [35]). Jf G is connected and 6(G) > 3, 
then L?(G) is Hamiltonian. 


(Note: Forn > 1, L"(G) = L(L""!(G)), and L°(G) = G.) 
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Proof. Since 6(G) > 3, each vertex of L(G) belongs to a clique of size at 
least three, and hence each edge of L(G) belongs to a triangle. Now apply 
Corollary 6.5.7. Oo 


Corollary 6.5.9 (Nebesky [146]). Jf G is a connected graph with at least three 
vertices, then L(G*) is Hamiltonian. 


Proof. Since G is a connected graph with at least three vertices, every edge of G? 
belongs to a triangle. Hence, L(G?) is Hamiltonian by Corollary 6.5.7. Oo 


Theorem 6.5.10. Let G be a connected graph in which every edge belongs to a 
triangle. If e, and e are edges of G such that G\{e1, e2} is connected, then there 
exists a spanning trail of G with e, and ep as its initial and terminal edges. 


Proof. The proof is essentially the same as for Theorem 6.5.6 and is based on 
considering the longest trail T in G with e; and e2 as its initial and terminal edges, 
respectively. Oo 


Corollary 6.5.11 ([12]). Let G be any connected graph with 5(G) > 4. Then 
L?(G) is Hamiltonian-connected. 


Proof. The edges incident to a vertex v of G will yield a clique of size d(v) in L(G). 
Since 6(G) > 4, each vertex of L(G) belongs to a clique of order at least 4, and 
hence L(G) is 3-edge connected. Therefore, for any pair of distinct edges e; and 
en of L(G), L(G)\{e1, e2} is connected. Further, each edge of L(G) belongs to 
a triangle. Hence, by Theorem 6.5.10, a spanning trail T in L(G) exists having 
e; and e2 as the initial and terminal edges, respectively. Thus, if there are any 
edges of L(G) not belonging to 7, they can only be “chords” of 7. It follows 
(see Exercise 5.2) that in L?(G) there exists a Hamilton path starting and ending 
at the vertices corresponding to e; and é, respectively. Since e; and é2 are arbitrary, 
L?(G) is Hamiltonian-connected. O 


Corollary 6.5.12 (Jaeger [113]). The line graph of a 4-edge-connected graph is 
Hamiltonian. 


To prove Corollary 6.5.12, we need the following lemma. 


Lemma 6.5.13. Let S be a set of vertices of a nontrivial tree T, and let |S| = 
2k, k => 1. Then there exists a set of k pairwise edge-disjoint paths in T whose end 
vertices are all the vertices of S. 


Proof. Certainly there exists a set of k paths in T whose end vertices are all the 
vertices of S'. (This is because between any two vertices of 7, there is a unique path 
in T.) Choose such a set of k paths, say FY = {P), Po, ..., Px} with the additional 
condition that the sum of their lengths is minimum. 

We claim that the paths of Y are pairwise edge-disjoint. If not, there exists a pair 
{P;, Pj}, i A j, with P; and P; having an edge in common. In this case, P; and P; 
have one or more disjoint paths of length at least 1 in common. Then P; A P;, the 
symmetric difference of P; and P;, properly contains a disjoint union of two paths, 
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Fig. 6.16 Graph for proof of 
Lemma 6.5.13 


say Q; and Q, with their end vertices being disjoint pairs of vertices belonging to 
S (Fig. 6.16). 

If we replace P; and P; by Q; and Q; in #, then the resulting set of paths has 
the property that their end vertices belong to S and that the sum of the lengths of 
Q; and Q; is less than that of the sum of the lengths of the paths P; and P; in Y. 
This contradicts the choice of Y, and hence Y has the stated property. Oo 


Proof of Corollary 6.5.12. Let G be a 4-edge-connected graph. In view of 
Theorem 6.5.4, it suffices to show that G contains a dominating trail. 

By Corollary 4.4.6, G contains two edge-disjoint spanning trees 7 and 7). Let S 
be the set of vertices of odd degree in T;. Then | S| is even. Let |S| = 2k, k > 1. By 
Lemma 6.5.13, there exists a set of k pairwise edge-disjoint paths {P;, Po, ..., Px} 
in Ty with the property stated in Lemma 6.5.13. Then Gp = T; U(P; U Po U... Px) 
is a connected spanning subgraph of G in which each vertex is of even degree. Thus, 
Go is a dominating trail of G. oO 

We conclude this section with a theorem on locally connected graphs (see 
Definition 1.5.9 of Chap. 1). 


Theorem 6.5.14* (Oberly and Sumner [149]). A connected, locally connected, 
nontrivial K,3-free graph is Hamiltonian. 


Proof. Let G be a connected, locally connected, nontrivial K3-free graph. We may 
assume that G has at least four vertices. Since G is locally connected, G certainly 
has a cycle. Let C be a longest cycle of G. If C is not a Hamilton cycle, there exists 
a vertex v € V(G)\V(C) that is adjacent to a vertex u of C. Let u, and up be the 
neighbors of u on C. Then, as the edges uv, uu, and uu do not induce a K,3 in G, 
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Fig. 6.17 Graph for proof 
of Theorem 6.5.14 


Ul U2 


Fig. 6.18 Graph for case 1 
of proof of Theorem 6.5.14 


ujuz € E(G), since otherwise v is adjacent either to u; or uz and we get a cycle 
longer than C, a contradiction (see Fig. 6.17). 

For each x € V(G), denote by Go(x) the subgraph G[Ng(x)] of G. By 
hypothesis, Go(u) is connected, and hence there exists either a v-u, path P in 
Go(u) not containing u2 or a v-u2 path Q in Go(u) not containing w;. Let us say 
it is the former. For the purpose of the proof of this theorem, we call a vertex 
w é€ VY = (V(C) N V(P))\{u1} singular if neither of the two neighbors of w 
on C isin Ng(u). 


Case I. Each vertex of Vp is singular. Then for any w € Vo, w is adjacent to u 
(since w € V(P) C V(Go(u))) but since w is singular, neither of the neighbors 
w, and w2 of w on C is adjacent to u in G. Then considering the K,3 subgraph 
{ww 1, ww2, wut, we see that w; w2 € E(G). Now, describe the cycle C’ as follows: 
Start from uz, move away from u along C, and whenever we encounter a singular 
vertex w, bypass it by going through the edge w;w2. After reaching uw, retrace the 
uj-v path P—! and follow it up by the path vuu2. Then C’ traverses through each 
vertex of C U P exactly once. Thus, C’ is a cycle longer than C, a contradiction to 
the choice of C (see Fig. 6.18). 
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Fig. 6.19 Cycle C’ for case v 
2 of proof of Theorem 6.5.14 


WO 


Case 2. Vo has a nonsingular vertex. Let w be the first nonsingular vertex as P is 
traversed from v to u;. As before, let w; and w2 be the neighbors of w along C. Then 
at least one of w; and w is adjacent to u. Without loss of generality, assume that w2 
is adjacent to u. Let 


C'=(C U {wou, uw, uju2})\{wow, uy, uu}. 


(See Fig. 6.19.) 


Clearly, C and C’ are of the same length, and therefore C’ is also a longest cycle 
of G. Then, by the choice w, the v-w section of P contains the only nonsingular 
vertex w. Let wo be the first singular vertex on this section. Consider the cycle C” 
described as follows: Start from w2 and move along C’ away from u until we reach 
the vertex preceding wo. Bypass wo by moving through the neighbors of wo along 
C’ (as in case 1), and repeat it for each nonsingular vertex after wo. After reaching 
w, move along the w-v section of P~! and follow it by the path vuwy (see Fig. 6.20). 
Then C” is a cycle longer than C’ (as in case 1), a contradiction. 

Hence, in any case, C cannot be a longest cycle of G. Thus, G is 
Hamiltonian. Oo 


6.6 2-Factorable Graphs 


It is clear that if a graph G is r-factorable with & r-factors, then the degree of each 
vertex of G is rk. In particular, if G is 2-factorable, then G is regular of even degree, 
say, 2k. That the converse is also true is a result due to Petersen [158]. 


Theorem 6.6.1 (Petersen). Every 2k-regular graph, k > 1, is 2-factorable. 
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Fig. 6.20 Cycle C” for case 
2 of proof of Theorem 6.5.14 


Proof. Let G be a 2k-regular graph with V = {v,, v2, ..., v,}. We may assume 
without loss of generality that G is connected. (Otherwise, we can consider the 
components of G separately.) Since each vertex of G is of even degree, by 
Theorem 6.2.2, G is Eulerian. Let T be an Euler tour of G. Form a bipartite graph H 
with bipartition (V,W), where V = {v1, vo, ..., v,} and W = {wy, Wo, ..., Wa} 
and in which v; is made adjacent to w, if and only if v; follows v; immediately 
in 7. Since at every vertex of G there are k incoming edges and k outgoing edges 
along T, H is k-regular. Hence, by Theorem 5.5.3, H is 1-factorable. Let the k 
1-factors be M,, ..., Mj. Label the edges of M; with the label i, 1 <i <k. Then 
the k edges incident at each v; of H receive the k labels 1, 2, ..., k, and hence if 
the edges v; w; and v; w, are in M,, 1 < p < k, identifying the vertex w; with 
the vertex v; for each j in M, gives an edge labeling to G in which the edges 1; v; 
and v; v, receive the label p. It is then clear that the edges of M, yield a 2-factor 
of G with label p. Note that v; is nonadjacent to w; in H, 1 <i < k. Since this is 
true for each of the 1-factors M,, 1 < p < k, we get a 2-factorization of G into k 
2-factors. O 


A special case of Theorem 6.6.1 is the 2-factorization of K2,+41, which is 
2 p-regular. Actually, K2,+4, has a 2-factorization into Hamilton cycles. 


Theorem 6.6.2. K2)+, is 2-factorable into p Hamilton cycles. 


Proof. Label the vertices of K2,41 aS vo, V1, ..., V2p- Fori = 0, 1, ..., p, let P; 
be the path v; v;—-1 ¥j41 Vi-2 Vi42 --- Vitp—1 Vi-(p—1) (suffixes taken modulo 2 7), 
and let C; be the Hamilton cycle obtained from P; by joining v2, to the end vertices 
of P;. The cycles C; are edge-disjoint. This may be seen by placing the 2p vertices 
Vo, V1, +++» V2p-1 Symmetrically on a circle and placing v2, at the center of the 
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Fig. 6.21 Parallel chords and 
edge-disjoint Hamilton cycles 


in Ky 
circle and noting that the edges v; vj], Vj+1 Vi-2, ---, Vitp—1 Vi-p forma set of p 
parallel chords of this circle. Oo 


Figure 6.21 displays the three sets of parallel chords and three edge-disjoint 
Hamilton cycles in K7. The 2-factors are 


Fy 2 V6 Vo Vs V1 V4 V2 V3 V6, 
Fy 2 V6 V1 Vo V2 V5 :V3:V4~-:V65 


F3 2 V6. V2 V1 V3 Vo V4 V5 Vo. 


6.7 Exercises 


7.1. Prove: A Hamiltonian-connected graph is Hamiltonian. (Note: The converse 
is not true. See the next exercise.) 

7.2. Show that a Hamiltonian-connected graph is 3-connected. Display a Hamil- 
tonian graph of connectivity 3 that is not Hamiltonian-connected. 

7.3. If G is traceable, show that for every proper subset S of V(G), o(G—S) < 
|S| + 1. Disprove the converse by a counterexample. 

7.4. If G is simple and 6 > aot show that G is traceable. Disprove the converse. 

7.5. If G is simple and 6 > wet show that G is Hamiltonian-connected. Is the 
converse true? 

7.6. Give an example of a non-Hamiltonian simple graph G of order n(n > 3) 
such that for every pair of nonadjacent vertices u and v, d(u) + d(v) >n-1. 
[This shows that the condition in Ore’s theorem (Theorem 6.3.5) cannot be 
weakened further. ] 

7.7. Show that if a cubic graph is Hamiltonian, then it has three disjoint 1-factors. 


6.7 Exercises 141 


7.8.* 


ee 


7.14. 


7.15.* 


7.16. 


Show that if a cubic graph has a 1|-factor, then it has at least three distinct 
1-factors. 

Show that a complete k-partite graph G is Hamiltonian if and only if 
IV(G)\N| => |N|, where N is the size of a maximum part of G. (See 
Aravamudhan and Rajendran [9].) 


. A graph is called locally Hamiltonian if G[N(v)] is Hamiltonian for each 


vertex v of G. Show that a locally Hamiltonian graph is 3-connected. 


. If |V(G)| = 5, prove that L(G) is locally Hamiltonian if and only if G & 


Kin. 


. If G is a 2-connected graph that is both K,3-free and (K,3 + e)-free, prove 


that G is Hamiltonian. (Recall that a graph G is H-free if G does not contain 
an isomorphic copy of H as an induced subgraph.) 


. Let G bea simple graph of order 2n (n > 2). If for every pair of nonadjacent 


vertices u and vy, d(u) + d(v) > 2n + 2, show that G contains a spanning 
cubic graph. 

Show by means of an example that the square of a 1-connected (i.e., con- 
nected) graph need not be Hamiltonian. (A celebrated result of H. Fleischner 
states that the square of any 2-connected graph is Hamiltonian—a result that 
was originally conjectured by M. D. Plummer.) 

Let G be a simple graph with degree sequence (d1, dz, ..., dy), where d, < 
dy <... < d, andn > 3. Suppose that there is no value of r less than 5 for 
which d, < r and d,_, <n —r. Show that G is Hamiltonian. (See Chvatal 
[38] or reference [27].) 

Does there exist a simple non-Hamiltonian graph with degree sequence 
(2,3,5,5,5, 6, 6, 6, 6, 6)? 


. Draw a non-Hamiltonian simple graph with degree sequence 


(3,3, 3, 6, 6, 6, 9, 9, 9). 


. Let G be a (2k + 1)-regular graph with the property that |[S,$]| > 2k for 


every proper nonempty set S of V. Prove that G has k edge-disjoint 2-factors. 
(Note that when k = 1, this is just Petersen’s result: Corollary 5.5.11. Hint: 
Use Tutte’s 1-factor Theorem 5.6.5 to show that G has a 1-factor. Then apply 
Petersen’s Theorem 6.6.1.) 


Notes 


KO6nigsberg was part of East Prussia before Germany’s defeat in World War II. It has 
been renamed Kaliningrad, and perhaps before long it will get back its original 
name. It is also the birthplace of the German mathematician David Hilbert as well 
as the German philosopher Immanuel Kant. It is interesting to note that even though 
the K6nigsberg bridge problem did give birth to Eulerian graphs, Euler himself did 
not use the concept of Eulerian graphs to solve this problem; instead, he relied on 
an exhaustive case-by-case verification (see reference [24]). 
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Ore’s theorem (Theorem 6.3.5) can be restated as follows: If G is a simple graph 
with n > 3 vertices and |N(u)| +|N(v)| = n, for every pair of nonadjacent vertices 
of G, then G is Hamiltonian. This statement replaces d(u) in Theorem 6.3.5 by 
| N(u)|. There are several sufficient conditions for a graph to be Hamiltonian using 
the neighborhood conditions. A nice survey of these results is given in Lesniak 
[131]. To give a flavor of these results, we give three results here of Faudree, Gould, 
Jacobson, and Lesniak: 


: 2n-1 
Theorem 1. /fG is a 2-connected graph of ordern such that |N(u)1 N(u)| = == 


for each pair u, v of nonadjacent vertices of G, then G is Hamiltonian. 


Theorem 2. [f G is a connected graph of ordern such that |N(u)N N(v)| = an—2 


for each pair u, v of nonadjacent vertices of G, then G is traceable. 


Theorem 3. [f G is a 3-connected graph of order n such that |N(u) N N(v)| > on 


for each pair u, v of nonadjacent vertices of G, then G is Hamiltonian-connected. 


Chapter 7 
Graph Colorings 


7.1 Introduction 


Graph theory would not be what it is today if there had been no coloring problems. 
In fact, a major portion of the 20th-century research in graph theory has its origin in 
the four-color problem. (See Chap. 8 for details.) 

In this chapter, we present the basic results concerning vertex colorings and 
edge colorings of graphs. We present two important theorems on graph colorings, 
namely, Brooks’ theorem and Vizing’s theorem. We also present a brief discussion 
on “snarks” and Kirkman’s schoolgirl problem. In addition, a detailed description 
of the Mycielskian of a graph is also presented. 


7.2 Vertex Colorings 


7.2.1 Applications of Graph Coloring 


We begin with a practical application of graph coloring known as the storage prob- 
lem. Suppose a university’s Department of Chemistry wants to store its chemicals. 
It is quite probable that some chemicals cause violent reactions when brought 
together. Such chemicals are incompatible chemicals. For safe storage, incompatible 
chemicals should be kept in distinct rooms. The easiest way to accomplish this is, 
of course, to store one chemical in each room. But this is certainly not the best 
way of doing it since we will be using more rooms than are really needed (unless, 
of course, all the chemicals are mutually incompatible!). So we ask: What is the 
minimum number of rooms required to store all the chemicals so that in each room 
only compatible chemicals are stored? 

We convert the above storage problem into a problem in graphs. Form a graph 
G = (V, E) by making V correspond bijectively to the set of available chemicals 
and making u adjacent to v if and only if the chemicals corresponding to u and 


R. Balakrishnan and K. Ranganathan, A Textbook of Graph Theory, 143 
Universitext, DOI 10.1007/978-1-4614-4529-6_7, 
© Springer Science+Business Media New York 2012 


144 7 Graph Colorings 


v are incompatible. Then, any set of compatible chemicals correspond to a set 
of independent vertices of G. Thus, a safe storing of chemicals corresponds to a 
partition of V into independent subsets of G. The cardinality of such a minimum 
partition of V is then the required number of rooms. The minimum cardinality is 
called the chromatic number of the graph G. 


Definition 7.2.1. The chromatic number y(G) of a graph G is the minimum 
number of independent subsets that partition the vertex set of G. Any such minimum 
partition is called a chromatic partition of V(G). 

The storage problem just described is actually a vertex coloring problem of G. 
A vertex coloring of Gisamap f : V — S, where S is a set of distinct colors; 
it is proper if adjacent vertices of G receive distinct colors of S. This means that 
if uv € E(G), then f(u) # f(v). Thus, 7(G) is the minimum cardinality of S 
for which there exists a proper vertex coloring of G by colors of S. Clearly, in any 
proper vertex coloring of G, the vertices that receive the same color are independent. 
The vertices that receive a particular color make up a color class. This allows an 
equivalent way of defining the chromatic number. 


Definition 7.2.2. The chromatic number of a graph G is the minimum number of 
colors needed for a proper vertex coloring of G. G is k-chromatic if y(G) = k. 


Definition 7.2.3. A k-coloring of a graph G is a vertex coloring of G that uses at 
most k colors. 


Definition 7.2.4. A graph G is said to be k-colorable if G admits a proper vertex 
coloring using at most k colors. 


In considering the chromatic number of a graph, only the adjacency of vertices 
is taken into account. Hence, multiple edges and loops may be discarded while 
considering chromatic numbers, unless needed otherwise. As a consequence, we 
may restrict ourselves to simple graphs when dealing with (vertex) chromatic 
numbers. 

It is clear that y(K,,) = n. Further, y(G) = 2 if and only if G is bipartite having 
at least one edge. In particular, y(T) = 2 for any tree T with at least one edge (since 
any tree is bipartite). Further (see Fig. 7.1), 


2 ifniseven 
x(C,,) = a (7.1) 
3 ifn is odd. 


Exercise 2.1. Prove y(G) = 2 if and only if G is a bipartite graph with at least one 
edge. 


Exercise 2.2. Determine the chromatic number of 


(i) The Petersen graph 

(ii) Wheel W,, (see Sect. 1.7, Chap. 1) 
(iii) The Herschel graph (see Fig. 5.4) 
(iv) The Grétzsch graph (see Fig. 7.6) 
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x(Ce6) = 2 x(Cs) = 3 A proper 4-coloring of Cs 


Fig. 7.1 Illustration of proper vertex coloring 


We next consider another application of graph coloring. Let S be a set of students. 
Each student of S is to take a certain number of examinations for which he or she 
has registered. Undoubtedly, the examination schedule must be such that all students 
who have registered for a particular examination will take it at the same time. 

Let P be the set of examinations and for p € P, let S(p) be the set of students 
who have to take the examination p. Our aim is to draw up an examination schedule 
involving only the minimum number of days on the supposition that papers a and b 
can be given on the same day provided they have no common candidate and that no 
candidate shall have more than one examination on any day. 

Form a graph G = G(P,E), where a,b € P are adjacent if and only if 
S(a) N S(b) ¥ O. Then each proper vertex coloring of G yields an examination 
schedule with the vertices in any color class representing the schedule on a particular 
day. Thus, 7(G) gives the minimum number of days required for the examination 
schedule. 


Exercise 2.3. Draw up an examination schedule involving the minimum number of 
days for the following problem: 


Set of students Examination subjects 

Si Algebra, real analysis, and topology 

S> Algebra, operations research, and complex analysis 

S3 Real analysis, functional analysis, and complex analysis 
Sy Algebra, graph theory, and combinatorics 

Ss Combinatorics, topology, and functional analysis 

S6 Operations research, graph theory, and coding theory 
S7 Operations research, graph theory, and number theory 
Sg Algebra, number theory, and coding theory 

So Algebra, operations research, and real analysis 


Exercise 2.4. If G is k-regular, prove that y(G) => —*;. 


Theorem 7.2.5 gives upper and lower bounds for the chromatic number of a graph 
G in terms of its independence number and order. 
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Theorem 7.2.5. For any graph G with n vertices and independence number a, 
Pafan=¢s 1. 


Proof. There exists a chromatic partition {V;, V2,...,V,} of V. Since each V; is 
independent, |V;| < a, 1 <i < x. Hence,n = )-7_, |V;| < a x, and this gives the 
inequality on the left. 

To prove the inequality on the right, consider a maximum independent set S of a 
vertices. Then the subsets of V\S of cardinality 1 together with S yield a partition 
of V into (n — a) + 1 independent subsets. Oo 


Remark 7.2.6. Unfortunately, none of the above bounds is a good one. For example, 
if G is the graph obtained by connecting C, with a disjoint K2, (r > 2), by an edge, 
we haven = 4r,a@ =r-+1,and y = 2r, and the above inequalities become AS < 
2r < 3r. Fora simple graph G, the number 7° = y°(G) = y(G‘), the chromatic 
number of G° is the minimum number of subsets in a partition of V(G) into subsets 
each inducing a complete subgraph of G. Bounds on the sum and product of 7(G) 
and x°(G) were obtained by Nordhaus and Gaddum [148] (see also reference [93]), 


as given in Theorem 7.2.7. 


Theorem 7.2.7 (Nordhaus and Gaddum [148]). For any simple graph G, 


1\? 
iis x+y Sn Landa = zx° = (“S*) . 


Proof. Let y(G) = k and let V;, V2,..., Vi; be the & color classes in a chromatic 


partition of G. Then e |Vi] = n, and so max;<j<x|Vi| = |. Since each Vj 
is an independent set of G, it induces a complete subgraph in G°. Hence, y° > 
max)<j<x |V;|, and so x y¥° = k y° > k omaxi<j<x |Vi| = k o ¢ =n. Further, 


since the arithmetic mean of y and 7° is greater than or equal to their geometric 
mean, ar => Sx Xe = Jn. Hence, x + x° = 2./n. This establishes both the 
lower bounds. 

To show that y + y° <n+1, we use induction onn. Whenn = 1, y = 7° = 1, 
and so we have equality in this case. So assume that y + y° < (n-1I)+1=n 
for all graphs G having n — 1 vertices, n > 2. Let H be any graph with n vertices, 
and let v be any vertex of H. Then G = H — visa graph with n — 1 vertices and 
G° = (A —v)° = H* —v. By the induction assumption, y(G) + x(G°) <n. 

Now y(#7) < x(G) + land x(H°) < x(G°) + 1. If either y(H) < x(G) or 
X(H°) < x(G°), then y(H) + x(H°) < x(G) + x(G°) + 1 <n + 1. Suppose 
then y(H) = x(G) + 1 and x(A°) = x(G°) + 1. y(A) = x(G) + | implies 
that removal of v from H decreases the chromatic number, and hence dy(v) > 
x(G). [If dy(v) < x(G), then in any proper coloring of G with y(G) colors at 
most ¥(G) — 1 colors would have been used to color the neighbors of v in G, and 
hence v can be given one of the left-out colors, and therefore we have a coloring 
of H with x(G) colors. Hence, y(H) = y(G), a contradiction.] For a similar 
reason, ¥(H°) = x(G°) + 1 implies that n — 1 — dy(v) = dae(v) = x(G*); thus, 
x(G) + x(GS) < dy(v) +n —1—dy(v) = n — 1. This implies, however, that 
MA) + X(T) = (GG) + (GY) +2sn +1. 
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Finally, applying the inequality ./7 7° < ar we get yy < (ery < 


n+l 
(). Oo 


Note 7.2.8. Since the publication of Theorem 7.2.7, there had been similar results 
for other graph parameters (see, for instance, [115] for the domination number y). 
All these results have now come to be known as Nordhaus—Gaddum inequalities, 
with reference to the parameters in question. 


Exercise 2.5. For a simple graph G, prove that y(G°) > a(G). 


Exercise 2.6. Prove y(G) < £+1, where £ is the length of a longest path in G. For 
each positive integer £, give a graph G with chromatic number £ + 1 and in which 
any longest path has length ¢. 


Exercise 2.7. Which numbers can be chromatic numbers of unicyclic graphs? 
Draw a unicyclic graph on 15 vertices with A = 3 and having each of these numbers 
as its chromatic number. 


Exercise 2.8. If G is connected and m <n, show that y(G) < 3. 


Exercise 2.9. Let G,, be the graph defined by V(G,,) = {(@7,j) : l<i<j <n}, 
and E(G,) = {((i, j)(k,)) : i < j =k <1}. Prove 


(i) w(G,) = 2. 
(ii) y(G,) = [log, n]. [Note that y(G,,) > co asn > o0.] 


Exercise 2.10. Prove that y(GOA) = max(y7(G), x(A2)). 


Exercise 2.11. Prove y(G x H) < min(y(G), y())) (A celebrated conjecture of 
Hedetniemi [104] states that y(G x H) = min(7(G), y(#))). 


7.3 Critical Graphs 


Definition 7.3.1. A graph G is called critical if for every proper subgraph H of G, 
X(A) < x(G). Equivalently, y(G — e) < x(G) for each edge e of G. Also, G is 
k-critical if it is k-chromatic and critical. 


Remarks 7.3.2. If x(G) = 1, then G is either trivial or totally disconnected. Hence, 
G is 1-critical if and only if G is K,. Again, y(G) = 2 implies that G is bipartite 
and has at least one edge. Hence, G is 2-critical if and only if G is Kz. For an 
odd cycle C, y(C) = 3, and if G contains an odd cycle C properly, G cannot be 
3-critical. 


Exercise 3.1. Prove that any critical graph is connected. 


Exercise 3.2. Prove that for any graph G, y(G — v) = x(G) or x(G) — | for any 
v € V,and y(G —e) = x(G) or x(G) — 1 foranye € E. 


Exercise 3.3. Show that if G is k-critical, y(G —v) = y(G —e) = k — 1 for any 
veVandee E. 
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Exercise 3.4. [If y(G — e) < x(G) for any e of G, G is sometimes called edge- 
critical, and if y(G — v) < x(G) for any vertex v of G, G is called vertex-critical.] 
Show that a nontrivial connected graph is vertex-critical if it is edge-critical. 
Disprove the converse by a counterexample. 


Exercise 3.5. Show that a graph is 3-critical if and only if it is an odd cycle. It is 
clear that any k-chromatic graph contains a k-critical subgraph. (This is seen by 
removing vertices and edges in succession, whenever possible, without diminishing 
the chromatic number.) 


Theorem 7.3.3. If G is k-critical, then 6(G) > k —1. 


Proof. Suppose 6(G) < k — 2. Let v be a vertex of minimum degree in G. Since G 
is k-critical, y(G —v) = y(G) —1 = k —1 (see Exercise 3.3). Hence, in any proper 
(k — 1)-coloring of G — v, at most (k — 2) colors would have been used to color the 
neighbors of v in G. Thus, there is at least one color, say c, that is left out of these 
k — 1 colors. If v is given the color c, a proper (k — 1)-coloring of G is obtained. 
This is impossible since G is k-chromatic. Hence, 5(G) > (k — 1). Oo 


Corollary 7.3.4. For any graph G, x(G) < 1+ A(G). 


Proof. Let G be a k-chromatic graph, and let H be a k-critical subgraph of G. Then 
x(A) = x(G) = k. By Theorem 7.3.3, 5(H) > k —1, andhencek < 1+ 6(H) < 
1+ A(H) < 1+ AG). oO 


Exercise 3.6. Give another proof of Corollary 7.3.4 by using induction on n = 
|V(G)|. 


Exercise 3.7. If y(G) = k, show that G contains at least k vertices each of degree 
at least k — 1. 


Exercise 3.8. Prove or disprove: If G is k-chromatic, then G contains a Kx. 


Exercise 3.9. Prove: Any k (= 2)-critical graph contains a (k — 1)-critical 
subgraph. 


Exercise 3.10. For each of the graphs G of Exercise 2.2, find a critical subgraph H 
of G with y(H) = x(G). 


Exercise 3.11. Prove that the wheel W,_; = C2,—; V Kj, is a 4-critical graph for 
each n > 2. Does a similar statement apply to W,,? 


Theorem 7.3.5. In a critical graph G, no vertex cut is a clique. 


Proof. Suppose G is a k-critical graph and S is a vertex cut of G that is a clique 
of G (i.e., a complete subgraph of G). Let H;, 1 < i < r, be the components of 
G\S, and let G; = G[V(H;) U S]. Then each G; is a proper subgraph of G and 
hence admits a proper (k — 1)-coloring. Since S is a clique, its vertices must receive 
distinct colors in any proper (kK — 1)-coloring of G;. Hence, by fixing the colors for 
the vertices of S, and coloring for each i the remaining vertices of G; so as to give 
a proper (k — 1)-coloring of G;, we obtain a proper (k — 1)-coloring of G. This 
contradicts the fact that G is k-chromatic (see Fig. 7.2). Oo 
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Fig. 7.2. G[S] ~ Ky 
(r = 2) 


Corollary 7.3.6. Every critical graph is a block. 


Exercise 3.12.* Prove that every k-critical graph is (k — 1)-edge connected 
(Dirac [53]). 


Exercise 3.13. Show by means of an example that criticality is essential in 
Exercise 3.12; that is, a k-chromatic graph need not be (k — 1)-edge connected. 


7.3.1 Brooks’ Theorem 


We next consider Brooks’ [31] theorem. Recall Corollary 7.3.4, which states that 
x(G) < 14+ A(G). If G is an odd cycle, y(G) = 3 = 1+2=1+A(G), andifG 
is acomplete graph, say Kx, y(G) = k = 1+ (k—1) = 1+ A(G). That these are 
the only extremal families of graphs for which y(G) = 1 + A(G) is the assertion 
of Brooks’ theorem. 


Theorem 7.3.7 (Brooks’ theorem). [fa connected graph G is neither an odd cycle 
nor a complete graph, then x(G) < A(G). 


Proof. If A(G) < 2, then G is either a path or a cycle. For a path G (other than 
K, and K2), and for an even cycle G, y(G) = 2 = A(G). According to our 
assumption, G is not an odd cycle. So let A(G) > 3. 

The proof is by contradiction. Suppose the result is not true. Then there exists 
a minimal graph G of maximum degree A(G) = A > 3 such that G is not A- 
colorable, but for any vertex v of G, G — vis A-colorable. 


Claim 1. Let v be any vertex of G. Then in any proper A-coloring of G — v, all the 
A colors must be used for coloring the neighbors v in G. Otherwise, if some color 
i is not represented in Ng(v), then v could be colored using 7, and this would give 
a A-coloring of G, a contradiction to the choice of G. Thus, G is a A-regular graph 
satisfying Claim 1. 

For v € V(G), let N(v) = {v1, v2,..., va}. Ina proper A-coloring of G—v = H, 
let v; receive colori, 1 <i < A. Fori ¥ j, let Hj; be the subgraph of H induced 
by the vertices receiving the ith and jth colors. 
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Fig. 7.3. Graphs for proof of 
Theorem 7.3.7 (The numbers 
inside the parentheses denote 
the vertex colors) 


Claim 2. v; and v; belong to the same component of H;;. Otherwise, the colors 
i and j can be interchanged in the component of H;; that contains the vertex v;. 
Such an interchange of colors once again yields a proper A-coloring of H. In this 
new coloring, both v; and v; receive the same color, namely, i, a contradiction to 
Claim 1. This proves Claim 2. 


Claim 3. If Cj; is the component of Hj; containing v; and v;, then C;; is a path in 
H;. As before, Nz (v;) contains exactly one vertex of color j. Further, C;; cannot 
contain a vertex, say y, of degree at least 3; for, if y is the first such vertex on a 
vj — v; path in C;; that has been colored, say, with 7, then at least three neighbors 
of y in C;; have the color j. Hence, we can recolor y in H with a color different 
from both? and /, and in this new coloring of H, v; and v; would belong to distinct 
components of Hj; (see Fig. 7.3a). (Note that by our choice of y, any v; — v; path 
in Hj; must contain y.) But this contradicts Claim 3. 


Claim 4. Cij N Cik = {v;} for j x k. Indeed, ifw é Cy NM Cik, W x Vis then 
w is adjacent to two vertices of color j on C;; and two vertices of color k on Cjx 
(see Fig. 7.3b). Again, we can recolor w in H by giving a color different from the 
colors of the neighbors of w in H. In this new coloring of H, v; and v; belong to 
distinct components of H;;, a contradiction to Claim 2. This completes the proof of 
Claim 4. 
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a b c 
1 1 1 1 1 2 1 2 3 
2 2 2 3 3 2 2 4 3 


Fig. 7.4 Different colorings of K3,3 —e 


We are now in a position to complete the proof of the theorem. By hypothesis, G is 
not complete. Hence, G has a vertex v, and a pair of nonadjacent vertices v; and v2 in 
NG (v) (see Exercise 5.11, Chap. 1). Then the v; — v2 path Cj), in Hj. of H = G—v 
contains a vertex y (# v2) adjacent to v,. Naturally, y would receive color 2. Since 
A > 3, by Claim 1, there exists a vertex v3 € Ng(v). Now interchange colors 1 
and 3 in the path C)3 of H\3. This would result in a new coloring of H = G —v. 
Denote the v;-v; path in H under this new coloring by Ci (see Fig. 7.3c). Then 
y € C), since v, receives color 3 in the new coloring (whereas y retains color 2). 
Also, y € Cig —v, C Cj. Thus, y € Cj, M C/,. This contradicts Claim 4 (since 
y % v2), and the proof is complete. Oo 


7.3.2 Other Coloring Parameters 


There are several other vertex coloring parameters of a graph G. We now mention 
three of them. Let f be a k-coloring (not necessarily proper) of G, and let 
(Vi, V2,..., Ve) be the color classes of G induced by f Coloring f is pseudo- 
complete if between any two distinct color classes, there is at least one edge of G. 
f is complete if it is pseudocomplete and each V;, 1 <i <k, is an independent set 
of G. Thus, 7(G) is the minimum k for which G has a complete k-coloring f- 


Definition 7.3.8. The achromatic number a(G) of a graph G is the maximum k for 
which G has a complete k-coloring. 


Definition 7.3.9. The pseudoachromatic number w(G) of G is the maximum k for 
which G has a pseudocomplete k-coloring. 


Example 7.3.10. Figure 7.4 gives (a) a chromatic, (b) an achromatic, and (c) a 
pseudoachromatic coloring of K33 —e. 


It is clear that for any graph G, y(G) < a(G) < W(G). 


Exercise 3.14. Let G be a graph and H a subgraph of G. Prove that y(H) < x(G) 
and w(H) < wW(G). Show by means of an example that a(/H) < a(G) need not 
always be true. 
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Exercise 3.15. Prove 


(i) ww —- 1) < 2m. 
(i) W(Ka V K2) =a41. 


From (ii) deduce that for any graph, y <n —a@ + 1. 


Exercise 3.16. If G has a complete coloring using k colors, prove that k < 


1+J/1+8m 
2 


.(m = size of G). 
Exercise 3.17. Prove that for a complete bipartite graph G, a(G) = 2. 


Exercise 3.18. What is the minimum number of edges that a connected graph with 
pseudoachromatic number w can have? Construct one such tree. 


Exercise 3.19. If G is a subgraph of H, prove that W(G) < w(#). 
Exercise 3.20. Prove: ¥(K,,) =n + 1. 


7.3.3 b-Colorings 


Definition 7.3.11. A b-coloring of a graph G is a proper coloring with the 
additional property that each color class contains a color-dominating vertex (c.d.v.), 
that is, a vertex that has a neighbor in all the other color classes. The b-chromatic 
number of G is the largest kK such that G has a b-coloring using k colors; it is 
denoted by b(G). 

The concept of b-coloring was introduced by Irving and Manlove [111]. 

Exercise 3.21 guarantees the existence of the b-chromatic number for any graph 
G and shows that y(G) < b(G). Note that b(K,,) = n while b(K,,,,) = 2. 


Exercise 3.21. Show that the chromatic coloring of a graph G is a b-coloring of G. 


Exercise 3.22. Prove that K,,,, — F,n > 2, where F is a 1-factor of Ky», has a b- 
coloring using 2 colors and n colors but none with k colors for any k in2 <k <n. 


Exercise 3.23. Prove b(G) < 1 + A(G). A better upper bound for b(G) is given 
in the next exercise. 


Exercise 3.24. Let d; < dy < ... < d, be the degree sequence of the graph G 
with vertex set V = {v),...,v,}, and d; = d(v;),1 <i < n. Let M(G) = 
max{i : dj >i—1, 1 <i <n}. Prove that b(G) < M(G). Show further that the 
number of vertices of degree at least M(G) in G is at most M(G). 


Exercise 3.25. Let Q be the hypercube of dimension p. Prove b(Q) = b(Q2)=2, 
and b(Q3) = 4. [A result of Kouider and Mahéo [125] states that for p > 3, 


b(Q,) = p+ 1.] 


We complete this section by presenting a result of Kratochvil, Tuza, and Voigt 
[126] that characterizes graphs with b-chromatic number 2. Let G be a bipartite 
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graph with bipartition (X,Y). A vertex x € X (respectively, y € Y) is called a 
full vertex (or a charismatic vertex) of X (respectively, Y) if it is adjacent to all the 
vertices of Y (respectively, X). 


Theorem 7.3.12 ([126]). Let G be a nontrivial connected graph. Then b(G) = 2 
if and only if G is bipartite and has a full vertex in each part of the bipartition. 


Proof. Suppose G is bipartite and has a full vertex in each part, say x € X and 
y € Y. Naturally, in any b-coloring, the color class containing x, say W,, is a subset 
of X and that containing y, say W9, is a subset of Y. If G has a third color class W3 
disjoint from W; and W2, then W3 must have a c.d.v. adjacent to a vertex of W; and 
a vertex of W2. This is impossible, as G is bipartite. Therefore, b(G) = 2. 
Conversely, let b(G) = 2. Then y(G) = 2 and therefore G is bipartite. Let 
(X, Y) be the bipartition of G. Assume that G does not have a full vertex in at least 
one part, say, X. Let x; € X. As x; is nota full vertex, there exists a vertex y; € Y to 
which it is not adjacent. Let X; be the maximal subset of X such that Vj = X,U{y1} 
is independent in G. Now choose a new vertex x2 € X\X1. Again, as X has no full 
vertex, we can find a y2 € Y\{y1} to which x2 is not adjacent. Let X2 be the 
maximal subset of X \X; such that V2 = X2U {yp} is independent in G. In this way, 
all the vertices of X would be exhausted and let Vi, V2,..., Ve be the independent 
sets thus formed. Also, let Yo denote the set of uncovered vertices of Y, if any. 
Since G is connected, G # (V; UV;), and G 4 (V; UY), i, j,/ € {1,2,..., Kk}. 
Hence, k > 2 when Yo 4 @ andk > 3 when Yo = Q. Thus, the partition V = 
V,UV2U...U Ve, U{Ve+1 = Yo} has at least 3 parts. If each of these parts has ac.d.v., 
we get a contradiction to the fact that b(G) = 2. If not, assume that the class V; has 
no c.d.v. Then for each vertex x of V;, there exists a color class V;, 7 # /, having no 
neighbor of x. Then x could be moved to the class V;. In this way, the vertices in V; 
can be moved to the other V;’s without disturbing independence. Let us call the new 
classes V/,V3,....V/_,,V/,,,---,V¢4,- If each of these color classes contains a 
c.d.v., we get a contradiction as k > 3. Otherwise, argue as before and reduce the 
number of color classes. As G is connected, successive reductions should end up in 
at least three classes, contradicting the hypothesis that b(G) = 2. O 


A description of several other coloring parameters can be found in Jensen and 
Toft [116]. 


7.4 Homomorphisms and Colorings 


Homomorphisms of graphs generalize the concept of graph colorings. 


Definition 7.4.1. Let G and H be simple graphs. A homomorphism from G to H 
isamap f : V(G) > V(#) such that f(x) f(y) € E(H) whenever xy € E(G). 
The map f is an isomorphism if f is bijective and xy € E(G) if and only if 
Sx) f(y) € ECA). 
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We write f : G — AH to denote the fact that f is a homomorphism from G 
to H and write G ~ H to denote that G is isomorphic to H. If f : G > H 
is a graph homomorphism, then ({ f(x) : x € V(G)}), the subgraph induced in 
HT by the image set f(V(G)) is the image of f. If f(V(G)) = V(A), f is an 
onto-homomorphism. If f : G — H, then for any vertex v of H, f—!(v) is an 
independent set of G. (If f~'(v) = @, then f—!(v) is an independent subset of 
V(G), while if f—!(v) contains an edge uw, then f(u) = v = f(w), and hence H 
has a loop at v, a contradiction to the fact that H is a simple graph). 


Lemma 7.4.2. Let Gi, G2, and G3 be graphs and let fi : Gi > Go, and fr : 
G2 — G3 be homomorphisms. Then fro fi : Gi — G3 is also a homomorphism. 


[Here (fro fi)(g) = fal filg)).] 


Proof. Follows by direct verification. Oo 


A graph homomorphism is a generalization of graph coloring. Suppose G ia a 
given graph and there exists ahomomorphism f : G — Kx, where k is the least 
positive integer with this property. Then f is onto and the sets S; = { f—!(v;) : 
vy; € Kx}, 1 <i < k, forma partition of V(G). Moreover, between any two 
sets S; and S;,i 4 j, there must be an edge of G. Otherwise, A = S; U S; is 
an independent set of G, and we can define a homomorphism from G to K,~1 by 
mapping A to the same vertex of Kx-1. Thus, ¥(G) = k. We state this result as a 
theorem. 


Theorem 7.4.3. Let G be a simple graph. Suppose there exists a homomorphism 
f : G => Kx, and let k be the least positive integer with this property. Then 
x(G) =k. 


Corollary 7.4.4. If there exists ahomomorphism f : G —> Kp, then x(G) < p. 


Corollary 7.4.5. Let f : G — H bea graph homomorphism. Then x(G) < 
x(H). 


Proof. Let y(H) = k. Then there exists a homomorphism g : H — Kx. By 
Lemma7.4.2, go f : G — K, is ahomomorphism. Now apply Corollary 7.4.4. 
oO 


Example 7.4.6. Let V; = {u,,...,u7} and Vz = {v1,...,v5} be the vertex sets of 
the cycles C7 and Cs, respectively. Then the map f(u;) = v1, f(u2) = v2, f(u3) = 
v3, f(u4) = v2, f(us) = v3, f(ue) = v4, and f(u7) = vs is a homomorphism of 
C7 to Cs. 


7.4.1 Quotient Graphs 


Let f : G — H bea graph homomorphism from G onto H. Let V(H) = 
{v1,..., ve}, and S; = f—'(v;), 1 < i < k. Then no S; is empty. The quotient 
graph G/ f is defined to be the graph with the sets S; as its vertices and in which two 
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vertices S; and S$; are adjacent if vjv; €¢ E(H). This defines a natural isomorphism 
f :G/f ~ H. 

A consequence of the above remarks is the fact that a complete k-coloring 
of G is just a homomorphism of G onto K;. Recall that both the chromatic 
and achromatic colorings are complete colorings. We now establish the coloring 
interpolation theorem for the complete coloring. 


Theorem 7.4.7 (Interpolation theorem for complete coloring). /f a graph G 
admits a complete k-coloring and a complete |-coloring, then it admits a complete 
i-coloring for every i between k and 1. 


Proof. Let A;, A2,..., A, and B,, Bo,..., B; be the color partitions in the two 
complete colorings. We assume without loss of generality that k < /. Clearly, it 
suffices to construct a complete (k + 1)-coloring of G. For eachi = 0,1,2,...,/, 
let C; = Ui j<i Bj. Let ©; denote the partition of V(G) by the nonempty sets of 
the sequence B,, By,..., Bj; Ay —C;, Ay —C;,..., Ax — C;. The partition @p has 
parts A, A>,..., Ax; the partition ©; has parts B,, Bz,..., B; (since C; = V(G), 
A; — C; = @ for each j). Hence, G/O) ~ K,; and G/@; ~ K;. Hence, there 
must exist a first suffix 7,0 < 7 < /, such that G/@; is not k-colorable. By the 
choice of j, this implies that G/@, is (k + 1)-colorable since we can simply color 
B, by the (k + 1)-st color, and hence by Lemma 7.4.2, G is (k + 1)-colorable. (Just 
compose the two onto homomorphisms G > G/@; > Kx+1.) Oo 


Exercise 3.22 shows that an interpolation theorem similar to that of complete 
coloring does not hold good for the b-coloring. 


Exercise 4.1. Let f : G — H bea graph homomorphism and let x, y € V(G). 
Prove dy(x,y) < dg(x, y). 


Exercise 4.2. Assume that there exists a homomorphism from G onto C;,, where k 
is odd. Show that G must contain an odd cycle. Show by means of an example that 
a similar statement need not hold good if k is even. 


Exercise 4.3. Prove that there exists a homomorphism from C+; to Cog+1 if and 
only if] <k. 


7.5 Triangle-Free Graphs 


Definition 7.5.1. A graph G is triangle-free if G contains no K3. 


Remark 7.5.2. Triangle-free graphs cannot contain a K;,,k > 3, either. It is obvious 
that if a graph G contains a clique of size k, then y(G) > k. However, the 
converse is not true. That is, if the chromatic number of G is large, then G need 
not contain a clique of large size. The construction of triangle-free k-chromatic 
graphs, fork > 3, was raised in the middle of the 20th century. In answer to this 
question, Mycielski [144] developed an interesting graph transformation known as 
the Mycielskian of a graph. 
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Fig. 7.5 4(K,3 + e) 


Definition 7.5.3. Let G be a finite simple connected graph with vertex set V = 
V(G) and edge set E = E(G). The Mycielskian 4(G) of G is defined as follows: 
The vertex set V(uw(G)) of 4(G) is the disjoint union V U V’ U {u}, where V’ = 
{x’ : x € V} and the edge set of w(G) is E(u(G)) = EU{x’y : xy € E}U{x'u : 
xe V". 

We denote V(4x(G)) by the triad {V,V’,u}. For x € V, we call x’ € V’, the 
twin of x in 44(G), and vice versa, and u, the root of w(G). Figure 7.5 displays the 
Mycielskian w(K13 + e). 


Remark 7.5.4. The following facts about j4(G), where G is of order n and size m, 
are obvious: 


G) |[V(u(G))| = 2n + I. 
(ii) For each v € V, dygy(v) = 2dg(v). 
(iii) For each v’ € V', dq (v’) = dev) + 1. 
(iv) dG) (u) =Nn. 
We now establish some basic results concerning the Mycielskian. 


Theorem 7.5.5. x(u(G)) = x(G) +1. 


Proof. Assume that y(G) = k. Consider a proper (vertex) k-coloring c of G using 
the colors, say, 1,2,...,. We now give a proper (k + 1)-coloring c’ for 4(G). For 
v € V, set c’(v) = c(v). For the twin Vv € V’, set c’(v’) = c(v). For the root u 
of 4(G), set c’(u) = k + 1. Then c’ is a proper coloring for 4(G) using k + 1 
colors and therefore y(u(G)) < k + 1. [c’ is proper because for any edge xy’, 
c'(x) = c(x) # c(y) = c’(y’).] We now show that it is actually k + 1. 

Suppose j4(G) has a proper k-coloring c” using the colors 1,2,...,k. Assume, 
without loss of generality, that c”(u) = 1. Then forany v’ € V’,c”(v’) £ 1. Recolor 
each vertex of V that has been colored by | in c” by the color of its twin under c”. 
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Fig. 7.6 The Grétzsch graph, 


U1 
H(Cs) 


U4 U3 


G4 : Grétzsch graph 


Then this gives a proper coloring of V using the k — 1 colors 2,3,...,k. This is 
impossible as y(G) = k. This proves that y(u(G)) =k +1= y(G)+ 1. Oo 


Theorem 7.5.6. If G triangle-free, then .(G) is also triangle-free. 


Proof. Assume that G is triangle-free. If 4(G) contains a triangle, it can only be 
of the form vwz', where v € V, w € V, and z’ € V’, so that vz’ and wz’ are edges 
of u(G). This means, by the definition of j4(G), that vz and wz are edges of G and 
hence vw7z is a triangle in G, a contradiction. Oo 


Theorem 7.5.7 (Mycielski [144]). For any positive integer p, there exists a 
triangle-free graph with chromatic number p. 


Proof. For p = 1, 2, the result is trivial. [For p = 1, take G = Kj, and for p = 2, 
take G = K). For p = 3, take G = p(K2). (K2) = Cs is triangle-free and 
x(Cs) = 3.] For p => 3, by Theorems7.5.5 and 7.5.6, the iterated Mycielskian 
p?? (Ky) = pu(w? 3 (K2)) is triangle-free and has chromatic number p. Oo 


Remark 7.5.8. The graph j4?(Ky) = (Cs) is the Grétzsch graph of Fig. 7.6. 


Theorem 7.5.9. If G is critical, then so is u(G). 


Proof. Assume that G is k-critical. Since by Theorem 7.4.5, y(u(G)) = k + 1, we 
have to show that y(G) is (k + 1)-critical. 
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Start with a (kK + 1)-coloring c with colors 1,2,...,k + 1 of w(G) with vertex 
set {V,V’, u}. 

We first show that y(u(G) — u) = k. Without loss of generality, assume that 
c(u) = 1. Then 1 is not represented in V’. Let S be the set of vertices receiving the 
color 1 in V under c. Recolor each vertex v of S by the color of its twin v’ € V’. 
This gives a proper coloring of j4(G) —u using k colors and hence y(u(G)—u) = k. 
[Recall that adjacency of v and w in G implies adjacency of vw’ and v’w in (G).] 

Next remove a vertex v’ of V’ from j4(G). Without loss of generality, assume 
that c(u) = 1 and c(v’) = 2. Now recolor the vertices of G — v by the k — 1 colors 
3,...,k,k +1 (this is possible as G is k-critical) and recolor the vertices of V’—v’, 
if necessary, by the colors of their twins in V — v. Also, give color 1 to v. This 
coloring of j4(G) — v’ misses the color 2 and gives a proper k-coloring to w(G)—v’. 

Lastly, we give a k-coloring to 4(G) — v, v € V. Color the vertices of G — v by 
1,2,...,—1 so that the resulting coloring of G—v is proper. Let A be the subset of 
G —v whose vertices have received color 1 in this new coloring and A’ Cc V’ denote 
the set of twins of the vertices in A. Now color the vertices of (V’\A’) — v’ by the 
colors of their twins in G, the vertices of A’ U {v’} by color k, and u by color 1. This 
coloring is a proper coloring of j4(G) — v, which misses the color k + 1 in the list 
{1,2,...,k + 1}. Thus, w(G) is (k + 1)-critical. Oo 


Remark 7.5.10. Apply Theorem 7.5.12 to observe that for each k > 1, there 
exists a k-critical triangle-free graph. Not every k-critical graph is triangle-free; 
for example, the complete graph Kx (k > 3) is k—critical but is not triangle-free. 


Lemma 7.5.11. Let f : G — H bea graph isomorphism of G onto H. Then 
F(Na(x)) = Nua (f(x)). Further, G-x ~ H — f(x), andG — Ne[x] ~ H- 
Nual[f(x)] under the restriction maps of f to the respective domains. 


Proof. The proof follows from the definition of graph isomorphism. Oo 
Theorem 7.5.12 ([13]). For connected graphs G and H, u(G) ~ w(A) if and 
only ifG ~ H. 


Proof. If G ~ H, then trivially u(G) ~ p(#H). So assume that G and H are 
connected and that w(G) ~ j(H). When n = 2 or 3, the result is trivial. So 
assume thatn > 4. If G is of ordern, then w(G) and (#7) are both of order 2n +1, 
and so A is also of order n. Let f : u(G) > (A) be the given isomorphism, 
where V(u(G)) and V(j1(#7)) are given by the triads (V, V/,u1) and (V2, V;, u2), 
respectively. 

We look at the possible images of the root u; of 4(G) under f. Both u; and uz are 
vertices of degree n. If f(u,) = uz, then by Lemma 7.5.11,G = uw(G) — N[m] ~ 
wu) — N [uo] = H. 

Next we claim that f(u,) ¢ V2. Suppose f(u1) € V2. Since dyvHy)(f(u1)) = 
dy(G)(u1) = 2, it follows from the definition of the Mycielskian that in (1), 5 
neighbors of f(u;) belong to V2 while another 5 neighbors (the twins) belong to 
VJ. (This forces n to be even.) These n neighbors of f(u;) form an independent 
subset of 4(H). Then H’ = w(A) — Nucay[f(u)] ~ w(G) — Nu@[m] = G. 
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Now if x € V2 is adjacent to f(u;) in u(), then x is adjacent to f(u;)’, the twin of 
f (ur) belonging to VJ in u(#). Further, dy(f(ui)') = 1 = dg(v), where v € V, 
(the vertex set of G) corresponds to f(u,)’ in w(#). But then d,,(g)(v) = 2, while 
duuy(f(u)') = 5 +1>2,asn > 4. Hence, this case cannot arise. 

Finally, suppose that f(u) € Vj. Set f(u1) = y’. Then y, the twin of y’ 
in (1), belongs to V2. As dygy(u1) = n, dacHy(y’) = n. The vertex y’ has 
n — 1 neighbors in V2, say, X1,X2,...,Xn—1. Then Ny(y) = {X1,%2,..-,Xn—-1}; 
and hence y is also adjacent to x},x5,...,x/_, in V,. Further, as N,g)(u1) is 
independent, Nz) ( y’) is also independent. Therefore, H = star K,,,—; consisting 
of the edges yx1, yXo,..., ¥Xn—-1. Moreover, G = uw(G)—N[m] ~ w(A)- 
N[y’] = star Ki,-1 consisting of the edges yx}, yx5,...,yx}_,. Thus, G ~ 
Kin-1 ~ HA. Oo 
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7.6.1 The Timetable Problem 


Suppose in a school there are r teachers, 7},7>,...,7;, and s classes, 
C;, C2,..., Cs. Each teacher 7; is expected to teach the class C; for pj; periods. 
It is clear that during any particular period, no more than one teacher can handle 
a particular class and no more than one class can be engaged by any teacher. Our 
aim is to draw up a timetable for the day that requires only the minimum number of 
periods. This problem is known as the “timetable problem.” 

To convert this problem into a graph-theoretic one, we form the bipartite graph 
G = G(T, C) with bipartition (T, C), where T represents the set of teachers 7; and 
C represents the set of classes C;. Further, 7; is made adjacent to C; in G with pj; 
parallel edges if and only if teacher 7; is to handle class C; for pj; periods. Now 
color the edges of G so that no two adjacent edges receive the same color. Then the 
edges in a particular color class, that is, the edges in that color, form a matching in G 
and correspond to a schedule of work for a particular period. Hence, the minimum 
number of periods required is the minimum number of colors in an edge coloring 
of G in which adjacent edges receive distinct colors; in other words, it is the edge- 
chromatic number of G. We now present these notions as formal definitions. 


Definition 7.6.1. An edge coloring of a loopless graph G is a function a 
E(G) — S, where S is a set of distinct colors; it is proper if no two adjacent 
edges receive the same color. Thus, a proper edge coloring z of G is a function 
mz : E(G) — S such that z(e) 4 m(e’) whenever edges e and e’ are adjacent in 
G, and it is a proper k-edge coloring of G if |S| =k. 


Definition 7.6.2. The minimum k for which a loopless graph G has a proper k-edge 
coloring is called the edge-chromatic number or chromatic index of G. It is denoted 
by 7/(G). G is k-edge-chromatic if x'/(G) = k. 
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Further, if an edge uv is colored by color c, we say that c is represented at both 
u and v. If G has a proper k-edge coloring, E(G) is partitioned into k edge-disjoint 
matchings. 

It is clear that for any (loopless) graph G, y/(G) > A(G) since the A(G) edges 
incident at a vertex v of maximum degree A(G) must all receive distinct colors. For 
bipartite graphs, however, equality holds. 


Theorem 7.6.3 (Konig). If G is a bipartite graph, y'(G) = A(G). 


Proof. The proof is by induction on the size (i.e., number of edges) m of G. The 
result is true form = 1. Assume the result for bipartite graphs of size at most m— 1. 
Let G have m edges. Let e = uv € E(G). Then G—e has [since A(G—e) < A(G)] 
a proper A-edge coloring, say c. Out of these A colors, suppose that one particular 
color is not represented at both u and v. Then in this coloring the edge uv can be 
colored with this color, and a proper A-edge coloring of G is obtained. 

In the other case (that is, in the case in which each of the A colors is represented 
either at u or at vin G — e), since the degrees of u and v in G —e are at most A— 1, 
there exists a color out of the A colors that is not represented in G — e at u, and 
similarly there exists a color not represented at v. Thus, if color 7 is not represented 
at uw inc, then 7 is represented at v in c, and if colori is not represented at v in c, 
then 7 is represented at u in c. Since G is bipartite and u and v are not in the same 
parts of the bipartition, there can exist no u-v path in G in which the colors alternate 
between i and j. 

Let P be a maximal path in G — e starting from u in which the colors of the 
edges alternate between i and j. Interchange the colors i and j in P. This would 
still yield a proper edge coloring of G — e using the A colors in which color i is not 
represented at both u and v. Now color the edge uv by the color 7. This results in a 
proper A-edge coloring of G. O 


Exercise 6.1. Disprove the converse of Theorem 7.6.3 by a counterexample. 
Next, we determine the chromatic index of the complete graphs. 


wil eacucee 
themia peje. ee 
n ifn is odd. 


Proof. (Berge) Since K,, is regular of degree n — 1, x'(K,) =n —1. 


Case 1. n is even. We show that y'(K,) < 1 — 1 by exhibiting a proper (” — 1)- 
edge coloring of K,,. Label the n vertices of K, as 0,1,...,2—1. Draw acircle with 
center at 0 and place the remaining n — | numbers on the circumference of the circle 
so that they form a regular (n — 1)-gon (Fig. 7.7). Then the 5 edges (0, 1), (2,n—1), 
(3,n—2),..., - ‘ + 1) form a 1-factor of K,,. These 5 edges are the thick edges 
of Fig.7.7. Rotation of these edges through the angle an in succession gives (n — 1) 
edge-disjoint 1-factors of K,. This would account for 5(m — 1) edges and hence all 
the edges of K,,. (Actually, the above construction displays a 1-factorization of K;, 
when 7 is even.) Each 1-factor can be assigned a distinct color. Thus, y’(K,) < 
n — 1. This proves the result in Case 1. 
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Fig. 7.7 Graph for proof 1 
of Theorem 7.6.4 


Case 2. nis odd. Take a new vertex and make it adjacent to all the n vertices of Ky. 

This gives K,,41. By Case 1, y’(Ky+41) =n. The restriction of this edge coloring to 

K,, yields a proper n-edge coloring of K,,. Hence, x’/(K,) < n. However, K, cannot 

be edge colored properly with n — 1 colors. This is because the size of any matching 
n—-1 


of K, can contain no more than “ edges, and hence n — | matchings of K, can 


contain no more than wie edges. But K,, has no) edges. Thus, y/(Kn) >, and 
hence y’(K,) =n. Oo 


Exercise 6.2. Show that a Hamiltonian cubic graph is 3-edge-chromatic. 
Exercise 6.3. Show that the Petersen graph is 4-edge-chromatic. 
Exercise 6.4. Show that the Herschel graph (see Fig. 5.4) is 4-edge-chromatic. 


Exercise 6.5. Determine the edge-chromatic number of the Grotzsch graph 
(Fig. 7.6). 


Exercise 6.6. Show that a simple cubic graph with a cut edge is 4-edge-chromatic. 
Exercise 6.7. Describe a proper k-edge coloring of a k-regular bipartite graph. 


Exercise 6.8. Show that any bipartite graph G of maximum degree A is a subgraph 
of a A-regular bipartite graph. Hence, furnish an alternative proof of Theorem 7.6.3, 
using Exercise 6.7. 
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Fig. 7.8 Graph for proof of Theorem 7.6.5 


7.6.2 Vizing’s Theorem 


Although it is true that for any loopless graph G, y/(G) > A(G), it turns out that 
for any simple graph G, y'(G) < 1 + A(G). This major result in edge coloring of 
graphs was established by Vizing [183] and independently by Gupta [81]. 


Theorem 7.6.5 (Vizing-Gupta). For any simple graph G, A(G) < x’'(G) < 1+ 
A(G). 


Proof. In a proper edge coloring of G, A(G), colors are to be used for the edges 
incident at a vertex of maximum degree in G. Hence, x/(G) > A(G). 

We now prove that 7/(G) < 1+ A, where A = A(G). 

If G is not (1 + A)-edge-colorable, choose a subgraph H of G with a maximum 
possible number of edges such that H is (1 + A)-edge-colorable. We derive a 
contradiction by showing that there exists a subgraph Ho of G that is (1 + A)- 
edge-colorable and has one edge more than H. 

By our assumption, G has an edge uv, ¢ E(#). Since d(u) < A, and1+A 
colors are being used in H, there is a color c that is not represented at u (i.e., not 
used for any edge of H incident at u). For the same reason, there is a color c; not 
represented at v;. (See Fig. 7.8, where the color not represented at a particular vertex 
is enclosed in a circle and marked near the vertex.) 

There must be an edge, say uv2 of H, colored c;; otherwise, uv; can be assigned 
the color c;, and H U (uv;), which has one edge more than H, would have a proper 
(1 + A)-edge coloring. Again, there is a color, say cz, not represented at v2. Then 
as above, there is an edge uv3 colored c2 and there is a color, say c3, not represented 
at v3. 

In this way, we construct a sequence of edges {uv,, uv2,..., uvg} such that color 
c; is not represented at vertex v;, | <i < k, and the edge uv;+, receives the color 
cj, 1 < j <k—1 (see Fig. 7.8). 

Suppose at some stage, say the rth stage, where 1 < r < k, c (the missing 
color at ) is not represented at v,. We then “cascade” (i.e., shift in order) the colors 
C1,---,Cr—1 from uv2, UV3,..., UV, tO UV], UV2,..., Uv-—1. Under this new coloring, 
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Fig. 7.9 Another graph for proof of Theorem 7.6.5 


c is not represented both at u and at v,, and therefore we can color uv, with c. This 
yields a proper (1 + A)-edge coloring to H U (uv,), contradicting the choice of H. 
Hence, we may assume that c is represented at each of the vertices vj, v2,..., Vx. 

Now we need to know why the sequence of edges uv;, 1 < i < k, had stopped. 
There are two possible reasons. Either there is no edge incident to u that is colored 
cx, or the color cy = c; forsome j < k—1 and so has already been represented at u. 
Note that the sequence must stop at some finite stage since d(u) is finite; however, 
it may as well stop before all the edges incident to u are exhausted. 

If cg is not represented at u in H, then we can cascade as before so that uv; gets 
color c;, 1 < i < k —1, and then color uv, with color c,. Once again, we have a 
contradiction to our assumption on H. 

Thus, we must have cx = c; for come j < k — 1. In this case, cascade the 
colors c},C2,...,¢; so that uv; has color c;, 1 <i < j, and leave uv; +, uncolored 
(Fig. 7.9). Let S = (HU (uv;)) — uv; 41. Then S and H have the same number of 
edges. 

Now consider S;-;, the subgraph of S defined by the edges of S with colors c 
and c;. Clearly, each component of S.-; is either an even cycle or a path in which 
the adjacent edges alternate with colors c and c;. 

Now, c is represented at each of the vertices v;,v2,..., vx, and in particular at 
vj4+1 and vz. But c; is not represented at v; +, and v;, since we have just moved c; to 
uv;,andc; = cx is not represented at v;. Hence in See; , the degrees of v; 4, and vz 
are both equal to 1. Moreover, c; is represented at u, but c is not. Therefore, u also 
has degree | in See; + As each component of See; is either a path or an even cycle, 
not all of u, v;41, and vz can be in the same component of See; (since a nontrivial 
path has only two vertices of degree 1). 

If uv and v; +, are in different components of See;s interchange the colors c and 
c;+41 in the component containing v;+,. Then c is not represented at both u and 
v;+1, and so we can color the edge uv; +, with c. This gives a (1 + A)-edge coloring 
to the graph S U (uv;41). 
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Fig. 7.10 Graph illustrating 
the generalized Vizing’s 
theorem 


a” 


pL 


Suppose then u and v; +1 are in the same components of S,-;. Then, necessarily, 
vz 1s not in this component. Interchange c and c; in the component containing vx. 
In this case, further cascade the colors so that uv; has color c;, 1 < i < k — 1. Now 
color uv, with color c. 

Thus, we have extended our edge coloring of S with 1 + A colors to one more 
edge of G. This contradiction proves that H = G, and thus 7/(G) < 14+ A. O 


Actually, Vizing proved a more general result than the one given above. Let G be 
any loopless graph and let j1 denote the maximum number of edges joining two 
vertices in G. Then the generalized Vizing’s theorem states that A < y’ < A+ uw. 
This theorem is the best possible in that there are graphs with y’ = A + yw. For 
example, let G be the graph of Fig.7.10. Since any two edges of G are adjacent, 
x’ = m(G) = 3u = A+ w. Fora proof of the generalized Vizing’s theorem, see 
Yap [194]. 


Definition 7.6.6. Graphs for which y’ = A are called Class 1 graphs and those for 
which 7’ = 1 + A are called Class 2 graphs. 


Example 7.6.7. Bipartite graphs are of class 1 (see Theorem 7.6.3), whereas the 
Petersen graph (see Exercise 6.3) and any simple cubic graph with a cut edge (see 
Exercise 6.6) are of class 2. 


For details relating to graphs of class | and class 2, see [62, 194]. 


Exercise 6.9. Let G be a simple A-edge-chromatic critical graph [i.e., G is of class 
1 and for every edge e of G, y/(G — e) < y/(G)]. Prove that if wv € E(G), then 
d(u) + d(v) > A+2. 


We now return to the timetable problem. Following are some examples of such a 
problem. 


Problem I. In a social health checkup scheme, specialist physicians are to visit 
various health centers. Given the places each physician has to visit and also the time 
interval of his or her visit, how can we fit in an itinerary? The assumption is that 
each health center can accommodate only one doctor at a time. 


Problem 2. Mobile laboratories are to visit various schools in a city. Given the 
places each lab has to visit and also the time interval (period) of visits in a day, 
how can we fit in a timetable for the laboratories? 
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Problem 3. In an educational institution, as is well known, teachers have to instruct 
various classes. Given the various classes each teacher has to instruct in a day, how 
can we fit in a timetable? It is presumed that a teacher can teach only one class at a 
time and that each class could be taught by only one teacher at a time! 


We shall now discuss Problem3. Let x,,x2,...,X, denote the teachers and 
V1, ¥2,+++» Ym the classes. Let ;; denote the number of periods for which teacher 
x; has to meet class y;. How can we draw up a timetable? If there are constraints 
on the availability of classrooms, what is the minimum number of periods required 
to implement a timetable? If the number of periods in a day is specified, what is the 
minimum number of rooms required to implement the timetable? All these problems 
could be analyzed by using a suitable graph. 

Let G(T, C) be a bipartite graph formed with T = {x1,X2,...,xp} and C = 
{V1, Y2s+++, Yq} as the bipartition and in which there are ¢;; parallel edges with 
x; and y; as their common ends. If 7 denotes the set of teachers and C the 
set of classrooms, a teaching assignment for a period determines a matching in 
the bipartite graph G. Conversely, any matching in G corresponds to a teaching 
assignment for one period. The edges of G could be partitioned into A edge-disjoint 
matchings (see Theorem 7.6.3). Corresponding to the A matchings, a A-period 
timetable can be drawn up. 

Let N be the total number of periods to be taught by all teachers put together. 
Then, on average, N/A classes are to be taught per period. Hence, at least [N/A] 
rooms are necessary to implement a A-period timetable. We present below a method 
for drawing up such a timetable. For this, we need Lemma 7.6.8. 


Lemma 7.6.8. Let M and N be disjoint matchings of a graph G with |M| > |N\. 
Then there are disjoint matchings M’ and N’ of G with |M'| = |M|— 1 and 
|N’| =|N|+ landwith M'UN'=MUN. 

Proof. Consider the subgraph H = G[M U N]. Each component of H is either an 
even cycle or a path with edges alternating between M and N. Since |M| > |N, 
some path component P of H must have its initial and terminal edges in M. Let 
P = voeVi2V2... C2r4-1V2r41- 

Now set 


M'= (M \fe1, €3,..-, @2r41}) U {€2, 4,..., @ar} 


and 
N’ = (N \{e2, €4,.--, €2r}) U {€1, €3,..., a4}. 


Then M’ and N’ are disjoint matchings of G satisfying the conditions of the lemma. 
oO 


Theorem 7.6.9. If G is a bipartite graph (with m edges), andifm > t => A, then 
there exist t disjoint matchings M,, M2,..., M; of G such that 


E=M,UM.U...U™M, 
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Fig. 7.11 Bipartite graph 
corresponding to Problem 1 


and, for1 <i <t, 


[m/t| < |M;| < [m/t]. 


(In other words, any connected bipartite graph G is equitably t-edge-colorable, 
wherem >t > A.) 


Proof. By Theorem 7.6.3, x’ = A. Hence, E(G) can be partitioned into A 
matchings M/,M;,...,M. So fort > A, there exist disjoint matchings 
M;,M,,...,M/, where M/ = @ for A+ 1 <i < t, and 


E=M/UM3U...M). 
Now repeatedly apply Lemma 7.6.8 to pairs of matchings that differ by more 


than one in size. This would eventually result in matchings M,, M2,..., M; of G 
satisfying the condition stated in the theorem. Oo 


Coming back to our timetable problem, if the number of rooms available, say r, 
is less than N/A (so that N/r > A), then the number of periods is to be 
correspondingly increased. Hence, starting with an edge partition of E(G) into 
matchings M/, M;,...,M/,, we apply Lemma 7.6.8 repeatedly to get an edge 
partition of E(G) into disjoint matchings M,, M2,..., Mjw/,]. This partition gives 
a [| N/r]-period timetable that uses r rooms. 


Illustration. The teaching assignments of five professors, x1, X2,X3,%4,Xs5, in the 
mathematics department of a particular university are given by the following array: 


TYear Year Il Year IV Year 


J y2 ¥3 v4 
xX] 1 2 - - 
X 1 1 1 ad 
x3 1 = = 2 
X4 - = 1 = 
X5 = _ 1 1 


The bipartite graph G corresponding to the above problem is shown in Fig. 7.11. 
Each of the sets of edges drawn by the ordinary lines, dashed lines, and thick lines 
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Table 7.1 Timetable Period 
I II Ill 
Professor: xX] y1 y2 y2 


gives a matching in G. The three matchings cover the edges of G. Hence, they can 
be the basis of a three-period timetable. The corresponding timetable is given in 
Table 7.1. 

In each period, four classes are to be met. Hence, at least four rooms are needed 
to implement this timetable. Here A = 3 and N = 12. Consequently, G could be 
covered by three matchings each containing | 12/3] or [12/3] edges, that is, exactly 
four edges. This gives the edge partition 


M’ = {M;, M3, M3}, 
where 
Mi = {x1 y1, X22, X34, X5Y3}, 
Mz = {x1y2, x23, X31, X5 yah, 
and 
My = {x1 y2, X21, X3Y4.X4Y3}. 
Now, take M" = {M/, M3, M3, M, = 9}, and apply Lemma7.6.8. This gives 


an edge partition M = {M,, Mz, M3, M4}, where M, = {x1 y1, X2y2, x34}, Mo = 


{x1 2, X23,X5y4}, M3 = {x2yi1, X34, Xays}, and Mg = {x5y3,x3V1, X1y2}. The 
above partition yields a four-period timetable using three rooms. 


7.7  Snarks 


A consequence of the Vizing—Gupta theorem is that if G is a simple cubic graph, 
x'(G) = 3 or 4. By Exercise 6.6, if G is a simple cubic graph with a cut edge, 
x'(G) = 4. So the natural question is: Are there 2-edge-connected, simple cubic 
graphs that are 4-edge-chromatic? Such graphs are important in their own right, 
since their existence is related to the four-color problem (see Chap. 8). The search 
for such graphs has led to the study of snarks. 


Definition 7.7.1. A snark is a cyclically 4-edge-connected cubic graph of girth at 
least 5 that has chromatic index 4. 


Exercise 7.1. Prove that no snark can be Hamiltonian. 
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Fig. 7.12 Graph for proof of V1 
Theorem 7.7.2 


U4 U3 


Clearly, the Petersen graph is a snark. In fact, Theorem 7.7.2 is an interesting result. 


Theorem 7.7.2. The Petersen graph P is the smallest snark and it is the unique 
snark on 10 vertices. 


Proof. Let G be a snark and A a cyclical edge cut of G. Then G — A has two 
components, each having a cycle of length at least 5 (since G is of girth at least 5). 
Hence, |V(G)| => 10. Thus, P is a smallest snark since |V(P)| = 10. 

We now show that any snark G on 10 vertices must be isomorphic to P. Let 
A be a cyclical edge cut of G. If |A| = 4, then each component of G — A is 
a 5-cycle. But this will not account for all the 15 edges of G. If |A| > 5, then 
|E(G)| > 5+5+5 = 15, a contradiction. Hence, |A| = 5, and let A = {ujv; : 
1 < i < 5}. Then G — A consists of two 5-cycles. Let one of these cycles 
be {u, uz, U3, U4, Us}. Let v; be the third neighbor of u; not belonging to the set 
{uy, U2, U3, U4, Us} for each i. If vjvz or vivs is an edge of G, then G contains a 
4-cycle (see Fig. 7.12). 

Since G is cubic, vjv3 € E(G) and viv4 € E(G). Similarly, vovg, vovs, and v3Vv5 
are edges of G andhence G ~ P. O 


The construction of snarks is not easy. In 1975, Isaacs constructed two infinite 
classes of snarks. Prior to that, only four kinds of snarks were known: (1) the 
Petersen graph on 10 vertices, (2) Blanusa’s graphs on 18 vertices, (3) Szekeres’ 
graph on 50 vertices, and (4) Blanche Descartes’ graph on 210 vertices. 


7.8 Kirkman’s Schoolgirl Problem 


Kirkman’s schoolgirl problem was introduced in 1850 by Reverend Thomas 
J. Kirkman as “query 6” in page 48 of the Ladies and Gentlemen’s Diary. The 
problem is the following: A teacher would like to take 15 schoolgirls out for a walk, 


7.8 Kirkman’s Schoolgirl Problem 169 


Sunday Monday 
91 92 93 91 G4 911 
94 95 96 92 95 910 
97 98 99 93 98 913 
910 911 912 96 97 914 
913 914 915 99 912 915 
Tuesday Wednesday 
71 95 99 J G6 A113 
92 96 98 92 94 915 
93 911 915 93 99 910 
G4 N12 G14 95 97 G12 
IT G0 913 98 Jil 914 
Thursday Friday 

9. 97 915 91 98 912 
92 99 914 92 97 91 
93 96 912 93 95 G14 
94 98 910 G4 99 913 
95 Jl 913 96 910 915 


Saturday 
M1 G10 914 
92 G12 G13 
93 G4 IT 
95 98 G15 
96 99 Jil 


Fig. 7.13 Kirkman’s schoolgirl problem 


the girls being arranged in five rows of three. The teacher would like to ensure equal 
chances of friendship between any two girls. Hence, it is desirable to find different 
row arrangements for the seven days of the week such that any pair of girls walk in 
the same row on exactly one day of the week. 

Kirkman’s 15-schoolgirl problem has a solution. In fact, one of the possible 
schedules is given in Fig. 7.13. 
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In the general case, one wants to arrange 6n + 3 girls in 2n + 1 rows of three. 
The problem is to find different row arrangements for 3n + 1 different days in sucha 
way that any pair of girls walks in the same row on exactly one day out of the 37 + 
1 days. The existence of such an arrangement was proved by Ray-Chaudhuri and 
R. M. Wilson [164]. In graph-theoretic terminology, Kirkman’s schoolgirl problem 
corresponds to an edge coloring @ : E(K6n+3) > {C1,...,C3n+1} of the complete 
graph G = K6,+3 with 3n + 1 colors such that if E; denotes the set of all edges 
receiving the color c; and G; = G[E;], then G; has 2n + 1 components, each 
component being a triangle. 

The general problem can be tackled as follows: Consider the triangle graph 
T of Kon+3 defined as follows: The vertex set of 7 is the set of all triads of 
V(Kon+3), and two distinct vertices of T are joined by an edge in T if and only if 
the corresponding triads have two elements in common. Let S' be any independent 
set of T. Each vertex of S gives rise to three pairs of vertices of K6,+43, and each 
such pair belongs to at most one vertex of S. Hence, we have 3 |S| < Ce 5 that 
is, |S| < (2n + 1)(3n + 1). We must then find an independent set S’ of cardinality 
|S’| = (2n + 1)Gn + 1). Such a set exists since every solution of the Kirkman’s 
schoolgirl problem yields an independent set of T with (2n + 1)(3n + 1) vertices. 
We observe that S’ covers each pair of V(Kon+3) exactly once. Having found a 
maximum independent set S’ in T, we forma new graph T’ as follows: We take S’ as 
its vertex set and join two vertices of T’ by an edge if and only if the corresponding 
triads have exactly one vertex in common. We note that each independent set of 
T’ is a partition of a subset of V(K6n+3) into subsets of cardinality 3, and hence 
each independent set of T’ has at most (27 + 1) vertices. If the chromatic number 
of T’ is 3n + 1, then there is a partition (Vj, V2,..., V3n41) of V(T’) into parts of 
size 2n + 1 each. This partition is a solution to the Kirkman’s schoolgirl problem, 
and conversely, each solution to the Kirkman’s schoolgirl problem yields such a 
partition. 


Exercise 8.1. Let m > n+ 2 and let there exist edge partitions Y and Y of K, 
and K,,, respectively, into triangles with ¥ C Y. Prove that m > 2n + 1. 


7.9 Chromatic Polynomials 


In 1946, Birkhoff and Lewis [23] introduced the chromatic polynomial of a graph 
in their attempt to tackle the four-color problem (see Chap. 8) through algebraic 
techniques. 

For a graph G and a given set of A colors, the function {(G; A) is defined to 
be the number of ways of (vertex) coloring G properly using the 4 colors. Hence, 
FJ (G; A) = 0 when G has no proper A-coloring. Clearly, the minimum A for which 
FJ (G; A) > 0 is the chromatic number 7(G) of G. 

It is easy to see that f(K,;A) = AA -— 1)... A—n 4+ 1) for A > n. This is 
because any vertex of K,, can be colored by any one of the given A colors. After 
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coloring a vertex of K,, a second vertex of K,, can be colored by any one of the 
remaining (A — 1) colors, and so on. In particular, f(K3;4) = A(A — 1I)(A — 2). 
Also, f(Kf;A) = A". 

Let e = wv be any edge of G. Recall (see Sect. 4.3, Chap. 4) that the graph G 0 e 
is obtained from G by contracting the edge e. Theorem 7.9.1 presents a simple 
reduction formula to compute f(G; A). 


Theorem 7.9.1. Let G be any graph. Then f(G;A) = f(G —e;A) — f(G oe;A) 
for any edge e of G. 


Proof. {(G—e; A) denotes the number of proper colorings of G —e using A colors. 
Hence, it is the sum of the number of proper colorings of G — e in which uw and v 
receive the same color and the number of proper colorings of G — e in which u and 
v receive distinct colors. The former number is f(G © e; A), and the latter number 


is f(G;A). oO 
Exercise 9.1. If G and H are disjoint graphs, show that 


(GU HyA) = f(G5A) f(A; A). 


Theorem 7.9.1 could be used recursively to determine f(G; A) for graphs of small 
size by taking the given graph on vertices as G and successively deleting edges 
until we end up with the totally disconnected graph K;,. It can also be determined 
by taking the given graph as G —e and recursively adding a new edge e until we end 
up with the complete graph K,,. For a fixed, when m(G), the number of edges of 
G is small, the first method is preferable, and when it is large, the second method is 
preferable. These two methods are illustrated for the graph C4. [Here the function 
J (G; A) is represented by the graph itself. ] 


Method | 
e 
feee | | 
G 


na tes 
— 
> 


II 


= (021% =70=1) 40-1 = 16-0 =9) 
= \4—4)3 + 642-3). 


172 7 Graph Colorings 


Method 2 


ate 
) 


RN 
Q 


= f(K4a;A) + f(K3; A) + f(K3; A) + f( Ko; A) 

= f(K4;A) + 2f(K33A) + f(Ka; A) 
=i1A—-D)A—-2I0=3)42A—Nd=-27440=1 
= }* —4)7 +67 =31, 


The function {(C4;A) computed above is a monic polynomial with integer 
coefficients of degree n = 4 in which the coefficient of AX = —4 = —m, the 
constant term is zero, and the coefficients alternate in sign. That this is the case 
with all such functions f(G; A) is the content of Theorem 7.9.2. For this reason, 
the function f(G; A) is called the chromatic polynomial of the graph G. 


Theorem 7.9.2. For a simple graph G of ordern and size m, f(G; 4) is a monic 
polynomial of degree n in X with integer coefficients and constant term zero. In 
addition, its coefficients alternate in sign and the coefficient of 4"—' is —m. 


Proof. The proof is by induction on m. If m = 0, G is Kf and f(K‘;A) = A", 
and if m = 1, G is Ky and f(Kz;A4) = A? — J, and the statement of the theorem 
is trivially true in these cases. Suppose now that the theorem holds for all graphs 
with fewer than m edges, where m > 2. Let G be any simple graph of order n and 
size m, and let e be any edge of G. Both G — e and G oe (after removal of multiple 
edges, if necessary) are simple graphs with at most m — | edges, and hence, by the 
induction hypothesis, 


f(G—e;A) =A" - aga"! + aya"? — 20. + (-1)" TN ag_ad, 
and 
f(Goe;A) = AP! = byt +b + (1h, 


where do,..., @n—2; bi,..., b,—-2 are nonnegative integers (so that the coefficients 
alternate in sign), and dp is the number of edges in G — e, which is m — 1. By 
Theorem 7.9.1, f(G;A) = f(G —e;4) — f(G 0e;A), and hence 
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F(G:A) = A® — (Qo + DAD! + (+ AP? =. + (1) Gan + Dna) A. 


Since dg + 1 =m, f(G; A) has all the stated properties. 


Theorem 7.9.3. A simple graph G onn vertices is a tree if and only if f(G;A) = 
AA=1"!, 


Proof. Let G be a tree. We prove that f(G;A) = A(A — 1)""! by induction on n. 
If n = 1, the result is trivial. So assume the result for trees with at most n — 1 
vertices, n > 2. Let G be a tree with 1 vertices, and e be a pendent edge of G. By 
Theorem 7.9.1, f(G;A) = f(G—e; A)— f(Goe; A). Now, G—e is a forest with two 
component trees of orders n—1 and 1, and hence f(G—e; A) = (A(A—1)""7)a (see 
Exercise 9.1). Since G oe is a tree with n — 1 vertices, f(G 0e;A) = A(A— 1)". 
Thus, {(G;A) = AQ —1)"")A -AQA— 1"? =Aaa—1"!. 

Conversely, assume that G is a simple graph with f(G;A) = AA -—1)""! = 
A" —(n —1)A"—! +... + (-1)"7!2. Hence, by Theorem 7.9.2, G has n vertices 
and n — 1 edges. Further, the last term, (—1)"~!, ensures that G is connected (see 
Exercise 9.2). Hence, G is a tree (see Theorem 4.2.4). Oo 


Remark 7.9.4. Theorem 7.9.3 shows that the chromatic polynomial of a graph G 
does not fix the graph uniquely up to isomorphism. For example, even though the 
graphs K,3 and Py, are not isomorphic, they have the same chromatic polynomial, 
namely, A(A — 1)°. 


Exercise 9.2. If G has w components, show that A® is a factor of f(G; A). 


Exercise 9.3. Show that there exists no graph with the following polynomials as 
chromatic polynomial (i) A> — 444 + 843 — 4A? + A; (ii) A* — 343 + A?; (iii) 
AT= AS +1, 


Exercise 9.4, Find a graph G whose chromatic polynomial is A°—6A*4+ 11A7—6A?. 


Exercise 9.5. Show that for the cycle C, of length n, f(C,;A) = (A-— 1)" + 
(-1)"A-—1),n > 3. 


Exercise 9.6. Show that for any graph G, f(GV K\; A) = Af(G;A-—1), and hence 
prove that f(W,;A) = A(A — 2)" + (-1)"AQ — 2). 


Notes 


A good reference for graph colorings is the book by Jensen and Toft [116]. The 
book by Fiorini and Wilson [62] concentrates on edge colorings. Theorem 7.5.7 
(Mycielski’s theorem) has also been proved independently by Blanche Descartes 
[50] as well as by Zykov [195]. For a complete description of graph homomor- 
phisms, see [105]. 
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The proof of Brooks’ theorem given in this chapter is based on the proof given 
by Fournier [67] (see also references [27] and [106]). 

The term “snark” was given to the snark graph by Martin Gardner after the 
unusual creature that is described in Lewis Carroll’s poem, The Hunting of the 
Snark. A detailed account of the snarks, including their constructions, can be found 
in the interesting book by Holton and Sheehan [106]. 


Chapter 8 
Planarity 


8.1 Introduction 


The study of planar and nonplanar graphs and, in particular, the several attempts 
to solve the four-color conjecture have contributed a great deal to the growth of 
graph theory. Actually, these efforts have been instrumental to the development of 
algebraic, topological, and computational techniques in graph theory. 

In this chapter, we present some of the basic results on planar graphs. In 
particular, the two important characterization theorems for planar graphs, namely, 
Wagner’s theorem (same as the Harary—Tutte theorem) and Kuratowski’s theorem, 
are presented. Moreover, the nonhamiltonicity of the Tutte graph on 46 vertices (see 
Fig. 8.28 and also the front wrapper) is explained in detail. 


8.2. Planar and Nonplanar Graphs 


Definition 8.2.1. A graph G is planar if there exists a drawing of G in the plane in 
which no two edges intersect in a point other than a vertex of G, where each edge 
is a Jordan arc (that is, a simple arc). Such a drawing of a planar graph G is called 
a plane representation of G. In this case, we also say that G has been embedded in 
the plane. A plane graph is a planar graph that has already been embedded in the 
plane. 


Example 8.2.2. There exist planar as well as nonplanar graphs. In Fig. 8.1, a planar 
graph and two of its plane representations are shown. Note that all trees are planar 
as also are cycles and wheels. The Petersen graph is nonplanar (a proof of this result 
is given later in this chapter.). 


Before proceeding further, let us recall here the celebrated Jordan curve theorem. 
If J is any closed Jordan curve in the plane, the complement of J (with respect 
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Planar graph Kk, Two plane embeddings of Kk, 


Fig. 8.1 A planar graph with two plane embeddings 


Fig. 8.2 Arc connecting 
point x in int J with point y 
in ext J 


J ext J 


to the plane) is partitioned into two disjoint open connected subsets of the plane, 
one of which is bounded and the other unbounded. The bounded subset is called the 
interior of J and is denoted by int J. The unbounded subset is called the exterior 
of J and is denoted by ext J. The Jordan curve theorem (of topology) states that 
if J is any closed Jordan curve in the plane, any arc joining a point of int J anda 
point of ext J must intersect J at some point (see Fig. 8.2) (the proof of this result, 
although intuitively obvious, is tedious). 

Let G be a plane graph. Then the union of the edges (as Jordan arcs) of a cycle 
C of G form a closed Jordan curve, which we also denote by C. A plane graph G 
divides the rest of the plane (i.e., plane minus the edges and vertices of G), say z, 
into one or more faces, which we define below. We define an equivalence relation ~ 
on z. 


Definition 8.2.3. We say that for points A and B of z, A ~ B if and only if there 
exists a Jordan arc from A to B in z. Clearly, ~ is an equivalence relation on z. 
The equivalence classes of the above equivalence relation are called the faces of G. 


Remark 8.2.4. 1. We claim that a connected graph is a tree if and only if it has only 
one face. Indeed, since there are no cycles in a tree 7, the complement of a plane 
embedding of T in the plane is connected (in the above sense), and hence a tree 
has only one face. Conversely, it is clear that if a connected plane graph has only 
one face, then it must be a tree. 

2. Any plane graph has exactly one unbounded face. The unbounded face is also 
referred to as the exterior face of the plane graph. All other faces, if any, are 
bounded. Figure 8.3 represents a plane graph with seven faces. 


The distinction between bounded and unbounded faces of a plane graph is only 
superfluous, as there exists a plane representation G, of a plane graph G in which 
any specified face of G; becomes the unbounded face, as is shown below. (This of 
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Fig. 8.3. A plane graph with 
seven faces 


fz (exterior face) 


Fig. 8.4 Stereographic 
projection of the sphere S 
from N 


course means that there exists a plane representation of G such that any specified 
vertex or edge belongs to the unbounded face.) We consider embeddings of a graph 
ona sphere. A graph is embeddable ona sphere S if it can be drawn on the surface of 
S so that its edges intersect only at its vertices. Such a drawing, if it exists, is called 
an embedding of G on S. Embeddings on a sphere are called spherical embeddings. 
What we have given here is only a naive definition. For a more rigorous description 
of spherical embeddings, see [79]. 

To prove the next theorem, we need to recall the notion of stereographic 
projection. Let S be a sphere resting on a plane P so that P is a tangent plane 
to S. Let N be the “north pole,” the point on the sphere diametrically opposite the 
point of contact of S and P. Let the straight line joining N anda point s of S\{N} 
meet P at p. Then the mapping 7 : S\{N}— P defined by n(s) = p is called the 
stereographic projection of S from N (see Fig. 8.4). 


Theorem 8.2.5. A graph is planar if and only if it is embeddable on a sphere. 


Proof. Let a graph G be embeddable on a sphere and let G’ be a spherical 
embedding of G. The image of G’ under the stereographic projection 7 of the 
sphere from a point N of the sphere not on G’ is a plane representation of G on P. 
Conversely, if G” is a plane embedding of G on a plane P, then the inverse of the 
stereographic projection of G” on a sphere touching the plane P gives a spherical 
embedding of G. O 
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Fig. 8.5 Plane graph with 


four faces ft 


Theorem 8.2.6. (a) Let G beaplane graphand f be a face of G. Then there exists 
a plane embedding of G in which f is the exterior face. 

(b) Let G be a planar graph. Then G can be embedded in the plane in such a 
way that any specified vertex (or edge) belongs to the unbounded face of the 
resulting plane graph. 


Proof. (a) Letn be a point of int f: Let G’ = o(G) bea spherical embedding of G 
and let N = o(n). Let 7 be the stereographic projection of the sphere with NV 
as the north pole. Then the map no (o followed by 7) gives a plane embedding 
of G that maps f onto the exterior face of the plane representation (no)(G) 
of G. 

(b) Let f be a face containing the specified vertex (respectively, edge) in a plane 
representation of G. Now, by part (a) of the theorem, there exists a plane 
embedding of G in which f becomes the exterior face. The specified vertex 
(respectively, edge) then becomes a vertex (respectively, edge) of the new 
unbounded face. Oo 


Remark 8.2.7. 1. Let G be aconnected plane graph. Each edge of G belongs to one 
or two faces of G. A cut edge of G belongs to exactly one face, and conversely, 
if an edge belongs to exactly one face of G, it must be a cut edge of G. An edge 
of G that is not a cut edge belongs to exactly two faces and conversely. 

2. The union of the vertices and edges of G incident with a face f of G is called the 
boundary of f and is denoted by b(f). The vertices and edges of a plane graph 
G belonging to the boundary of a face of G are said to be incident with that face. 
If G is connected, the boundary of each face is a closed walk in which each cut 
edge of G is traversed twice. When there are no cut edges, the boundary of each 
face of G is a closed trail in G. (See, for instance, face f; of Fig. 8.3.) However, 
if G is a disconnected plane graph, then the edges and the vertices incident with 
the exterior face will not define a trail. 

3. The number of edges incident with a face f is defined as the degree of f In 
counting the degree of a face, a cut edge is counted twice. Thus, each edge of a 
plane graph G contributes two to the sum of the degrees of the faces. It follows 


that if F denotes the set of faces of a plane graph G, then )° d(f) = 2m(G), 
fEF 
where d(/) denotes the degree of the face f- 
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In Fig. 8.5, d(f,) = 3, d(f2) = 9, d(f) = 6, and d(f,) = 8. 
Theorem 8.2.8 connects the planarity of G with the planarity of its blocks. 


Theorem 8.2.8. A graph G is planar if and only if each of its blocks is planar. 


Proof. If G is planar, then each of its blocks is planar, since a subgraph of a 
planar graph is planar. Conversely, suppose that each block of G is planar. We now 
use induction on the number of blocks of G to prove the result. Without loss of 
generality, we assume that G is connected. If G has only one block, then G is 
planar. 

Now suppose that G has k planar blocks and that the result is true for all 
connected graphs having (k — 1) planar blocks. Choose any end block Bo of G and 
delete from G all the vertices of Bo except the unique cut vertex, say vo, of G in Bo. 
The resulting connected subgraph G’ of G contains (k — 1) planar blocks. Hence, by 
the induction hypothesis, G’ is planar. Let G' bea plane embedding of G’ such that 
vo belongs to the boundary of the unbounded face, say f ’ (refer to Theorem 8.2.6). 
Let Bo bea plane embedding of Bo in f’ so that vo is in the boundary of the exterior 
face of Bo. Then (by the identification of vo in the two embeddings), GU Boi isa 
plane embedding of G. O 


Remark 8.2.9. In testing for the planarity of a graph G, one may delete multiple 
edges and loops of G, if any. This is so because if a graph H is nonplanar, the 
removal of loops and parallel edges of H results in a subgraph of H, which is also 
nonplanar. Also, by Theorem 8.2.8, G can be assumed to be a block and hence 2- 
connected. If G has a vertex of degree 2, say vo, and vvov’ is the path formed by 
the two edges incident with vo, contraction of vvo and deletion of the multiple edges 
(if any) thus formed again result in a planar graph. Let G’ be the graph obtained 
from G by performing such contractions successively at vertices of degree 2 and 
deleting the resulting multiple edges. Then G is planar if and only if G’ is planar. 
From these observations, it is clear that in designing a planarity algorithm (i.e., an 
algorithm to test planarity), it suffices to consider only 2-connected simple graphs 
with minimum degree at least 3. (For a planarity algorithm, see [49].) 


Exercise 2.1. Show that every graph with at most three cycles is planar. 


Exercise 2.2. Find a simple graph G with degree sequence (4, 4, 3, 3, 3, 3) 
such that 


(a) G is planar. 
(b) G is nonplanar. 


Exercise 2.3. Redraw the following planar graph so that the face f becomes the 
exterior face. 


180 8 Planarity 


8.3. Euler Formula and Its Consequences 


We have noted that a planar graph may have more than one plane representation 
(see Fig. 8.1). A natural question that would arise is whether the number of faces is 
the same in each such representation. The answer to this question is provided by the 
Euler formula. 


Theorem 8.3.1 (Euler formula). For a connected plane graph G,n—m +f = 2, 
where n, m, and f denote the number of vertices, edges, and faces of G, respectively. 


Proof. We apply induction on f. 

Iff = 1, then G is a tree and m =n — 1. Hence,n —m +f= 2 

Now assume that the result is true for all plane graphs with — | faces, f = 2 
and suppose that G has f faces. Since > 2, G is not a tree, and hence contains a 
cycle C. Let e be an edge of C. Then e belongs to exactly two faces, say fi; and 
jo, of G and the deletion of e from G results in the formation of a single face from 
fi and fo (see Fig. 8.5). Also, since e is not a cut edge of G, G — e is connected. 
Further, the number of faces of G — e is f — 1. So applying induction to G — e, we 
getn —(m—1) + (f—1) = 2, and this implies that n —m + { = 2. This completes 
the proof of the theorem. Oo 


Below are some of the consequences of the Euler formula. 


Corollary 8.3.2. All plane embeddings of a given planar graph have the same 
number of faces. 


Proof. Since } = m-—n-+ 2, the number of faces depends only on n and m, and not 
on the particular embedding. Oo 


Corollary 8.3.3. If G is a simple planar graph with at least three vertices, then 
m <3n—6. 


Proof. Without loss of generality, we can assume that G is a simple connected plane 
graph. Since G is simple and n > 3, each face of G has degree at least 3. Hence, 
if F denotes the set of faces of G, Di ex d(f) = 3f. But Di ypezd(f) = 2m. 


Consequently, 2m > 3}, so that} < am 
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By the Euler formula, m = n Fhe 2. Now { < ot implies thatm < n+ (22) —2. 
This gives m < 3n — 6. O 


The above result is not valid ifm = 1 or 2. Also, the condition of Corollary 8.3.3 
is not sufficient for the planarity of a simple connected graph as the Petersen graph 
shows. For the Petersen graph, m = 15, n = 10, and hence m < 3n — 6, but the 
graph is not planar (see Corollary 8.3.7 below). 


Example 8.3.4. Show that the complement of a simple planar graph with 11 vertices 
is nonplanar. 


Solution. Let G be a simple planar graph with n(G) = 11. Since G is planar, 
m(G) < 3n —6 = 27. If G° were also planar, then m(G°) < 3n —6 = 27. 
On the one hand, m(G) + m(G‘°) < 27+ 27 = 54, whereas, on the other hand, 
m(G) + m(G‘) = m(Ki) = (a) = 55. Hence, we arrive at a contradiction. This 
contradiction proves that G° is nonplanar. O 


Corollary 8.3.5. For any simple planar graph G, 5(G) < 5. 


Proof. Ifn < 6, then A(G) < 5. Hence 6(G) < A(G) < 5, proving the result 
for such graphs. So assume that n > 7. By Corollary 8.3.3,m < 3n — 6. Now, 
én < ev(G) dg(v) = 2m < 2(3n — 6) = 6n — 12. Hence n(6 — 6) < —12. 


Consequently, 6 — 6 is negative, implying that 6 < 5. oO 


Recall that the girth of a graph G is the length of a shortest cycle in G. 


Theorem 8.3.6. [f the girth k of a connected plane graph G is at least 3, then 
k(n—2) 


Proof. Let F denote the set of faces and i as before, denote the number of faces 
of G. If f ¢ F, then d(f) = k. Since 2m = )' ex d(f), we get 2m > kf. 
By Theorem 8.3.1, = 2—n-+™m. Hence, 2m > k(2 —n + m), implying that 


m(k — 2) < k(n — 2). Thus, m < oS. Oo 


Corollary 8.3.7. The Petersen graph P is nonplanar. 


Proof. The girth of the Petersen graph P is 5,n(P) = 10, and m(P) = 15. Hence, 
if P were planar, 15 < oo, which is not true. Hence, P is nonplanar. Oo 


Exercise 3.1. Show that every simple bipartite cubic planar graph contains a C4. 


Exercise 3.2. A nonplanar graph G is called planar-vertex-critical if G — v is 
planar for every vertex v of G. Prove that a planar-vertex-critical graph must be 
2-connected. 
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Exercise 3.3. Verify Euler’s formula for the plane graph P. 


Exercise 3.4. Let G be a simple plane cubic graph having eight faces. Determine 
n(G). Draw two such graphs that are nonisomorphic. 


Exercise 3.5. Prove that if G is a simple connected planar bipartite graph, then 
m < 2n —4, where n > 3. 


Exercise 3.6. Prove that a simple planar graph (with at least four vertices) has at 
least four vertices each of degree 5 at most. 


Exercise 3.7. If G is a nonplanar graph, show that it has either five vertices of 
degree at least 4, or six vertices of degree at least 3. 


Exercise 3.8. Prove that a simple planar graph with minimum degree at least five 
contains at least 12 vertices. Give an example of a simple planar graph on 12 vertices 
with minimum degree 5. 


Exercise 3.9. Show that there is no 6-connected planar graph. 


Exercise 3.10. Let G be a plane graph of order n and size m in which every face is 
bounded by a k-cycle. Show that m = k(n—~2) 


Definition 8.3.8. A graph G is maximal planar if G is planar, but for any pair of 
nonadjacent vertices u and v of G, G + uv is nonplanar. 


Remark 8.3.9. Any planar graph is a spanning subgraph of a maximal planar 
graph. Indeed, if Gisa plane embedding of a planar graph G with at least three 
vertices, and if e = uv is a cut edge of G embedded in a face f of G, it is clear 
that there exists a vertex w on the boundary of f such that the edge uw or vw can be 
drawn in f so that either G + (vw) or G + (uw) is also a plane graph (see Fig. 8.6a). 
Further, if Co is any cycle bounding a face fo of a plane graph H, then edges can be 
drawn in int Co without crossing each other so that fo is divided into triangles (see 
Fig. 8.6b). 
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Fig. 8.6 Procedure to get maximal planar graphs 


Definition 8.3.10. A plane triangulation is a plane graph in which each of its faces 
is bounded by a triangle. A plane triangulation of a plane graph G is a plane 
triangulation H such that G is a spanning subgraph of H. 


Remark 8.3.11. Remark 8.3.9 shows that a plane embedding of a simple maximal 
planar graph is a plane triangulation. 


Note that any simple plane graph is a subgraph of a simple maximal plane graph and 
hence is a spanning subgraph of some plane triangulation. Thus, to any simple plane 
graph G that is not already a plane triangulation, we can add a set of new edges to 
obtain a plane triangulation. The set of new edges thus added need not be unique. 

Figure 8.7a is a simple plane graph G and Fig. 8.7b is a plane triangulation of G; 
Fig. 8.7c is a plane triangulation of G isomorphic to the graph of Fig. 8.7b having 
only straight-line edges. (A result of Fary [60] states that every simple planar graph 
has a plane embedding in which each edge is a straight line.) 


Exercise 3.11. Embed the 3-cube Q3 (see Exercise 4.4 of Chap.5) in a maximal 
planar graph having the same vertex set as Q3. Count the number of new edges 
added. 


Exercise 3.12. Prove that for a simple maximal planar graph on n > 3 vertices, 
m = 3n—6. 


Exercise 3.13. Use Exercise 3.12 to show that for any simple planar graph, m < 
3n — 6. 


Exercise 3.14. Show that every plane triangulation of order n > 4 is 3-connected. 


Exercise 3.15. Let G be a maximal planar graph with n > 4. Let n; denote the 
number of vertices of degree i in G. Then prove that 373 + 2n4+n5 = 12+n7+ 
2ng + 3n9 + 4njio + .... (Hint: Use the fact thatn = 13 +n4g+n5+not+....) 


Exercise 3.16. Generalize the Euler formula for disconnected plane graphs. 
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Fig. 8.7 (a) Graph G and (b), (c) are plane triangulations of G 


8.4 Ks and K3,3 are Nonplanar Graphs 


In this section we prove that K5 and K33 are nonplanar. These two graphs are basic 
in Kuratowski’s characterization of planar graphs (see Theorem 8.7.5 given later 
in this chapter). For this reason, they are often referred to as the two Kuratowski 
graphs. 


Theorem 8.4.1. K5 is nonplanar. 


First proof. This proof uses the Jordan curve theorem. Assume the contrary, 
namely, Ks; is planar. Let vj, v2,v3,v4, and vs be the vertices of Ks in a plane 
representation of K5. The cycle C = v,v2v3v4v, (as a closed Jordan curve) divides 
the plane into two faces, namely, the interior and the exterior of C. The vertex v5 
must belong either to int C or to ext C. Suppose that vs belongs to int C (a similar 
proof holds if vs belongs to ext C). Draw the edges vsv), vsv2, v5v3, and vsvq in int 
C. Now there remain two more edges v;v3 and v2v4 to be drawn. None of these can 
be drawn in int C, since it is assumed that Ks is planar. Thus, v; v3 lies in ext C. Then 
one of v2 and v4 belongs to the interior of the closed Jordan curve C) = v1 v5v3v, and 
the other to its exterior (see Fig. 8.8). Hence, v2v4 cannot be drawn without violating 
planarity. Oo 
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Fig. 8.8 Graph for first proof 
of Theorem 8.4.1 


Ci 
v1 
U4 U3 
Fig. 8.9 Graph for first proof Ci 
of Theorem 8.4.3 
U3 Tp) 
U3 v9 
C 


Remark 8.4.2. The first proof of Theorem 8.4.1 shows that all the edges of Ks 
except one can be drawn in the plane without violating planarity. Hence for any 
edge e of Ks, Ks — e is planar. 


3(5—2) 
G—2)” 


Second proof. If Ks were planar, it follows from Theorem 8.3.6 that 10 < 
which is not true. Hence Ks is nonplanar. 


Theorem 8.4.3. K3,3 is nonplanar. 


First proof. The proof is by the use of the Jordan curve theorem. Suppose that K3.3 
is planar. Let U = {uy, uz, u3} and V = {v1, v2, v3} be the bipartition of K33 in a 
plane representation of the graph. Consider the cycle C = u,v, u2Vv2U3V3u. Since 
the graph is assumed to be planar, the edge u;v2 must lie either in the interior of C 
or in its exterior. For the sake of definiteness, assume that it lies in int C (a similar 
proof holds if one assumes that the edge uj; v2 lies in ext C). Two more edges remain 
to be drawn, namely, u2v3 and u3v,. None of these can be drawn in int C without 
crossing the edge u;v2. Hence, both of them are to be drawn in ext C. Now draw 
u2Vv3 in ext C. Then one of v, and w3 belongs to the interior of the closed Jordan 
curve Cy = u)v2u2v3u, and the other to the exterior of C, (see Fig. 8.9). Hence, 
the edge v,;u3 cannot be drawn without violating planarity. This shows that K33 is 
nonplanar. O 
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Second proof. Suppose K3,3 is planar. Let f be the number of faces of G = K33 in 
a plane embedding of G and /, the set of faces of G. As the girth of K3.3 is 4, we 


4 
have m = 5 rer d(f) = 4 = 2f. By Theorem 8.3.1, 7 —m + f = 2. For K33, 
n = 6,andm = 9. Hence, f = 2+m-—n = 5. Thus, 9 > 2.5 = 10, acontradiction. 
Oo 


Exercise 4.1. Give yet another proof of Theorem 8.4.3. 


Exercise 4.2. Find the maximum number of edges in a planar complete tripartite 
graph with each part of size at least 2. 


Remark 8.4.4. As in the case of Ks, for any edge e of K33, K33 — e is planar. 
Observe that the graphs K; and K33 have some features in common. 


. Both are regular graphs. 

. The removal of a vertex or an edge from each graph results in a planar graph. 

. Contraction of an edge results in a planar graph. 

. Ks is a nonplanar graph with the smallest number of vertices, whereas K33 is a 
nonplanar graph with the smallest number of edges. (Hence, any nonplanar graph 
must have at least five vertices and nine edges.) 


BwWN ere 


8.5 Dual of a Plane Graph 


Let G be a plane graph. One can form out of G a new graph # in the following way. 
Corresponding to each face f of G, take a vertex f* and corresponding to each edge 
e of G, take an edge e*. Then edge e* joins vertices f* and g* in H if and only 
if edge e is common to the boundaries of faces f and g in G. (It is possible that f 
may be the same as g.) The graph # is then called the dual (or more precisely, the 
geometric dual) of G (see Fig. 8.10). If e is a cut edge of G embedded in face f of 
G, then e* is a loop at f*. H is a planar graph and there exists a natural way of 
embedding #H in the plane. Vertex f*, corresponding to face f, is placed in face f 
of G. Edge e*, joining f* and g*, is drawn so that e* crosses e once and only once 
and crosses no other edge. This procedure is illustrated in Fig. 8.11. This embedding 
is the canonical embedding of H. H with this canonical embedding is denoted by 
G*. Any two embeddings of H, as described above, are isomorphic. 

The definition of the dual implies that m(G*) = m(G), n(G*) = i(G), and 
dg«(f*) = dg(f), where dg(f) denotes the degree of the face f of G. 

From the manner of construction of G*, it follows that 


(i) An edge e of a plane graph G is a cut edge of G if and only if e* is a loop of 
G*, and it is a loop of G if and only if e* is a cut edge of G*. 

(ii) G* is connected whether G is connected or not (see graphs G and G* of 
Fig. 8.12). 


The canonical embedding of the dual of G* is denoted by G**. It is easy to check 
that G** is isomorphic to G if and only if G is connected. Graph isomorphism 
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Fig. 8.10 A plane graph G fi 
and its dual H 


Fig. 8.11 Procedure for drawing the dual graph 
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does not preserve duality; that is, isomorphic plane graphs may have nonisomorphic 
duals. The graphs G and H of Fig. 8.13 are isomorphic plane graphs, but G* #4 H*. 
G has a face of degree 5, whereas no face of H has degree 5. Hence, G* has a 
vertex of degree 5, whereas H* has no vertex of degree 5. Consequently, G* #4 H*. 


Exercise 5.1. Draw the dual of 


(i) The Herschel graph (graph of Fig. 5.4). 
(ii) The graph G given below: 


Fig. 8.12 A disconnected 
graph G and its (connected) 
dual G* 


UG : UG 


Fig. 8.13 Isomorphic graphs G and H for which G* # H* 
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Exercise 5.2. A plane graph G is called self-dual if G ~ G*. Prove the 
following: 


(i) All wheels W,, (n > 3) are self-dual. 
(ii) For a self-dual graph, 2n = m + 2. 


Exercise 5.3. Construct two infinite families of self-dual graphs. 


8.6 The Four-Color Theorem and the Heawood 
Five-Color Theorem 


What is the minimum number of colors required to color the world map of countries 
so that no two countries having a common boundary receive the same color? This 
simple-looking problem manifested itself into one of the most challenging problems 
of graph theory, popularly known as the four-color conjecture (4CC). 

The geographical map of the countries of the world is a typical example of a 
plane graph. An assignment of colors to the faces of a plane graph G so that no 
two faces having a common boundary containing at least one edge receive the same 
color is a face coloring of G. The face-chromatic number y*(G) of a plane graph G 
is the minimum k for which G has a face coloring using k colors. The problem of 
coloring a map so that no two adjacent countries receive the same color can thus be 
transformed into a problem of face coloring of a plane graph G. The face coloring 
of G is closely related to the vertex coloring of the dual G* of G. The fact that 
two faces of G are adjacent in G if and only if the corresponding vertices of G* 
are adjacent in G* shows that G is k-face-colorable if and only if G* is k-vertex- 
colorable. 

It was young Francis Guthrie who conjectured, while coloring the district map 
of England, that four colors were sufficient to color the world map so that adjacent 
countries receive distinct colors. This conjecture was communicated by his brother 
to De Morgan in 1852. Guthrie’s conjecture is equivalent to the statement that any 
plane graph is 4-face-colorable. The latter statement is equivalent to the conjecture: 
Every planar graph is 4-vertex-colorable. 

After the conjecture was first published in 1852, many attempted to settle it. In the 
process of settling the conjecture, many equivalent formulations of this conjecture 
were found. Assaults on the conjecture were made using such varied branches of 
mathematics as algebra, number theory, and finite geometries. The solution found 
the light of the day when Appel, Haken, and Koch [8] of the University of Illinois 
established the validity of the conjecture in 1976 with the aid of computers (see also 
[6,7]). The proof includes, among other things, 10!° units of operations, amounting 
to a staggering 1200 hours of computer time on a high-speed computer available at 
that time. 
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Although the computer-oriented proof of Appel, Haken, and Koch settled the 
conjecture in 1976 and has stood the test of time, a theoretical proof of the four- 
color problem is still to be found. 

Even though the solution of the 4CC has been a formidable task, it is rather easy 
to establish that every planar graph is 6-vertex-colorable. 


Theorem 8.6.1. Every planar graph is 6-vertex-colorable. 


Proof. The proof is by induction on n, the number of vertices of the graph. 
The result is trivial for planar graphs with at most six vertices. Assume the result 
for planar graphs with n — 1, n > 7, vertices. Let G be a planar graph with n 
vertices. By Corollary 8.3.5, 5(G) < 5, and hence G has a vertex v of degree at 
most 5. By hypothesis, G — v is 6-vertex-colorable. In any proper 6-vertex coloring 
of G — v, the neighbors of v in G would have used only at most five colors, 
and hence v can be colored by an unused color. In other words, G is 6-vertex- 
colorable. Oo 


It involves some ingenious arguments to reduce the upper bound for the 
chromatic number of a planar graph from 6 to 5. The upper bound 5 was obtained 
by Heawood [103] as early as 1890. 


Theorem 8.6.2 (Heawood’s five-color theorem). Every planar graph is 5-vertex- 
colorable. 


Proof. The proof is by induction on n(G) = n. Without loss of generality, we 
assume that G is a connected plane graph. If n < 5, the result is clearly true. 
Hence, assume that n > 6 and that any planar graph with fewer than n vertices is 
5-vertex-colorable. G being planar, 5(G) < 5 by Corollary 8.3.5, and so G contains 
a vertex vo of degree not exceeding 5. By the induction hypothesis, G — vo is 5- 
vertex-colorable. 

If d(vo) < 4, at most four colors would have been used in coloring the neighbors 
of vo in G in a 5-vertex coloring of G — vo. Hence, an unused color can then be 
assigned to vo to yield a proper 5-vertex coloring of G. 

If d(vo) = 5, but only four or fewer colors are used to color the neighbors of vo 
in a proper 5-vertex coloring of G — vo, then also an unused color can be assigned 
to vo to yield a proper 5-vertex coloring of G. 

Hence assume that the degree of vo is 5 and that in every 5-coloring of G — vo, 
the neighbors of vo in G receive five distinct colors. Let v;, v2, v3, v4, and vs be the 
neighbors of vo in a cyclic order in a plane embedding of G. Choose some proper 
5-coloring of G—vo with colors, say, C1, C2,...,¢5. Let {V,, V2,..., Vs} be the color 
partition of G — vo, where the vertices in V; are colored c;, 1 < i < 5. Assume 
further that v; Ee V;, 1 <i <5. 

Let Gj; be the subgraph of G — vo induced by V; U V;. Suppose v; and v;, 1 < 
i, j <5, belong to distinct components of G;;. Then the interchange of the colors 
c; and c; in the component of G;; containing v; would give a recoloring of G — vo 
in which only four colors are assigned to the neighbors of vo. But this is against our 
assumption. Hence, v; and v; must belong to the same component of G;;. Let P;,; 
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Fig. 8.14 Graph for proof 
of Theorem 8.6.2 


be a v;-v; path in G;;. Let C denote the cycle vov P13¥3Vvo in G (Fig. 8.14). Then C 
separates v2 and va; that is, one of v2 and v4 must lie in int C and the other in ext C. 
In Fig. 8.14, v2 € int C and v4 € ext C. Then P24 must cross C at a vertex of C. But 
this is clearly impossible since no vertex of C receives either of the colors cz and 
c4. Hence this possibility cannot arise, and G is 5-vertex-colorable. Oo 


Note that the bound 4 in the inequality y(G) < 4 for planar graphs G is best 
possible since K4 is planar and y(K4) = 4. 


Exercise 6.1. Show that a planar graph G is bipartite if and only if each of its faces 
is of even degree in any plane embedding of G. 


Exercise 6.2. Show that a connected plane graph G is bipartite if and only if G* is 
Eulerian. Hence, show that a connected plane graph is 2-face-colorable if and only 
if it is Eulerian. 


Exercise 6.3. Prove that a Hamiltonian plane graph is 4-face-colorable and that its 
dual is 4-vertex-colorable. 


Exercise 6.4. Show that a plane triangulation has a 3-face coloring if and only if it 
is not K4. (Hint: Use Brooks’ theorem.) 


Remark 8.6.3. (Grotzsch): If G is a planar graph that contains no triangle, then G 
is 3-vertex-colorable. 


8.7. Kuratowski’s Theorem 


Definition 8.7.1. 1. A subdivision of an edge e = uv of a graph G is obtained by 
introducing a new vertex w in e, that is, by replacing the edge e = uv of G by 
the path uwv of length 2 so that the new vertex w is of degree 2 in the resulting 
graph (see Fig. 8.15a). 
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Fig. 8.15 (a) Subdivision of edge e of graph G, (b) two homeomorphs of graph G 


2. A homeomorph or a subdivision of a graph G is a graph obtained from G by 
applying a finite number of subdivisions of edges in succession (see Fig. 8.15b). 
G itself is regarded as a subdivision of G. 

3. Two graphs G; and Gp are called homeomorphic if they are both homeomorphs 
of some graph G. Clearly, the graphs of Fig.8.15b are homeomorphic, even 
though neither of the two graphs is a homeomorph of the other. 


Kuratowski’s theorem [129] characterizing planar graphs was one of the major 
breakthrough results in graph theory of the 20th century. As mentioned earlier, 
while examining planarity of graphs, we need only consider simple graphs since 
the presence of loops and multiple edges does not affect the planarity of graphs. 
Consequently, a graph is planar if and only if its underlying simple graph is planar. 
We therefore consider in this section only (finite) simple graphs. We recall that for 
any edge e of a graph G, G — e is the subgraph of G obtained by deleting the 
edge e, whereas G o e denotes the contraction of e. We always discard isolated 
vertices when edges get deleted and remove the new multiple edges when edges 
get contracted. More generally, for a subgraph H of G, G o H denotes the graph 
obtained by the successive contractions of all the edges of H in G. The resulting 
graph is independent of the order of contraction. Moreover, if G is planar, then Goe 
is planar; consequently, G o H is planar. In other words, if G o H/ is nonplanar for 
some subgraph H of G, then G is also nonplanar. Further, any two homeomorphic 
graphs are contractible to the same graph. 


Definition 8.7.2. If Go H = K, we call K a contraction of G; we also say that 
G is contractible to K. G is said to be subcontractible to K if G has a subgraph 
HT contractible to K. We also refer to this fact by saying that K is a subcontraction 
of G. 
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Fig. 8.16 Graph G subcontractible to triangle abc 


Example 8.7.3. For instance, in Fig. 8.16, graph G is subcontractible to the triangle 
abc. (Take H to be the cycle abcd and contract the edge ad in H. By abuse of 
notation, the new vertex is denoted by a or d.) We note further that if G’ is a 
homeomorph of G, then contraction of one of the edges incident at each vertex 
of degree 2 in V(G’)\V(G) results in a graph homeomorphic to G. 


Our first aim is to prove the following result, which was established by Wagner 
[186] and, independently, by Harary and Tutte [96]. 


Theorem 8.7.4 ([96,186]). A graph is planar if and only if it is not subcontractible 
to Ks or K33. 


As a consequence, we establish Kuratowski’s characterization theorem for planar 
graphs. 


Theorem 8.7.5 (Kuratowski [129]). A graph is planar if and only if it has no 
subgraph homeomorphic to Ks or K3,3. 


The proofs of Theorems 8.7.4 and 8.7.5, as presented here, are due to Fournier [68]. 
Recall that any subgraph and any contraction of a planar graph are both planar. 


Definition 8.7.6. A simple connected nonplanar graph G is irreducible if, for each 
edge e of G, G oe is planar. 


For instance, both Ks; and K33 are irreducible. 


Proof of theorem 8.7.4. If G has a subgraph Go contractible to Ks or K33, then 
since K; and K3.3 are nonplanar, Go and therefore G are nonplanar. 


We now prove the converse. Assume that G is a simple connected nonplanar graph. 
By Theorem 8.2.8, at least one block of G is nonplanar. Hence, assume that G 
is a simple 2-connected nonplanar graph. We now show that G has a subgraph 
contractible to Ks or K33. 

Keep contracting edges of G (and delete the new multiple edges, if any, at each 
stage of the contraction) until a (2-connected) irreducible (nonplanar) graph H 
results. Clearly, 6(H) > 3. Now, if e and f are any two distinct edges of G, then 
(Goe)— f = (G— f) oe. Hence, the graph H may as well be obtained by 
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Fig. 8.17 Graph H for case 1 of proof of Theorem 8.7.4 


deleting a set (which may be empty) of edges of G, resulting in a subgraph Go of G 
and then contracting a subgraph of Gp. We now complete the proof of the theorem 
by showing that H has a subgraph K homeomorphic (and hence contractible) to K5 
or K3.3. In this case, G has the subgraph Go, which is contractible to Ks or K333. 
Let e = ab € E(HA) and H’ = H — {a,b}. Then H’ is connected. If not, {a, b} 
is a vertex cut of H. Let G},..., G, be the components of H’. As H is irreducible, 
H — V(G/) is planar, and there exists a plane embedding of H’ in which the edge 
ab is in the exterior face. As G} is planar, G/ can be embedded in this exterior face 
of H’. This would make H a planar graph, a contradiction. Thus, H’ is connected. ] 


Case 1. H’' has a cut vertex v. Let G), G2,...,G, (r = 2) be the components of 
H’—{y}, and let Gi, Gz,..., Gs, 0 < s <r, be those components that are connected 
to both a and D. (see Fig. 8.17). If r > s, then each of G;41,...,G, is connected 
to only one of a or b. Assume that G, is connected to b and not to a. From the 
plane representation of G o (G;4; U... UG,), the contraction of G obtained by 
contracting the edges of Gs41,...,G,, we can obtain a plane representation of H’ 
(see Fig. 8.17). [In fact, if G, is contracted to the vertex w,, then as the subgraph 
A, = (v,b,v(G,)) of H’ is planar, the pair of edges {vw,, w,b} can be replaced 
by the planar subgraph A, and so on.] Hence this case cannot arise. Consequently, 
r =s.Ifr = s = 2, the plane embeddings of H’ o G, and H’ o Gp yield a plane 
embedding of H’, a contradiction (see Fig. 8.18). Consequently, r = s > 3. In this 
case, H’ contains a homeomorph of K3,3 (see Fig. 8.19), with {w,, wo, w3; a,b, v} 
being the vertex set of K3,3. (Other possibilities for w1,w2,w3 will also yield a 
homeomorph of K3,3.) 


Case 2. H' is 2-connected. Then H’ contains a cycle C of length at least 3. 
Consider a plane embedding of H o e (where e = ab, as above). If c denotes 
the new vertex to which a and b get contracted, (H oe)—c = H’. We may therefore 
suppose without loss of generality that c is in the interior of the cycle C in the plane 
embedding of H oe. 
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Fig. 8.18 Plane embedding 
for case 1| of proof of 
Theorem 8.7.4 


Fig. 8.19 Homeomorph for case 1 of proof of Theorem 8.7.4 


Now, the edges of H o e incident to c arise out of edges of H incident to a or D. 
There arise three possibilities with reference to the positions of the edges of H oe 
incident to c relative to the cycle C. 


(i) 


(ii) 


(iii) 


Suppose the edges incident to c occur so that the edges incident to a and the 
edges incident to b in H are consecutive around c in a plane embedding of 
HT oe, as shown in Fig. 8.20a. Since H is a minimal nonplanar graph, the 
paths from c to C can only be single edges. Then the plane representation of 
H oe gives a plane representation of H, as in Fig. 8.20b, a contradiction. So 
this possibility cannot arise. 

Suppose there are three edges of H o e incident with c, with each edge 
corresponding to a pair of edges of H, one incident to a and the other to b, 
as in Fig.8.21a. Then H contains a subgraph contractible to K5, as shown in 
Fig. 8.21b. 

We are now left with only one more possibility. 

There are four edges of H 0 e incident to c, and they arise alternately out 
of edges incident to a and b in H, as in Fig.8.22a. Then there arises in H 
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Fig. 8.20 First configuration for case 2 of proof of Theorem 8.7.4. Edges incident to a and b are 
marked a and 5, respectively 


ty t 
tg 
C 
tz , 


Fig. 8.21 Second configuration for case 2 of proof of Theorem 8.7.4. Edges incident to both a and 
b are marked ab 


a b 


Fig. 8.22 Third configuration for case 2 of proof of Theorem 8.7.4 


a homeomorph of K33, as shown in Fig. 8.22b. The sets ¥ = {a, to, t4} and 
Y = {b, ty, ts} are the sets of the bipartition of this homeomorph of K33. O 


We now proceed to prove Theorem 8.7.5. 


Proof of theorem 8.7.5. The “sufficiency” part of the proof is trivial. If G contains 
a homeomorph of either Ks or K33, G is certainly nonplanar, since a homeomorph 
of a planar graph is planar. 
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Fig. 8.23 Graphs for proof a 
of Theorem 8.7.5 Ly Hp) x3 
E 
a 
Y y2 ¥3 
b 
Baal v2 v3 
€1 
a 
Y Y2 Y3 


Assume that G is connected and nonplanar. Remove edges from G one after 
another until we get an edge-minimal connected nonplanar subgraph Go of G; that 
is, Go is nonplanar and for any edge e of G, Go — e is planar. Now contract the 
edges in Go incident with vertices of degree at most 2 in some order. Let us denote 
the resulting graph by Gj. Then Gj is nonplanar, whereas Gj — e is planar for any 
edge e of Gj, and the minimum degree of G, is at least 3. We now have to show that 
Gj, contains a homeomorph of Ks or K3,3. 

By Theorem 8.7.4, Gp is subcontractible to K5 or K33. This means that Gh 
contains a subgraph H that is contractible to Ks or K33. As Gj — e is planar for 
any edge e of Gj, G) = H. Thus, Gj itself is contractible to Ks or K33. If Gj 
is either K5 or K33, we are done. Assume now that Gp is neither Ks nor K33. 


Let €1,@2,...,¢, be the edges of Gj, when contracted in order, that result in a K5 
or K33. 
First, let us assume that r = 1, so that Gp o e; is either Ks or K33. Suppose 


that Gj oe; = K33 with {x1, x2, x3} and {y1, y2, y3} as the partite sets of vertices. 
Suppose that x; is the vertex obtained by identifying the ends of e;. We may then 
take e; = x ,a (by abuse of notation), where a is a vertex distinct from the x;’s 
and y;’s (Fig. 8.23a). If a is adjacent to all of y1, y2 and y3, then {a, x2, x3} and 
{y1, ¥2, ¥3} form a bipartition of a K33 in Gj. If a is adjacent to only one or two of 
{V1, Y2, ¥3} (Fig. 8.23b), then again Gj contains a homeomorph of K33. 

Next, let us assume that Gi oe, = Ks with vertex set {v1, v2, v3, v4, Vs}. 
Suppose that v; is the vertex obtained by identifying the ends of e;. As before, 
we may take ej = va, where a €¢ {v1,V2,V3,V4,V5}. If a is adjacent to 
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Fig. 8.24 Graphs for proof of Theorem 8.7.5 


all of {v2,v3, v4, V5}, then Gp — v, is a Ks, contradiction to the fact that any 
proper subgraph of Gj is planar. If a is adjacent to only three of {v2, v3, v4, v5}, 
say v2,v3, and v4, then the edge-induced subgraph of Gj induced by the edges 
AV], AV2, AV3, AV4, V1V5, V2V3, V2V4, V2V5, V3V4, V3V5, and v4vs5 is ahomeomorph of Ks. 
In this case, G5 also contains a homeomorph of K33. Since dg (v1) > 3, vy, is 
adjacent to at least one of v2, v3, and v4, say v2. Then the edge-induced subgraph of 
Gp induced by the edges in {av, av3, €V4, V1V2, V2V3, V2V4, V1VS5, V3V5, V4v5} is a K33, 
with {a, v4, vs} and {v1, v2, v3} forming the bipartition. We now consider the case 
when a is adjacent to only two of v2, v3, v4 and vs, say v2 and v3. Then, necessarily, 
Vv; is adjacent to v4 and vs (since on contraction of the edge v,a, v; is adjacent to 
V2, V3, V4, and vs). In this case G, also contains a K33 (see Fig. 8.24b). Finally, the 
case when a is adjacent to at most one of v2, v3, v4, and vs cannot arise since the 
degree of a is at least 3 in Gj. Thus, in any case, we have proved that when r = 1, 
Gj contains a homeomorph of K3,3. The result can now easily be seen to be true by 
induction on r. Indeed, if H, = H, o e and H» contains a homeomorph of K33, 
then H, contains a homeomorph of K33. Oo 


The nonplanarity of the Petersen graph (Fig.8.25a) can be established by 
showing that it is contractible to Ks (see Fig. 8.25b) or by showing that it contains a 
homeomorph of K3,3 (see Fig. 8.25c). 


Exercise 7.1. Prove that the following graph is nonplanar. 
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Fig. 8.25 Nonplanarity of the Petersen graph. (a) The Petersen graph P, (b) contraction of P to 
Ks, (ec) A subdivision of K33 in P 


8.8 Hamiltonian Plane Graphs 


An elegant necessary condition for a plane graph to be Hamiltonian was given by 
Grinberg [78]. 


Theorem 8.8.1. Let G be a loopless plane graph having a Hamilton cycle C. Then 
y= (i —2)(¢! — 61) = 0, where $/ and $/' are the numbers of faces of G of degree 
i contained in int C and ext C, respectively. 


Proof. Let E’ and E” denote the sets of edges of G contained in int C and ext C, 
respectively, and let | E’| = m’ and |E”| = m”. Then int C contains exactly m’ + 1 
faces (see Fig. 8.26), and so 


So gf =m' +1. (8.1) 
i=2 
(Since G is loopless, | = ¢/ = 0.) 
Moreover, each edge in int C is on the boundary of exactly two faces in int C, 
and each edge of C is on the boundary of exactly one face in int C. Hence, counting 
the edges of all the faces in int C, we get 
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Fig. 8.26 Graph for proof of 
Theorem 8.8.1 


C 
Sigs = 2m' +n. (8.2) 
i=2 
Eliminating m’ from (8.1) and (8.2), we get 
Y VG -2)¢f =n -2. (8.3) 
i=2 
Similarly, 
xG —2)¢" =n-2. (8.4) 
i=2 
Equations (8.3) and (8.4) give the required result. Oo 


Grinberg’s condition is quite useful in that by applying this result, many plane 
graphs can easily be shown to be non-Hamiltonian by establishing that they do not 
satisfy the condition. 


Example 8.8.2. The Herschel graph G of Fig. 5.4 is non-Hamiltonian. 


Proof. G has nine faces and all the faces are of degree 4. Hence, if G were 
Hamiltonian, we must have 2(¢/, — ¢/) = 0. This means that ¢, = $7. This is 
impossible, since ¢, + ¢// = (number of faces of degree 4 in G) = 9 is odd. 
Hence, G is non-Hamiltonian. (In fact, it is the smallest planar non-Hamiltonian 
3-connected graph.) 


Exercise 8.1. Does there exist a plane Hamiltonian graph with faces of degrees 5, 
7, and 8, and with just one face of degree 7? 


Exercise 8.2. Prove that the Grinberg graph given in Fig. 8.27 is non-Hamiltonian. 


8.9 Tait Coloring 


In an attempt to solve the four-color problem, Tait considered edge colorings of 
2-edge-connected cubic planar graphs. He conjectured that every such graph was 
3-edge colorable. Indeed, he could prove that his conjecture was equivalent to the 
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Fig. 8.27 The Grinberg 
graph 


Fig. 8.28 The Tutte graph 


four-color problem (see Theorem 8.9.1). Tait did this in 1880. He even went to the 
extent of giving a “proof” of the four-color theorem using this result. Unfortunately, 
Tait’s proof was based on the wrong assumption that any 2-edge-connected cubic 
planar graph is Hamiltonian. A counterexample to his assumption was given by 
Tutte in 1946 (65 years later). The graph given by Tutte is the graph of Fig. 8.28. 
It is a non-Hamiltonian cubic 3-connected (and therefore 3-edge-connected; see 
Theorem 3.3.4) planar graph. Tutte used ad hoc techniques to prove this result. 
(The Grinberg condition does not establish this result.) 

We indicate below the proof of the fact that the Tutte graph of Fig. 8.28 is non- 
Hamiltonian. The graphs G; to G; mentioned below are shown in Fig. 8.29. 

It is easy to check that there is no Hamilton cycle in the graph G, containing both 
of the edges e; and e2. Now, if there is a Hamilton cycle in G2 containing both of 
the edges é and i, then there will be a Hamilton cycle in G; containing e; and e2. 
Hence there is no Hamilton cycle in Gz containing e} and e4. In G3 — e’, u and w 
are vertices of degree 2. Hence if G; — e’ were Hamiltonian, then in any Hamilton 
cycle of G3 —e’, both the edges incident to u as well as both the edges incident to w 
must be consecutive. This would imply that G2 has a Hamilton cycle containing e} 
and e’,, which is not the case. Consequently, any Hamilton cycle of G3 must contain 
the edge e’. It follows that there exists no Hamilton path from x to y in G3 — w. 
A redrawing of G3 — w is the graph G4. It is called the “Tutte triangle.” The Tutte 
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Fig. 8.29 Graphs G, to Gs 
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Fig. 8.30 Graph for proof of 
(i) => (ii) in Theorem 8.9.1 


graph (Fig. 8.28) contains three copies of G4 together with a vertex vo. It has been 
redrawn as graph G; of Fig. 8.29. Suppose Gs is Hamiltonian with a Hamilton cycle 
C. If we describe C starting from vo, it is clear that C must visit each copy of G4 
exactly once. Hence, if C enters a copy of G4, it must exit that copy through x or 
y after visiting all the other vertices of that copy. But this means that there exists a 
Hamilton path from y to x (or from x to y) in G4, a contradiction. Thus, the Tutte 
graph Gs is non-Hamiltonian. 

We now give the proof of Tait’s result. Recall that by Vizing—Gupta’s theorem 
(Theorem 7.5.5), every simple cubic graph has chromatic index 3 or 4. A 3-edge 
coloring of a cubic planar graph is often called a Tait coloring. 


Theorem 8.9.1. The following statements are equivalent: 


(i) All plane graphs are 4-vertex-colorable. 
(ii) All plane graphs are 4-face-colorable. 
(iii) All simple 2-edge-connected cubic planar graphs are 3-edge-colorable (i.e., 
Tait colorable). 


Proof. (i) => (ii). Let G bea plane graph. Let G* be the dual of G (see Sect. 8.4). 
Then, since G* is a plane graph, it is 4-vertex-colorable. If v* is a 
vertex of G*, and f, is the face of G corresponding to v*, assign to 
J, the color of v* in a 4-vertex coloring of G*. Then, by the definition 
of G*, it is clear that adjacent faces of G will receive distinct colors. 
(See Fig. 8.30, in which f, and f,, receive the colors of v* and w*, 
respectively.) Thus, G is 4-face-colorable. 

(ii) = (iii). Let G be a plane embedding of a 2-edge-connected cubic planar 
graph. By assumption, G is 4-face-colorable. Denote the four colors 
by (0,0), (1,0), (0,1), and (1, 1), the elements of the ring Z x Zp». 
If e is an edge of G that separates the faces, say f, and fo, color e 
with the color given by the sum (in Z, x Z) of the colors of f, and fo. 
Since G has no cut edge, each edge is the common boundary of exactly 
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Fig. 8.31 Graph for proof of f 
(ii) => (iii) in Theorem 8.9.1 ! 


te 


Color of f; = (a, b) Color of f2= (c,d) 


Color of e = ((a+c)(mod2), (b+d)(mod2)) 


Fig. 8.32 Graph for proof of 
(iii) = (i) for Theorem 8.9.1 


two faces of G. This gives a 3-edge coloring of G using the colors 
(1,0), (0, 1), and (1, 1), since the sum of any two distinct elements of 
Zy x Zy is not (0, 0) (see Fig. 8.31). 

(111) => (i) Let G bea planar graph. We want to show that G is 4-vertex-colorable. 
We may assume without loss of generality that G is simple. Let G be 
a plane embedding of G. Then G isa spanning subgraph of a plane 
triangulation T, (see Sect. 8.2), and hence it suffices to prove that T is 
4-vertex-colorable. 

Let T* be the dual of 7. Then 7* is a 2-edge-connected cubic plane graph. By 
our assumption, 7* is 3-edge-colorable using, for example, the colors c1, c2, and c3. 
Since T* is cubic, each of the above three colors is represented at each vertex of T*. 
Let 7; be the edge subgraph of 7* induced by the edges of T* which have been 
colored using the colors c; and c;. Then T; is a disjoint union of even cycles, and 
thus it is 2-face-colorable. But each face of T* is the intersection of a face of Ty5 
and a face of T;5 (see Fig. 8.32). Now the 2-face colorings of 7,5 and 7,3 induce a 
4-face coloring of T* if we assign to each face of T* the (unordered) pair of colors 
assigned to the faces whose intersection is f. Since T* = T,5 U T;5, this defines a 
proper 4-face coloring of T*. Thus, x(G) = y(G) < x(T) = y*(T*) < 4, andG 
is 4-vertex-colorable. (Recall that y*(7™*) is the face-chromatic number of T*.) O 


Exercise 9.1. Exhibit a 3-edge coloring for the Tutte graph (see Fig. 8.28). 
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Notes 


The proof of Heawood’s theorem uses arguments based on paths in which the 
vertices are colored alternately by two colors. Such paths are called “Kempe 
chains” after Kempe [121], who first used such chains in his “proof” of the 4CC. 
Even though Kempe’s proof went wrong, his idea of using Kempe chains and 
switching the colors in such chains had been effectively exploited by Heawood 
[103] in proving his five-color theorem (Theorem 8.6.2) for planar graphs, as 
well as by Appel, Haken, and Koch [8] in settling the 4CC. As the reader might 
notice, the same technique had been employed in the proof of Brooks’ theorem 
(Theorem 7.3.7). Chronologically, Francis Guthrie conceived the four-color theorem 
in 1852 (if not earlier). Kempe’s purported “proof” of the 4CC was given in 1879, 
and the mistake in his proof was pointed out by Heawood in 1890. The Appel— 
Haken-Koch proof of the 4CC was first announced in 1976. Between 1879 and 
1976, graph theory witnessed an unprecedented growth along with the methods to 
tackle the 4CC. The reader who is interested in getting a detailed account of the 
four-color problem may consult Ore [152] and Kainen and Saaty [120]. 

Even though the Tutte graph of Fig. 8.28 shows that not every cubic 3-connected 
planar graph is Hamiltonian, Tutte himself showed that every 4-connected planar 
graph is Hamiltonian [180]. 


Chapter 9 
Triangulated Graphs 


9.1 Introduction 


Triangulated graphs form an important class of graphs. They are a subclass of the 
class of perfect graphs and contain the class of interval graphs. They possess a wide 
range of applications. We describe later in this chapter an application of interval 
graphs in phasing the traffic lights at a road junction. 

We begin with the definition of perfect graphs. 


9.2 Perfect Graphs 


For a simple graph G, we have the following parameters: 


x(G): The chromatic number of G 

@(G): The clique number of G (= the order of a maximum clique of G) 

a(G): The independence number of G 

6(G): The clique covering number of G (= the minimum number of cliques of 
G that cover the vertex set of G). 


For instance, for the graph G of Fig.9.1, 7(G@) = w(G) = 4 and a(G) = 
0(G) = 4. 

A minimum set of cliques that covers V(G) is {{1}, {2}, {3, 4, 5, 6}, {7, 8, 9}}. 
In any proper vertex coloring of G, the vertices of any clique must receive distinct 
colors. Hence it is clear that y(G) > w(G). Further, if A is any independent set of 
G, any clique of a clique cover of G can contain at most one vertex of A. Hence, to 
cover the w(G) vertices of a maximum independent set of G, at least a(G) distinct 
cliques of G are needed. Therefore, 0(G) > a(G). 

If G is an odd cycle C2,41,n > 2, ¥(G) = 3,@(G) = 2,0(G) = n+ 1, and 
a(G) = n. Hence, for such a G, x(G) > w(G), and 6(G) > a(G). Moreover, 
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Fig. 9.1 Graph G 1 


A Cc V(G) is an independent set of vertices of G if and only if A induces a clique 
in G°. Therefore, for any simple graph G, 


x(G) = @(G*), and 
a(G) = a(G*). (9.1) 


Definition 9.2.1. Let G be a simple graph. Then 


(i) G is y-perfect if and only if for every A C V(G), y(G[A]) = w(G[A]). 
(ii) G is a-perfect if and only if for every A C V(G), a(G[A]) = 0(G[A]). 


Remark 9.2.2. 1. By (9.1) above, it is clear that a graph is y-perfect if and only if 
its complement is w-perfect. 

2. Berge [19] conjectured that the concepts of y-perfectness and a-perfectness are 
equivalent for any simple graph. This was shown to be true by Lovasz [134] (and 
independently by Fulkerson [69]). This result is often referred to in the literature 
as the perfect graph theorem. 


Theorem 9.2.3 (Perfect graph theorem). For a simple graph G, the following 
statements are equivalent: 


(i) G is x-perfect. 
(ii) G is a-perfect. 
(iii) a(G[A]) @(G[A]) = |A| for every A C V(G). 


In view of the perfect graph theorem, there is no need to distinguish between a- 
perfectness and y-perfectness; hence, graphs that satisfy any one of these three 
equivalent conditions can be referred to as merely perfect graphs. In particular, this 
means that a simple graph G is perfect if and only if its complement is perfect. For 
a proof of the perfect graph theorem, see [76] or [134]. 


Remark 9.2.4. If G is perfect, by what is mentioned above, G cannot contain an 
odd hole, that is, an induced odd cycle Cy,41, 1 > 2; likewise, by (9.1), G cannot 
contain an odd antihole, that is, an induced Cy, 44,7 = 2. Equivalently, if G 
is perfect, then G can contain neither Cz,41;,2 > 2 nor its complement as an 
induced subgraph. The converse of this result is the celebrated “strong perfect graph 
conjecture” of Berge, settled affirmatively by Chudnovsky et al. [36] (see notes at 
the end of this chapter). 
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9.3 Triangulated Graphs 


Definition 9.3.1. A simple graph G is called triangulated if every cycle of length 
at least four in G has a chord, that is, an edge joining two nonconsecutive vertices of 
the cycle (see Fig. 9.2). For this reason, triangulated graphs are also called chordal 
graphs and sometimes rigid circuit graphs. 


A graph is weakly triangulated if it contains neither a chordless cycle of length at 
least 5 nor the complement of such a cycle as an induced subgraph. Note that any 
triangulated graph is weakly triangulated. 


Remark 9.3.2. It is clear that the property of a graph being triangulated is hered- 
itary; that is, if G is triangulated, then every induced subgraph of G is also 
triangulated. 


Definition 9.3.3. A vertex v of a graph G is a simplicial vertex of G if the closed 
neighborhood Ng[v] of v in G induces a clique in G. 


Example 9.3.4. In Fig. 9.2a, the vertices uj, u2,u3, and u4 are simplicial, whereas 
V1, V2, V3, and v4 are not. 


Triangulated graphs can be recognized by the presence of a perfect vertex elimina- 
tion scheme. 


Definition 9.3.5. A perfect vertex elimination scheme (or, briefly, a perfect scheme) 
of a graph G is an ordering {v,, v2, ..., v,} of the vertex set of G in such a 
way that, for 1 < i < n, v; is a simplicial vertex of the subgraph induced by 
{vi, Vi+1s «+05 Vy} of G. 


Example 9.3.6. For the graph of Fig.9.2a, {u), u2, u3, U4, V4, V2, V1, V3} iS a per- 
fect scheme. 


Remark 9.3.7. Any vertex of degree 1 is trivially simplicial. Hence, any tree has a 
perfect vertex elimination scheme. Also, any tree is trivially triangulated. It turns 
out that these facts can be generalized to assert that any triangulated graph has 


Fig. 9.2 (a) Triangulated and (b) nontriangulated graphs 
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a perfect vertex elimination scheme. (Based on this, Fulkerson and Gross [70] 
gave a “good algorithm” to test for triangulated graphs, namely, repeatedly locate a 
simplicial vertex and remove it from the graph until there is left out a single vertex 
and the graph is triangulated, or else at some stage no simplicial vertex exists and 
the graph is not triangulated.) Before we establish the above result, we need another 
characterization of triangulated graphs. This result is due to Hajnal and Suranyi [89] 
and also due to Dirac [56]. 


Lemma 9.3.8. A graph G is triangulated if and only if every minimal vertex cut of 
G is a clique. 


Proof. Assume that G is triangulated and that S is a minimal vertex cut of G. Let a 
and b be vertices in distinct components, say G4 and Gz, respectively, of G\S. Now 
every vertex x of S must be adjacent to some vertex of G4, since if x is adjacent 
to no vertex of G4, then G\(S\x) is disconnected and this would contradict the 
minimality of S. Similarly, x is adjacent to some vertex of Gg. Hence for any pair 
x,y € S, there exist paths P; : xa,...a,y and P, : xb,...b;y, with each 
a; € G4 and each b; € Gg. Let us assume further that the a;’s and b;’s have been 
so chosen that these x-y paths are of least length. Then xa, ...a,ybsbs—; ...b x 
is a cycle whose length is at least 4, and so it must have a chord. But such a chord 
cannot be of the form a;a; or 5; by in view of the minimality of the length of P; and 
P». Nor can it be a;b; for some i and j, as a; and b; belong to a distinct component 
of G\S. Hence, it can be only xy. Thus, every pair x, y in S is adjacent, and S is a 
clique. 

Conversely, assume that every minimal vertex cut of G is a clique. Let 
axby,y2...yra be a cycle C of length > 4 in G. If ab were not a chord of 
C, denote by S a minimal vertex cut that puts a and b in distinct components of 
G\S. Then S must contain x and y; for some j. By hypothesis, S is a clique, and 
hence xy; € E(G), and xy; is a chord of C. Thus, G is triangulated. O 


Lemma 9.3.9. Every triangulated graph G has a simplicial vertex. Moreover, if G 
is not complete, it has two nonadjacent simplicial vertices. 


Proof. The lemma is trivial either if G is complete or if G has just two or three 
vertices. Assume therefore that G is not complete, so that G has two nonadjacent 
vertices a and b. Let the result be true for all graphs with fewer vertices than G. Let 
S be a minimal vertex cut separating a and b, and let G4 and Gg be components of 
G\S containing a and b, respectively, and with vertex sets A and B, respectively. 
By the induction hypothesis, it follows that if G[A U S] is not complete, it has 
two nonadjacent simplicial vertices. In this case, since G[S] is complete (refer to 
Lemma 9.3.8), at least one of the two simplicial vertices must be in A. Such a 
vertex is then a simplicial vertex of G because none of its neighbors is in any other 
component of G\S. Further, if G[A U S$] is complete, then any vertex of A is a 
simplicial vertex of G. In any case, we have a simplicial vertex of G in A. Similarly, 
we have a simplicial vertex in B. These two vertices are then nonadjacent simplicial 
vertices of G. Oo 
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We are now ready to prove the second characterization theorem of triangulated 
graphs. 


Theorem 9.3.10. A graph G is triangulated if and only if it has a perfect vertex 
elimination scheme. 


Proof. The result is obvious for graphs with at most three vertices. So assume that 
G is a triangulated graph with at least four vertices. Assume that every triangulated 
graph with fewer vertices than G has a perfect vertex elimination scheme. By 
Lemma 9.3.9, G has a simplicial vertex v. Then G\v has a perfect vertex elimination 
scheme. Then v followed by a perfect scheme of G\v gives a perfect scheme of G. 
Conversely, assume that G has a perfect scheme, say {v1, v2, ..., Vn}. Let C be 
acycle of length > 4 in G. Let j be the first suffix with vy; ¢ V(C). Then V(C) C 
G[{vj, vj4i,-.-. Va}] and, since v; is simplicial in G[{v;, vj+i, ..., Va}], the 
neighbors of v; in C form a clique in G, and hence C has a chord. Thus, G is 
triangulated. Oo 


Theorem 9.3.11. A triangulated graph is perfect. 


Proof. The result is clearly true for triangulated graphs of order at most 4. So 
assume that G is a triangulated graph of order at least 5. We apply induction. 
Assume that the theorem is true for all graphs having fewer vertices than G. If G is 
disconnected, we can consider each component of G individually. So assume that 
G is connected. By Lemma 9.3.9, G contains a simplicial vertex v. Let u be a vertex 
adjacent to v in G. Since v is simplicial in G (and so in G—u), 0(G—u) = 6(G). By 
the induction hypothesis, G — u is triangulated and therefore perfect and therefore 
6(G —u) = a(G — un). Hence (see Exercise 7.4), 0(G) = 0(G —u) = a(G—u) < 
a(G). This together with the fact that 0(G) > a(G) implies that 6(G) = a(G). 
The proof is complete since by the induction assumption, for any proper subset A 
of V(G), the subgraph G[A] is triangulated and therefore perfect. Oo 


9.4 Interval Graphs 


One of the special classes of triangulated graphs is the class of interval graphs. 


Definition 9.4.1. An interval graph G is the intersection graph of a family of 
intervals of the real line. This means that for each vertex v of G, there corresponds 
an interval J(v) of the real line such that uv € E(G) if and only if J(u) Nn J(v) 4 @. 


Figure 9.3 displays a graph G and its interval representation. 


Remark 9.4.2. 1. Interval graphs occur in a natural manner in various applications. 
In genetics, the Benzer model [18] deals with the conditions under which two 
subsets of the fine structure inside a gene overlap. In fact, one can tell when they 
overlap on the basis of mutation data. Is this overlap information consistent with 
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Fig. 9.3. (a) Graph G; (b) its a a b 
interval representation J(a) 


Fig. 9.4 Example of a graph 
that is not an interval graph 


ve 


the hypothesis that the fine structure inside the gene is linear? The answer is 
“yes” if the graph defined by the overlap information is an interval graph. 

2. It is clear that the intervals may be taken as either open or closed. 

3. The cycle Cy is not an interval graph. In fact, if V(C4) = {a, b, c, d} and if 
ab, bc, cd, and da are the edges of C4, then J(a) N J(b) # , J(b) N J(c) F 
®, J(c) N J(d) 4 G, and J(d) N J(a) # M imply that either J(a) N J(c) 4 O 
or J(b) 1 J(d) # @ [i.e., ac € E(G) or bd € E(G)], which is not the case. 
Hence, an interval graph cannot contain C4 as an induced subgraph. For a similar 
reason, it can be checked that the graph H of Fig. 9.4 is not an interval graph. 


Recall that an orientation of a graph G is an assignment of a direction to 
each edge of G. Hence, an orientation of G converts G into a directed graph. As 
mentioned in Chap. 2, an orientation is transitive if, when (a, b) and (b,c) are arcs 
in the orientation, then (a, c) is also an arc in the orientation. 


Lemma 9.4.3. If G is an interval graph, G° has a transitive orientation. 


Proof. Let J(a) denote the interval that represents the vertex a of the interval graph 
G. Let ab € E(G°) and bc € E(G‘) so that ab ¢ E(G) and bc ¢ E(G). Hence, 
J(a)N J(b) = 9, and J(b)N J(c) = @. Now, introduce an orientation for the edges 
of G° by orienting an edge xy of G° from x to y if and only if J(x) lies to the 
left of J(y). Then J(a) lies to the left of J(b) and J(b) lies to the left of J(c), and 
therefore J(a) lies to the left of J(c). Hence, whenever (a,b) and (b,c) are arcs 
in the defined orientation, arc (a, c) also belongs to this orientation. Thus, G° has a 
transitive orientation. Oo 


Gilmore and Hoffman [73] have shown that the above two properties (Remark 3 
of 9.4.2 and Lemma 9.4.3) characterize interval graphs. 


Theorem 9.4.4. A graph G is an interval graph if and only if G does not contain 
C4 as an induced subgraph and G° admits a transitive orientation. 
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Fig. 9.5 Graph for proof of first condition of Theorem 9.4.4 


Fig. 9.6 Ordering of 
maximal cliques 


. 
y 


Proof. We have just seen the necessity of these two conditions. We now prove 
their sufficiency. Assume that G has no induced Cy, and that G° has a transitive 
orientation. We look at the set of maximal cliques of G and introduce a linear 
ordering on it. If A and B are two distinct maximal cliques of G, then for any 
a € A, there exists b € B with ab ¢ E(G) and therefore ab € E(G°). (Otherwise, 
G[AU B] would be a clique of G properly containing both A and B, a contradiction, 
since A and B are maximal cliques in G.) If ab has the orientation from a to b in 
the transitive orientation of G°, we set A < B. This ordering is well defined in that 
ifa’ € Aandb’ € B witha’b’ € E(G‘), then a’b’ must be oriented from a’ to b’ 
in G° (see Fig. 9.5). 

To see this, first assume that a # a’ and b  b’ and that edge a’b’ is oriented 
from b’ to a’ in G°. Then at least one of the edges ab’ and a’b must be an edge of 
G°. Otherwise, the edges aa’, a'b, bb’, and b’a induce a Cy in G, a contradiction. 
Suppose then that a’b € E(G‘). Then if a’b is oriented from a’ to b in G‘, by 
the transitivity of the orientation in G°, b’b € E(G‘°), a contradiction. A similar 
argument applies when ba’, ab’, or b’a is an oriented arc of G°. The cases when 
a =a’ orb = D’ can also be treated similarly. Thus, if one arc of G° goes from A 
to B, then all the arcs between A and B go from A to B in G°. In this case, we set 
A < B. Since the number of maximal cliques of G is finite, and any two maximal 
cliques can be ordered by “<,” we obtain a linear ordering of the set of maximal 
cliques of G, say, Kj < Ki <... < Kp. 

We now claim that if a vertex a of G belongs to K, and K;, where K, < K;, 
then it also belongs to K,, where K, < K; < K;, (see Fig. 9.6). 

Suppose a ¢ K;. First note that there exists some vertex b in K, such that b 
is nonadjacent to a. If not, K, Vv {a} would be a clique properly containing K,, a 
contradiction. But then, since K, < K,, the edge ab of G° must be oriented from 
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Fig. 9.7 Bipartite graph ae. 
B(G) of G 


Cal 2) U3 U4 
G 
vy Hi) v3 v4 
V1 Y2 Y3 Ya 
B(G) 


ato b. Buta € K,, and this means that K, < K,, a contradiction. Thus, a € K, 
as well. 

In {1, 2, ..., p}, let i be the smallest and 7 be the greatest numbers such that 
a € Kj anda € K;. We now define the interval J(a) = the closed interval [i, /]. 
Then J(a) N J(b) 4 @ if and only if there exists a positive integer k such that 
k € J(a) M J(b). But this can happen if and only if both a and b are in Kx [i.e., if 
and only if ab € E(G)]. Thus, G is an interval graph. Oo 


9.5 Bipartite Graph B(G) of a Graph G 


Given a graph G, we define the associated bipartite graph B(G) as follows: 
Let V(G) = {v1, v2, ..., Vn}. Corresponding to V(G), take disjoint sets X = 
{X1, X2,..., Xn} and Y = {y1, y2,..., Yn} and form the bipartite graph B(G) 
by taking X and Y as sets of the bipartition of the vertex set of B(G). Adjacency 
in B(G) is defined by setting x;y; € E(B(G)) for every i, 1 < i <n, and for 
i # j, x; is adjacent to y; in B(G) if and only if viv; € E(G) (Fig. 9.7). 

Our next theorem relates the chordal nature of a graph G with that of the bipartite 
graph B(G). Since a bipartite graph has no odd cycles and a 4-cycle of a bipartite 
graph cannot have a chord, a bipartite graph is defined to be chordal if each of its 
cycles of length at least 6 has a chord. 


Theorem 9.5.1. If the bipartite graph B(G) formed out of G is chordal, then G is 
chordal. 


Proof. Let C = viv2...Vpv, be any cycle of G of length p > 4. If p is odd, take 
C’ to be the cycle x, yox3y4... Xp¥pX1, while if p is even, take C’ to be the cycle 
X1V2X3 4... Xp—-1VpXpyix1 in B(G). As B(G) is chordal and C’ is of length at 
least 6, C’ has a chord in B(G). Such a chord can only be of the form x; yj, where 
|i — j| = 2. This means that v;v; is a chord of C. Thus, G is chordal. oO 
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9.6 Circular Arc Graphs 


Circular arc graphs are similar to interval graphs except that the J(a)’s are now 
taken to be arcs of a particular circle. Consider an interval graph G. Since the 
number of intervals J(a), a € V(G), is finite, there are real numbers m and M such 
that J(a) C (m, M) for every a € V(G). Consequently, identification of m and M 
(i.e., conversion of the closed interval [m, M] into a circle by the identification of 
m and M) makes G a circular arc graph. Thus, every interval graph is a circular arc 
graph. Clearly, the converse is not true. However, if there exists a point p on the 
circle that does not belong to any arc J(a), then the circle can be cut at p and the 
circular arc graph can be made into an interval graph. 


9.7 Exercises 


de 


_ 


If e is an edge of a cycle of a triangulated graph G, show that e belongs to a 

triangle of G. 

7.2 What are the simplicial vertices of the triangulated graph of Fig. 9.2a? 

7.3 Give a perfect elimination scheme for the triangulated graph of Fig. 9.2a. 

7.4 If vis a simplicial vertex of a triangulated graph G, and vu € E(G), prove 
that 6(G — u) = 6(G). 

7.5 Let t(G) denote the smallest positive integer k such that G* is triangulated. 
Determine ¢(C,,), n > 4. 

7.6 Prove G and G“ are triangulated if and only if G does not contain C4, Cy, or 
Cs as an induced subgraph. Hence, or otherwise, show that C,", n > 5 is not 
triangulated. 

7.7 Prove that L(G) is triangulated if and only if every block of G is either K or 
K;. Hence, show that the line graph of a tree is triangulated. 

7.8 Let K(G) and L(G) denote, respectively, the clique graph and the line graph 
of a graph G. [K(G) is defined as the intersection graph of the family of 
maximal cliques of G; i.e., the vertices of K(G) are the maximal cliques 
of G, and two vertices of K(G) are adjacent in K(G) if and only if the 
corresponding maximal cliques of G have a nonempty intersection.] Then 
prove or disprove 


(i) G is triangulated > K(G) is triangulated 
(ii) K(G) is triangulated > G is triangulated 
(iii) L(G) is triangulated > G is triangulated 
(iv) G is triangulated > L(G) is triangulated 


7.9 Show by means of an example that an even power of a triangulated graph 
need not be triangulated. 
7.10 Prove the following by means of a counterexample: G is chordal need not 
imply that B(G) is chordal. 
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7.11 Draw the interval graph of the family of intervals below and display a 
transitive orientation for G°. 


7.12 If G is cubic and if G does not contain an odd cycle of length at least 5 as an 
induced subgraph, prove that G is perfect. (Hint: Use Brooks’ theorem.) 

7.13 Show that every bipartite graph is perfect. 

7.14 Fora bipartite graph G, prove that 7(G°) = w(G*). 

7.15 Give an example of a triangulated graph that is not an interval graph. 

7.16 Give an example of a perfect graph that is not triangulated. 

7.17 Show that a 2-connected triangulated graph with at least four vertices is 
locally connected. Hence, show that a 2-connected triangulated K\ 3-free 
graph is Hamiltonian. (See reference [149].) 

7.18 Show by means of an example that a 2-connected triangulated graph need not 
be Hamiltonian. 

7.19 Show that the line graph of a 2-edge-connected triangulated graph is Hamil- 
tonian. 

7.20 Give an example of a circular arc graph that is not an interval graph. 

7.21 * Show that a graph G is perfect if and only if every induced subgraph G’ of 
G contains an independent set that meets all the maximum cliques of G’. 

7.22 Let {v1,v2,...,V¥n} be a simplicial ordering of the vertices of a chordal graph 
G. Let 

d; = deg(v;) in the subgraph (v;, v;41,...,Vn) of G. 


Prove that the chromatic polynomial of G is given by tl (t — d;). Hence 


show that 7(G) = max Au + d;}. (This shows that the roots of the chromatic 


polynomial of a Shera graph are nonnegative integers.) 


9.8 Phasing of Traffic Lights at a Road Junction 


We present an application of interval graphs to the problem of phasing of traffic 
lights at a road junction. The problem is to install traffic lights at a road junction in 
such a way that traffic flows smoothly and efficiently at the junction. 

We take a specific example and explain how our problem could be tackled. 
Figure 9.8 displays the various traffic streams, namely, a, b, ..., g, that meet at 
the Main Guard Gate road junction at Tiruchirappalli, Tamil Nadu (India). 
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Fig. 9.8 Traffic streams at a road junction (ped = pedestrian crossing) 


Fig. 9.9 Compatibility graph 


of Fig. 9.8 : 


Certain traffic streams may be termed *compatible” if their simultaneous flow 
would not result in any accidents. For instance, in Fig.9.8, streams a and d are 
compatible, whereas b and g are not. The phasing of lights should be such that when 
the green lights are on for two streams, they should be compatible. We suppose that 
the total time for the completion of green and red lights during one cycle is two 
minutes. 

We form a graph G whose vertex set consists of the traffic streams in question, 
and we make two vertices of G adjacent if and only if the corresponding streams 
are compatible. This graph is the compatibility graph corresponding to the problem 
in question. The compatibility graph of Fig. 9.8 is shown in Fig. 9.9. 

We take a circle and assume that its perimeter corresponds to the total cycle 
period, namely, 120 seconds. We may think that the duration when a given traffic 
stream gets green light corresponds to an arc of this circle. Hence, two such arcs 
of the circle can overlap only if the corresponding streams are compatible. The 
resulting circular arc graph may not be the compatibility graph because we do 
not demand that two arcs intersect whenever they correspond to compatible flows. 
(There may be two compatible streams, but they need not get green light at the 
same time.) However, the intersection graph H of this circular arc graph will be a 
spanning subgraph of the compatibility graph. 

The efficiency of our phasing may be measured by minimizing the total red light 
time during a traffic cycle, that is, the total waiting time for all the traffic streams 
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Fig. 9.10 A green light 


assignment 
Fig. 9.11 Intersection graph 
for Fig. 9.10 i g 
e 
d 
c b 


during a cycle. For the sake of concreteness, we may assume that at the time of 
starting, all lights are red. This would ensure that H is an interval graph (see the last 
sentence of Sect. 9.5 on circular arc graphs). 

Figure 9.10 gives a feasible green light assignment whose corresponding in- 
tersection graph H is given in Fig.9.11. The maximal cliques of H are Kj = 
{a, b, d}, Ky = {a,c,d}, K3 = {d,e}, and Ky = {e, f, g}. Since H is 
an interval graph, by Theorem 9.4.4, H° has a transitive orientation. A transitive 
orientation of H° is given in Fig. 9.12. 

Since (b,c), (c, e), and (d, f) are arcs of H‘°, and since b € Ki,c € 
K>, d, e € K3, and f € Kg, etc., we have 


Ki < Ko. < K3 < Ky 


in the consecutive ordering of the maximal cliques of H. Each clique K;, 1 <i < 4, 
corresponds to a phase during which all streams in that clique receive green lights. 
We then start a given traffic stream with green light during the first phase in which 
it appears, and we keep it green until the last phase in which it appears. Because of 
the consecutiveness of the ordering of the phases K;, this gives an arc on the clock 
circle. In phase 1, traffic streams a, b, and d receive a green light; in phase 2, a, c, 
and d receive a green light, and so on. 
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Fig. 9.12 Transitive 
orientation of H‘° 
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Suppose we assign to each phase K; a duration d;. Our aim is to determine the 
d;’s (=0) so that the total waiting time is minimum. Further, we may assume that 
the minimum green light time for any stream is 20 seconds. Traffic stream a gets a 
red light when the phases K3 and K, receive a green light. Hence, a’s total red light 
time is d3 + dq. Similarly, the total red light times of traffic streams b, c, d, e, f, 
and g, respectively, are d2 + d3 + d4; d, + d3 +4; da; dj + do; dj + do + ds; and 
d, + dy + d3. Therefore, the total red light time of all the streams in one cycle is 
Z = 4d, +4d2+4d3+3d,4. Our aim is to minimize Z subject tod; > 0; 1 <i <4, 
and d, + dy > 20; d,; > 20, do > 20, dj + dx + d3 > 20, d3 + d4 > 20, dy > 
20, d3 > O and d; + d, + d3 + dy = 120. (The condition d, + d2 > 20 signifies 
that the green light time that stream a receives, namely, the sum of the green light 
times of phases K, and Kz, is at least 20. A similar reasoning applies to the other 
inequalities. The last condition gives the total cycle time.) An optimal solution to 
this problem is d; = 80, d2 = 20, d3 = 0, and dy = 20 and min Z = 480 (in 
seconds). But this is not the end of our problem. There are other possible circular 
arc graphs. Figures 9.13a,b give another feasible green light arrangement and its 
corresponding intersection graph. With respect to this graph, min Z = 500 seconds. 
Thus, we have to exhaust all possible circular arc graphs and then take the least of 
all the minima thus obtained. The phasing that corresponds to this least value would 
then be the best phasing of the traffic lights. (For the above particular problem, this 
minimum value is 480 seconds.) 


Notes 


Exercise 7.9 shows that an even power of a triangulated graph need not be 
triangulated. However, an odd power of a triangulated graph is triangulated [11]. 
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Fig. 9.13 (a) Another green 


light arrangement; (b) a b 
corresponding intersection 
graph 
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Moreover, if G* is triangulated, then so is G‘+? [130], and consequently, if G and 
G? are triangulated, then so are all the powers of G. 

A simple graph G is called Berge if it contains neither an odd cycle of length 
at least 5 nor its complement as an induced subgraph. The strong perfect graph 
conjecture asserted that a graph G is perfect if it is Berge. This conjecture 
was proposed by Claude Berge in 1960 and was settled affirmatively by Maria 
Chudnovsky, Neil Robertson, Paul Seymour, and Robin Thomas in 2002 [36]. The 
authors show that every Berge graph is in one of the four classes of perfect graphs— 
basic, 2-join, M-join, and balanced skew partition. Earlier the conjecture was proved 
to be true for several classes of graphs: (i) K,,3-free graphs [154]; (ii) (K4— e)-free 


graphs [156]; (iii) K4-free graphs [178]; (iv) bull-free, that is, free graphs 
[40] (v) triangulated graphs (see Theorem 9.3.11); (vi) weakly triangulated graphs 
[102] and so on. 

Perfect graphs were first discovered by Berge in 1958-1959. Their importance 
is both theoretical (because of their bearing on graph coloring problems) and prac- 
tical (because of their applications to perfect communication channels, operations 
research, optimization of municipal services, etc.). 

Four books that give a very good account of perfect graphs are references [19, 
21,20, 76]. In addition to the classes of perfect graphs mentioned above, there are 
also other known classes of perfect graphs, for instance, wing-triangulated graphs 
and, more generally, strict quasi-parity graphs. For details, see reference [107]. Our 
discussion on the phasing of traffic lights is based on Roberts [166], which also 
contains some other applications of perfect graphs. 


Chapter 10 
Domination in Graphs 


10.1 Introduction 


“Domination in graphs” is an area of graph theory that has received a lot of attention 
in recent years. It is reasonable to believe that “domination in graphs” has its origin 
in “chessboard domination.” The “queen domination” problem asks: What is the 
minimum number of queens required to be placed on an 8 x 8 chessboard so that 
every square not occupied by any of these queens will be dominated (that is, can 
be attacked) by one of these queens? Recall that a queen can move horizontally, 
vertically, and diagonally on the chessboard. The answer to the above question is 5. 
Figure 10.1 gives one set of dominating locations for the five queens. 


10.2 Domination in Graphs 


The concept of chessboard domination can be extended to graphs in the following 
way: 


Definition 10.2.1. Let G be a graph. A set S C V is called a dominating set of G 
if every vertex u € V\S has a neighbor v € S. Equivalently, every vertex of G is 
either in S or in the neighbor set N(S) = |) N(v) of S in G. A vertex u is said to 


ves 
be dominated by a vertex v € G if either u = v or uv € E(G). 


Definition 10.2.2. A y-set of G is a minimum dominating set of G, that is, a 
dominating set of G whose cardinality is minimum. A dominating set S of G is 
minimal if S' properly contains no dominating set S’ of G. 


Definition 10.2.3. The domination number of G is the cardinality of a minimum 
dominating set (that is, y-set) of G; it is denoted by y(G). 
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Fig. 10.1 Queen domination 


Fig. 10.2 Petersen graph P 
for which y(P) = 3 


Example 10.2.4. For the Petersen graph P, y(P) = 3. In Fig. 10.2, {v1, vg, vo} is a 
y-set of P while the set {v1, v2, v3, v4, vs} is a minimal dominating set of P. 


The study of domination was formally initiated by Ore [151]. A comprehensive 
introduction to “domination in graphs” is given in the first volume of the two-volume 
book by Haynes, Hedetniemi, and Slater [100,101]. The next three theorems are due 
to Ore [151]. Given a dominating set S of G, when is S a minimal dominating set? 
This question is answered in Theorem 10.2.5 below. 


Theorem 10.2.5. Let S be a dominating set of a graph G. Then S is a minimal 
dominating set of G if and only if for each vertex u of S, one of the following two 
conditions holds: 


(i) wis an isolated vertex of G[S], the subgraph induced by S in G. 
(ii) There exists a vertex v € V\S such that u is the only neighbor of v in S. 


Proof. Suppose that S is a minimal dominating set of G. Then for each vertex u of 
S, S\{u} is not a dominating set of G. Hence, there exists v € V\(S\{u}) such that 
v is dominated by no vertex of S\{u}. If v = u, then uw is an isolated vertex of G[S], 
and hence condition (i) holds. If v 4 u, as S is a dominating set of G, condition (ii) 
holds. 
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Conversely, assume that S is not a minimal dominating set of G. Then there 
exists a vertex u € S, such that $\{u} is also a dominating set of G. Hence, u is 
dominated by some vertex of S\{u}. This means that u is adjacent to some vertex 
of S\{u}, and hence u is not an isolated vertex of G[.S]. Moreover, if v is any vertex 
of V\S, then v is adjacent to some vertex of S\{u}. Hence, neither condition (i) nor 
condition (ii) holds. Oo 

Notice that in Example 10.2.4, the set S = {v1,v2,v3,v4,vs} is a minimal 
dominating set of the Petersen graph P in which no vertex is an isolated vertex 
of P[S] and for eachi = 1,2,...,5, v; is the only vertex of S that is adjacent to 


Vi+5- 
Theorem 10.2.5 suggests the following definition. 


Definition 10.2.6. Let S be a dominating set of a graph G, and u € S. The private 
neighborhood of u relative to S in G is the set of vertices which are in the closed 
neighborhood of u, but not in the closed neighborhood of any vertex in S\{u}. 


Thus, the private neighborhood Py (u, S) of u with respect to S is given by Py (u, S) 


=N{u\( U Np). 
veS\{u} 
Note that u € Py (u, S) if and only if u is an isolated vertex of G[S] in G. 


Theorem 10.2.5 can now be restated as follows: 


Theorem 10.2.5’. A dominating set S of a graph G is a minimal dominating set of 
G if and only if Py(u, S) # @ for everyue S. 


Corollary 10.2.7. Let G be a graph having no isolated vertices. If S is a minimal 
dominating set of G, then V\S is a dominating set of G. 


Proof. As S is a minimal dominating set, by Theorem 10.2.5’, Py(u, S) 4 @ for 
every u € S. This means that for every u € S, there exists v € V\S such that 
uv € E(G), and consequently, V\S is a dominating set of G. Oo 


Corollary 10.2.8. Let G be a graph of order n = 2. If 5(G) = 1, then y(G) < 5. 


Proof. As 6(G) = 1, G has no isolated vertices. If S is a minimal dominating set 
of G, by Corollary 10.2.7, both S and V\S are dominating sets of G. Certainly, at 


n 
least one of them is of cardinality at most —. Oo 


Corollary 10.2.9. If G is a connected graph of order n = 2, y(G) < 5. 


Proof. As G is connected and n > 2, G has no isolated vertices. Now apply 
Corollary 10.2.8. O 


We note that the conclusion in Corollary 10.2.9 would remain valid even if G is 
disconnected as long as no component of G is a Ky. 
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10.3. Bounds for the Domination Number 


In this section, we present lower and upper bounds for the domination number y(G). 
We first make two observations: 


Observation 10.3.1. (i) A vertex v dominates N(v) and |N(v)| < A(G). 
(ii) Let v be any vertex of G. Then V\N(v) is a dominating set of G. 


These two observations yield the following lower and upper bounds for y(G). 


Theorem 10.3.2. For any graph G, | < y(G) <n—A(G). 


es | 
Proof. By Observation 10.3.1 (i), for any vertex v of G, the vertices of N[v] 


will be dominated by v. To cover all the vertices of G, at least | closed 


ries | 
neighborhoods are required. This gives the lower bound. 
By Observation 10.3.1 (ii), y(G) < |V\N(v)| for each v € V(G). The minimum 
is attained on the right when | V(v)| = A(G). Hence, y(G) <n — A(G). Oo. 
The lower bound in Theorem 10.3.2 is due to Walikar, Acharya, and Sampathku- 
mar [187], while the upper bound is due to Berge [19]. 


10.4 Bound for the Size m in Terms of Order n 
and Domination Number y(G) 


In this section, we present a basic result of Vizing [184], which bounds m (the size 
of G) in terms of n (the order of G) and y = y(G). 


Theorem 10.4.1 (Vizing [184]). Let G be a graph of order n, size m, and 
domination number y. Then 


ms< | Sm— nm +29]. (10.1) 


Proof. If y = 1, $(n —y)\(n-yt+2)= 5 (n? — 1), while the maximum value for 
m= sn(n — 1) (when G = K,,), and the result is true. If y = 2, $(n —y)(n- 
y+2) = in(n — 2). Now when y = 2 by Theorem 10.3.2, A < n — 2 and 
m< in(n — 2) (by Euler’s theorem), and the result is true. Thus, the result is true 
for y = 1 and 2. We now assume that y > 3. We apply induction on n. Let G be 
a graph of order n, size m, and y > 3. If v is a vertex of maximum degree A of G, 
again by Theorem 10.3.2, |N(v)| = A <n —y, and hence A = n — y —1r, where 
0 < r (see Fig. 10.3). 


Let S = V\N[v]. Then 


|S} =|V|-|N@)|-l=n-(-y-r)-l=ye4+r-l. (10.2) 
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Fig. 10.3. The set S in the 
proof of Theorem 10.4.1 


Let m, be the size of G[S], mz be the number of edges between S and N(v), and 
m3 be the size of G[N [v]]. Clearly, m = m, + m2 + m3. If D is a y-set of G[S], 
then D U {v} is a dominating set of G. Hence, 

VG)=y <|D| +1. (10.3) 


By the induction hypothesis, this implies, by virtue of (10.2) and (10.3), that 


1 
m =| 5(S|-1D)0S|~1D1+2) 


IA 


500 +r) DIG +r- NG) +4]] @yA93 


II 


1 

ae + 2). (10.4) 
Ifu € N(v), then (S\N(u)) U {u, v} is a dominating set of G. Therefore, 

y = |S\N@)| +2 


= |S|-|S N N@| +2 
<(yt+r—1)—|S A Nw] +2 (by (10.2). 


This is turn implies that for each vertex u € N(v), |S N N(u)| <r +1. 
Consequently, 


my = the number of edges between N(v) and S 
INO) + D 
= A(r + 1). (10.5) 


IA 


Now the sum of the degrees of the vertices of N[v] < (A + 1)A. As there are m2 
edges between N(v) and S, 
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the sum of the degrees of the vertices of N[v] in G[N [v]] 
= (the sum of the degrees of the vertices of N[v] in G) — mo 
< A(A + 1)—™my. 
Thus, 
1 
m3 < 5[A(A + 1) ~ m3} (10.6) 
From (10.4), (10.5), and (10.6), we get 
m=m+m2+m3 
1 1 
S grr +2) + m2 + s[A(A+ 1)— my] 


= Doty +2)+ sat +1)+m)] 


2 
x srr +2)+ sat + 1) + A(r + 1)](6yC10.5)) 
< xn A)(n—y A42)+ 51A(A 41) + AG + DMlasd = 2-7) 
= Fn \(n + 2) Fin y-A4+2)4+(n-y—-—A)-A-(A4+)D(r4+ 1] 
= F(a yn—y +2) Fn +) 4 @-y)-A-(AF D-H) 
= Sn \(n + 2) S(Atr+2)+(44r)-4-(44)-C 4D) 
1 A 
51 n-y+2)— Fr 
< in \(n—y + 2)(asr > 0). 


The bound given in Theorem 10.4.1 is sharp. In other words, there are graphs G 
for which 


m= 5m yn-y +2). (10.7) 


Example 10.4.2 (Vizing [154]). Let H; be the graph obtained from K; by removing 
the edges of a minimum edge cover (that is, the smallest number of edges containing 
all the vertices of K;) @. We construct for any positive integer n > 2, a graph G of 
order n with domination number y satisfying (10.7). 


Case (i). y = 2. Take t = n —2 and G = H,,. Now @ has [71 edges. Hence, 
m = m(G) = {5(n — 2)(n — 3) — [471} + 2(n — 2) = [3 -2)n] = |G - 
yj —y + 2)]. 
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Case (ii.) y > 2. Taket = n—y+2andG = H, U Ky_»- Then y(G) = 
2+ (y—2)=y, |V(G)| = @—y) +24 (vy —2) =n, and 


—_ eapenra) [er] + 2(n-y) 


2 
_ == y+s) pa ¥ 
2 al 2 | 
1 
= 5-ya—y +2). 
b U3 U4 


Fig. 10.4 (a) y(G) = 2 = i(G) (b) y(G) = 2 while i(G) = 3 


10.5 Independent Domination and Irredundance 


Definition 10.5.1. A subset S of the vertex set of a graph G is an independent 
dominating set of G if S is both an independent and a dominating set. The indepen- 
dent domination number i(G) of G is the minimum cardinality of an independent 
dominating set of G. 


It is clear that y(G) < i(G) for any graph G. For the path Ps, y(Ps) = i(Ps) = 2, 
(see Fig. 10.4(a)) while for the graph G of Fig. 10.4(b), y(G) = 2 andi(G) = 
3. In fact, {v2, vs} is a y-set for G, while {v;, v3, v5} is a minimum independent 
dominating set of G. 


Theorem 10.5.2. Every maximal independent set of a graph G is a minimal 
dominating set. 


Proof. Let S be a maximal independent set of G. Then S must be a dominating 
set of G. If not, there exists a vertex v € V\S that is not dominated by S, and 
so S U {v} is an independent set of G, violating the maximality of S. Further, S 
must be a minimal dominating set of G. If not, there exists a vertex u of S such that 
T = S\{u} is also a dominating set of G. This means, as u ¢ T, u has a neighbor 
in T and hence S is not independent, a contradiction. Oo 


Definition 10.5.3. A set S C V(G) is called irredundant if every vertex v of S has 
at least one private neighbor. 
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Fig. 10.5 S is an irredundant 
but not a dominating set 


This definition means that either v is an isolated vertex of G[S] or else v has a private 
neighbor in V\S; that is, there exists at least one vertex w € V\S that is adjacent 
only to vin S. 

In Fig. 10.5, S is irredundant but not a dominating set. Hence an irredundant 
set S need not be dominating. If S is both irredundant and dominating, then it is 
minimal dominating, and vice versa. 


Theorem 10.5.4. A set S C V is a minimal dominating set of G if and only if S is 
both dominating and irredundant. 


Proof. Assume that S is both a dominating and an irredundant set of G. If S were 
not a minimal dominating set, there exists v’ € S such that S \ {v’} is also a 
dominating set. But as S is irredundant, v’ has a private neighbor w’ (may be equal 
to v’). Since w’ has no neighbor in S \v’, S \ {v’} is not a dominating set of G. Thus, 
S is a minimal dominating set of G. 

The proof of the converse is similar. Oo 


We define below a few more well-known graph parameters: 


(i) The minimum cardinality of a maximal irredundant set of a graph G is known 
as the irredundance number and is denoted by ir(G). 
(ii) The maximum cardinality of an irredundant set is known as the upper 
irredundance number and is denoted by J R(G). 
(iii) The maximum cardinality of a minimal dominating set is known as the upper 
domination number and is denoted by '(G). 


From our earlier results and definitions, one can prove the following result of 
Cockeyne, Hedetniemi and Miller [45]. 


Theorem 10.5.5 ([45]). For any graph G, the following inequality chain holds: 
ir(G) < y(G) <i(G) < Bo(G) < F(G) < IRG). 


Proof. Exercise. Oo 
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10.6 Exercises 


6.1. 
6.2. 


6.3. 


6.4. 


6.5. 
6.6. 


6.7. 


6.8. 
6.9. 
6.10. 


6.11. 
6.12. 


If G is a graph of diameter 2, show that y(G) < 6(G). 

If D is a dominating set of a graph G, show that D meets every closed 
neighborhood of G. 

Show that for any edge e of a graph G, y(G) < y(G —e) < y(G) + 1, and 
that for any vertex vof G, y(G)—1 < y(G—y). 

Ifd, > d, >... > d, is the degree sequence of a graph G, prove that 


y(G) => minfk : k + (d; +---+ dx) = n}. 


For any graph G, prove that y(G) < y(G‘°). 

Show that every minimal dominating set in a graph G is a maximal irredun- 
dant set of G. 

Prove that an independent set is maximal independent if and only if it is 
dominating and independent. 

Prove: If y(G°) > 3, then diam(G) < 2. 

Prove: If G is connected, then [er | < y(G). 


For any graph G,n —m < y(G) <n+1—-</1+ 2m. Prove further that 
y(G) = n —m if and only if G is a forest in which each component is a star. 
({Hint: To establish the upper bound, use Vizing’s theorem (Theorem 10.4.1).] 
Give the proof of Theorem 10.5.5. 

For the graph G of Fig.10.6, determine the six parameters given in 
Theorem 10.5.5. 


Fig. 10.6 Refer Question 


6.12 


6.13. 


Exhibit a graph (different from the graph of Fig.10.4b) for which no 
minimum dominating set is independent. 


10.7 Vizing’s Conjecture 


All graphs considered in this section are simple. In this section we present Vizing’s 
conjecture on the domination number of the Cartesian product of two graphs. 
In 1963, Vizing [182] proposed the problem of determining a lower bound for the 
domination number of the Cartesian product of two graphs. Five years later, in 1968, 
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he presented it as a conjecture [185]. In the same year, E. Cockayne included it in 
his survey article [44]. This conjecture is one of the major unsolved problems in 
graph theory. 


Conjecture 10.7.1 (Vizing [185]). For any two graphs G and H, y(GOA) = 
y(G)y (HA). 

In what follows, we dwell upon some partial results toward this conjecture as 
well as some of the techniques that have been adopted in attempts to tackle this 
conjecture. 


We write G < 4 to denote the fact that G is a spanning subgraph of H. By 
definition (see Chap. 1), 

GRA <G[H], 

GOH <GQ®H, and 

GxH<GWH. 

It is clear that if G < H, then y(G) > y(#). Consequently, we have the 
following result. 


Theorem 10.7.2. For any two graphs G and H, 
y(G[H]) < y(G BA) <minty(GO A), y(G x H)}. 


In the absence of a proof of Vizing’s conjecture, what is normally done is to 
fix one of the two graphs, say G, and allow the other graph H to vary and see 
if the conjecture 10.7.1 holds for all graphs H. Since the Cartesian product is 
commutative, it is immaterial as to which of the two graphs is fixed and which 
is varied. With this in view, we make the following definition: 


Definition 10.7.3. A graph G is said to satisfy Vizing’s conjecture if and only if 
y(GO A) = y(G)y(A) for every graph H. 


Definition 10.7.4. A graph G is edge-maximal with respect to domination if y(G + 
uv) < y(G) for every pair of nonadjacent vertices u, v of G. 


For example, C, is edge-maximal since y(Cy + e) = 1 <2 = y(C4). 


Definition 10.7.5. A 2-packing of a graph G is a set P of vertices of G such that 
N[x] 1 N[y] = 9 for every pair of (distinct) vertices x, y of P. The 2-packing 
number p(G) of a graph G is the largest cardinality of a 2-packing of G. In other 
words, o(G) is the maximum number of pairwise disjoint closed neighborhoods 
of G. 


Before we set out to prove some theorems relating to Vizing’s conjecture, we point 
out that in the relation y(GOA) => y(G) y(A), both equality and strict inequality 
are possible. 

For instance, y(Cs0P3) = 3 > 2x 1 = y(C4) y(P3) (see Fig. 1.28), while 
y(CaOP2) = 2 = y(Ca)y(P2). 

Most of the results supporting Vizing’s conjecture are of the following two 
types: 
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(i) If H is a graph related to G in some way, and if G satisfies Vizing’s conjecture, 
then H also does. 

(ii) Let H be a graph property. If G satisfies A, then G satisfies Vizing’s 
conjecture. 


First, we present two results (Lemmas 10.7.6 and 10.7.7) that come under the first 
category. 


Lemma 10.7.6. Let K < G such that y(K) = y(G). If G satisfies Vizing’s 
conjecture, then K also does. 


Proof. The graph K is obtained from G by removing edges of G (if K = G, 
there is nothing to prove). Lete € E(G)\E(K). Then K < G—e < G. Hence, 
y(K) > y(G—e) > y(G). By hypothesis, y(K) = y(G). Hence y(G—e) = y(G), 
and since (G — e)O.A < GOH, we have 


y((G — e)OA) = y(GOA) 
= y(G) y(H)(by hypothesis) 
= y(G—e)y(FA). 


Hence, G —e also satisfies Vizing’s conjecture. Now start from G — e and delete 
edges in succession until the resulting graph is K. Thus, K also satisfies Vizing’s 
conjecture. Oo 


V 


Lemma 10.7.6 is about edge deletion. We now consider vertex deletion. 


Lemma 10.7.7. Let v € V(G) such that y(G — v) < y(G). If G satisfies Vizing’s 
conjecture, then so does G — v. 


Proof. The inequality y(G — v) < y(G) means that y(G — v) = y(G) — 1. Set 
K = G—vso that y(K) = y(G) — 1. Suppose the result is false. Then there exists 
a graph H such that 

y(KOA#) < y(K) y(#). 
Let A be a y-set of KOA and B a y-set of H. (Recall that a y-set stands for a 
minimum dominating set.) Set D = A U {(v,b) : b € B} =A U ({v} x B). Then 
D is a dominating set of GOH. But then, as the sets A and {v} x B are disjoint, 


y(GOA) < |D| = |A| + |(tv} x B)| = [A] + |B] 
= y(KOH) + y(A) 
< y(K) y(H) + y(A) 
= yA) (y(K) + D 
= y(H) y(G), 


and this contradicts the hypothesis that G satisfies Vizing’s conjecture. O 
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We next present a lower bound (Theorem 10.7.8) and an upper bound (Theorem 
10.7.10) for y(GO#A). 


Theorem 10.7.8 (El-Zahar and Pareek [59]). y(GO#) > min{|V(G)|, |V(H)|}. 


Proof. Let V(G) = {u,u2,...,up} and V(H) = {v1,v2,...,V¥q}. We have to 
prove that y(GOA) > min {p,q}. Suppose D is a dominating set of GOH with 


|D| < min{ p,q}. (10.8) 


Then |D| < pand|D| <q. 

Recall that the G-fibers of GOH are pairwise disjoint. A similar statement 
applies for the H-fibers of GOH as well. In view of (10.8), D does not meet all 
the G-fibers nor does it meet all the H-fibers. Hence, there exist a G-fiber, say G,, 
with y € V(A), and a H-fiber, say H,, with x € V(G), which are both disjoint 
from D. Now any vertex that dominates (x, y) must belong either to G, or to Hy. 
But this is not the case as D is disjoint from both G, and H,. This contradicts the 
fact that D is a dominating set of GOH. Thus, |D| > min {p,q}. Oo 


Corollary 10.7.9 (Rall [99]). Let H be an arbitrary graph. Then there exists a 
positive integer r = r(f2) such that if G is any graph with y(G) <r and|V(G)| = 
|V(H)|, then y(GOH) > y(G) y(H). 

Proof. Recall that y(H) < $|V(H)| (Corollary 10.2.7). Let c = ee. andr = 
[+] . Then 


y(GO#A) > min{|V(G)|, |VC)|}(by Theorem 10.7.8) 
|V(H)|(since by hypothesis |V(G)| > |V(#)]) 


y(7)| 
Cc 


= ry(H) 
y(G) y(#) (since y(G) < r). O 


II 


V 


Theorem 10.7.10 (Vizing [182]). For any two graphs G and H, 


y(GOA) < minty(G) |V(A)|, y(A) VG) I}. 
Proof. Let D bea y-set for G. Then |) H, is a dominating set for GOH. To see 


veD 
this, consider any vertex (x, y) of GOH. As x € V(G), and D is a dominating set 
of G, either x € D or there exists v € D with vx € E(G). Hence, either (x, y) € 


D x V(FA1) or (v, y) dominates (x, y) in GOH. Thus, () H, is a dominating set 
veD 


of GOH. Further, |D| = y(G), and so 
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y(GOA) <|_) Hl = (PIV) = v(@) |ViA)I. 
veD 


Similarly, y(GO#H) < y(H)|V(G)|. Oo 


Lemma 10.7.11. Jf D is any dominating set of GOH and x is any vertex of G, 
then|D 1 (N[x] x V(A))| = y(A). 


Proof. Let h be any vertex of H so that (x,h) is an arbitrary vertex of the 
fiber H, = {x}OH. Let Ne[x] = {x,m,...,ux} C V(G), and let p 

(N[x] x V(A)) — Hy, be the projection map defined by p((x,/)) = (x,h) and 
P((uj,h)) = (x,h) fori = 1,...,k. Since D is a dominating set of GOH, D 
must meet each closed neighborhood in GOH (see Exercise 6.2.). Now the closed 
neighborhood of (x,f) in GOA is N[(x,h)] = {(x,h)} U ({x} x N(A)) U 
(N(x) x {h}), and therefore D must contain (x,/) or a vertex either of the 
form (x,h’), where h’ € N(h) Cc V(A) or of the form (u;,h), i = 1,...,k. 
Now p((x,h)) = (x,h) and p((x,h’)) = (x,h’), while p((uj,h)) = (x,h). 
Thus, p(D OM (N[x] x V(A))) dominates H, and so |D N (N[x] x V(A))| = 
|p(D 0 (N[x] x V(A)))| = yCAy) = y(A) (as Hy ~ #). O 
Next consider a set .Y of pairwise disjoint closed neighborhoods of G. Let H be 


any graph, and D, a dominating set of GOH. Then D must meet every star in .7. 
Hence if N [x] € .%, then by Lemma 10.7.11, 


|D 0 (N[x] x V))| = yCH). 
As this is true for each of the closed neighborhoods in .7, we have 
|D| = |-7ly(4). (10.9) 


Recall that p(G) denotes the maximum number of pairwise disjoint closed 
neighborhoods in the graph G. Replacing |.%| by p(G) in (10.9), we get the 
following result of Jacobson and Kinch. 


Theorem 10.7.12 (Jacobson and Kinch [112]). For any two graphs G and H, 
y(GOH) = max{p(G) y(H), p(H) y(G)}. 


Proof. Replacing |.%| by p(G) in (10.9), we get 


y(GO#A) = p(G) y(A). 


In a similar manner, 


y(HOG) = p(A) y(G). 
The result now follows from the fact thatGOH ~ HOG. Oo 
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Fig. 10.7 A graph G 
satisfying Vizing’s conjecture 


CU 


t w 


If G is a graph for which p(G) = y(G), then Theorem 10.7.12 implies that 
y(GOA) = y(G) y(#). In other words, Vizing’s conjecture is true for such graphs 
G. Now Meir and Moon [139] have shown that for any tree T, 0(7) = y(T). Hence, 
Vizing’s conjecture is true for all trees. This fact was first proved by Barcalkin and 
German [15]. We state this result as a corollary. 


Corollary 10.7.13 ([{15]). [fT is any tree, then T satisfies Vizing’s conjecture. UO 


Example 10.7.14. Let G be the graph of Fig. 10.7 The set D = {x,u,z} is a y- 
set for G so that y(G) = 3. Moreover, the closed neighborhoods N [a], N[b], and 
N[c] are pairwise disjoint in G. Hence, by (10.9) or by Theorem 10.7.12, |D| => 
3 y(H) = y(G) y(#A), and hence G satisfies Vizing’s conjecture. 


10.8 Decomposable Graphs 


In 1979, Barcalkin and German [15] showed that Vizing’s conjecture is true for 
a very large class of graphs. Their result was published in Russian and remained 
unnoticed until 1991. The result of Barcalkin—German is on the validity of Vizing’s 
conjecture for any decomposable graph. So we now give the definition of a 
decomposable graph. 


Definition 10.8.1. A graph G is called decomposable if its vertex set can be 
partitioned into y(G) subsets with each part inducing a clique (that is a complete 
subgraph) of G. 


Figure 10.8 displays a decomposable graph with y = 2. 


Theorem 10.8.2 (Barcalkin and German [15]). /f a graph G is decomposable, 
then G satisfies Vizing’s conjecture. 


However, the converse of Theorem 10.8.2 is false. For instance, the graph of 
Fig. 10.9 is not decomposable, but it satisfies Vizing’s conjecture (as p = y = 2). 

Theorem 10.8.2, when taken in conjunction with Lemma 10.7.6, yields the 
following result. 


Theorem 10.8.3. If H < G, y(H) = y(G) and G is decomposable, then H 
satisfies Vizing’s conjecture. 
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Fig. 10.8 A decomposable 
graph with y = 2 


Fig. 10.9 Graph not 
decomposable but satisfies 
Vizing’s conjecture 


Fig. 10.10 Graph G of 
Example 10.8.4 


Example 10.8.4. Cs satisfies Vizing’s conjecture. This is because if G stands for 
the graph of Fig. 10.10, then C5; < G, y(Cs) = y(G) = 2 and G is decomposable 
as its vertex set can be partitioned into the cliques K3 and K. 


Proof of Barcalkin—German theorem. Our proof is based on [30]. 

Let G be a decomposable graph with y(G) = k, and let @ = (Ci,..., Cx) 
be a partition of V(G) into cliques. Let {Cj,,...,C;,} be a set of p < k cliques 
belonging to @. Suppose that S is a smallest set of vertices in G \ (C;, U...U G,) 
which dominates (all the vertices of) C;, U...U C;,- In other words, S is a set of 
vertices of G outside C;, U...U C;, dominating the latter. Suppose further that 
Cj,,...,Cj, are those cliques of @ that have a nonempty intersection with S' so that 


q 
(U C;,) AS = S. We then claim the following: 
t=1 


q 
Claim: SY (\(Cj, S)|— 1) = p. (10.10) 
t=1 

Since any vertex of a clique will dominate that clique, the vertices in S will 
dominate the p + q cliques Cj,,...,Ci,; Cj,,...,Cj,. Hence, if |S| < p +4, then 
all the cliques of @ will be dominated by |S|+(k—p—q) < k vertices; equivalently, 
y(G) < k, acontradiction. This contradiction proves our claim. 

We now complete the proof of the theorem. Let D be a minimum dominating set 
of GOH. The main idea of the proof is that each vertex from D will get a label 
from | to k, and for each label i, the projections to H of the vertices from D that 
are labeled i form a dominating set of H. This means that there are at least y(7) 
vertices in D that are labeled i, 1 <i < k, and this implies that |D| > k y(H) = 
y(G)y(A). 
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Fig. 10.11 The partition of 
GOH into G-cells 
h 
2 
Lees | pees | 


For each h € V(H) andi, 1 <i <k, we call CF = V(C;) x {h} a G-cell (see 
Fig. 10.11, where the cell ra is shaded). 

We adopt the following labeling procedure: If a G-cell Ch contains a vertex from 
D, then one of the vertices from DNC, i is given the label i. Hence, in the projection 
to H, h will also get the label 7. Note that we have not yet determined the labels of 
the remaining vertices in D M c. if any. 

Fix an arbitrary vertex h € V(H). We need to prove that for an arbitrary 7, 
1 <i < k, there exists a vertex from D, labeled by 7, that is projected to the 
neighborhood of h. 

There are two cases. First, if there exists a vertex of D in V(C;) x N[h], then 
by our labeling procedure, there will be a vertex in N[h] to which the label i is 
projected, and so this case is settled. 

The second case is that there is no vertex of D in V(C;) x N[h], and we call 
such C/' a missing G-cell for h. Let a wad ci be the missing G-cells for h. 
Now by the definition of the Cartesian product, the missing G-cells for h must 
be dominated within the G-fiber G’. Here there must be vertices in D M G" that 
dominate ch Wess Ci. Let Cc}, Snes Cc; be the G-cells in G" that intersect D. 


Since G" is isomorphic to G, by inequality (10.10) we have 


q 
Yi(ch n D|=1) = p. 


t=1 


Thus, there are enough additional vertices in D M G" (that have not been already 
labeled) so that for each missing G-cell c. the label i can be given to one of the 
vertices in C A NM D, where |C M D| => 2(so that C;, has at least one unlabeled 
vertex of D at this stage). Hence, in this case, the label i will be projected to h. This 
concludes the proof. Oo 

We now present two applications of Barcalkin—German theorem. 


Corollary 10.8.5. If y(G) = 1, then G satisfies Vizing’s conjecture. 
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Proof. If y(G) = 1, G is a spanning subgraph of the complete graph K,. 
As y(K,) = 1, the corollary follows. [Any complete graph satisfies Vizing’s 
conjecture as y(K, DH) = y(#).] 


Corollary 10.8.6. If y(G) = 2, then G satisfies Vizing’s conjecture. 


Proof. Let G’ be the graph obtained from G by adding edges so that G’ is 
edge-maximal and y(G’) = 2. We prove that G’ is decomposable. This would 
mean, by virtue of Theorem 10.8.3, that G satisfies Vizing’s conjecture. 

Let Q; and Q> be disjoint cliques of G’ such that |V(Q1)| + |V(Q2)| is 
maximum. We claim that |V(Q1)| + |V(Q2)| = |V(G’)| (= |V(G))). 

If not, there exists a vertex v of G, with v € V(Q1) UV(Q2). v cannot be adjacent 
to all the vertices of Q, [else the subgraph induced by V(Q1) U {v} is a clique Q} of 
G with |V(Q‘)| + |V(Q2)| = |V(Q1)| + |V(Qz2)| + 1, a contradiction]. Similarly, 
v cannot be adjacent to all the vertices of Q2. Let w be a vertex of Q; which is 
nonadjacent to v in G’. As G’ is edge-maximal with respect to y, y(G’ + vw) = 1. 
Hence, G’+vw has a single vertex that forms a minimum dominating set of G’+vw. 
Such a vertex cannot be v (as v is not adjacent to all the vertices of Q2). Hence, it 
can only be w (as only w dominates v in G’ + vw). This means that w is adjacent to 
all the other vertices in V(G’) U {v}, and in particular to all vertices of Q2. Let A be 
the set of vertices in Q, not adjacent to v in G’. Then each vertex of A is adjacent 
to all the vertices of Qo. Then (Q; \ A) U {v} and Q2 U A span cliques in G’ 
whose union contains one vertex more than Q; U Qo. This contradiction proves that 
|V(Q1)| + |V(Q2)| = |V(G’)|, and so G’ is decomposable. Oo 

The preceding theorems gave graphs G for which Vizing’s conjecture holds. 
However, a result providing a general lower bound for y(GO#) for all graphs G 
and H was given by Clark and Suen [42], stating that y(GOA) > 5 y(G)y(H) 
for all graphs G and H. Another interesting result concerning Vizing’s conjecture is 
the following result of Clark, Ismail, and Suen [43]. If G and H are both 6-regular 
graphs, then with only a few possible exceptions, Vizing’s conjecture holds for the 
graph GOH. 

While so much is known about the domination number of the Cartesian product 
of two graphs, not much is known with regard to other products. We now present 
two easy results on the direct product. 


10.9 Domination in Direct Products 


Theorem 10.9.1. Let G; and G2 be graphs without isolated vertices. Then 


y(G, x G2) < 4y(Gi)y(G2). 


The proof of Theorem 10.9.1 uses Lemma 10.9.2, which is an immediate conse- 
quence of Theorem 10.2.5’. 
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Lemma 10.9.2 ( [160]). Let D be a y-set of a graph G, (that is, a minimum 
dominating set) without isolated vertices. Then there exists a matching in E(D, V \ 
D) that saturates all the vertices of D. 


Proof of theorem 10.9.1. Let D, and Dz be y-sets for G; and Go, respectively. 
Let D{ and Dj, be the matching vertex sets of D, and Dp, respectively, as given by 
Lemma 10.9.2. Then |D,| = |D{| = y(G1), and |D2| = |D5| = y(G»). Clearly, 
(D, x D2) U(D; x D5) U (D} x D2) U(D} x D3) is a dominating set of G; x Go, 
of cardinality 4y(G))y(G2). Oo 


Definition 10.9.3. A graph G is a split graph if V(G) can be partitioned into two 
subsets K and J such that the subgraph, G[K], induced by K in G is a clique in G, 
and / is an independent subset of G. 


Definition 10.9.4. A subset D of the vertex set of a graph is called a total 
dominating set of G if any vertex v of G has a neighbor in D. (In other words, D 
dominates not only vertices outside D but also vertices in D.) The total dominating 
number, y,;(G), of G is the minimum cardinality of a total dominating set of G. 


Lemma 10.9.5. For any split graph G, y,(G) = y(G). 


Proof. Let G = (K|/) bea split graph with K, a clique of G, and J, an independent 
set of G. Let D be any minimum dominating set of G, and let DM K = K* and 
DOI =1*. By Lemma 10.9.2, G contains a matching in H = E[D,V \ D] that 
saturates all the vertices of D. Let J* = {uy,...,ux}. Then G contains matching 
edges u;v1,...,UxVe, Where {vj,..., ve} C K \ K*. Clearly, K* U {y,..., ve} is 
a minimum dominating set D; of G, and hence |D;| = y(G). Now since K is a 
clique, D, is a total dominating set. Thus, y,(G) < |D,| = y(G). Since y(G) < 
y;(G) always (as any total dominating set of G is a dominating set of G), we have 
y(G) = y(G). O 


Lemma 10.9.6. For any two graphs G, and G2 with no isolates, y(G, x G2) < 
V4 (G1) Yr (G2). 


Proof. Let A and B be minimum total dominating sets of G; and Gz, respectively. 
Then for any (x, y) € V(G,) x V(Gz), there exist a € A and b € B with (x,a) € 
E(G;) and (y,b) € E(G»). Hence, (x, y) is adjacent to (a,b) in G, x Gp. This 
means that A x B is a dominating set for G; x Gz, and hence y(G; x Gz) < 
|A x B| = |A||B| = ¥(Gi)y: (G2). Oo 


Theorem 10.9.7. If G, and G2 are split graphs, then y(G, x G2) < y(Gi)y(G2). 


Proof. The proof is an immediate consequence of Lemmas 10.9.5 and 10.9.6. O 


Notes 


“Domination in graphs” is one of the major areas of current research in graph 
theory. The two-volume book by Haynes, Hedetniemi, and Slater [100, 101] is 
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a comprehensive reference work on graph domination. Several special types of 
domination in graphs have been studied by researchers—strong domination, weak 
domination, global domination, connected domination, independent domination, 
and so on. 

As regards Vizing’s conjecture, the technique of partitioning the vertex set of a 
graph, adopted by Barcalkin and German [15], has been exploited in two different 
ways to expand the classes of graphs satisfying Vizing’s conjecture. In [98], Hartnell 
and Rall introduce the Type y partition, which includes the Barcalkin—German class 
of graphs. The second has been proposed by BreSar and Rall [29]. Chordal graphs 
form yet another family that satisfies Vizing’s conjecture. This was first established 
by Aharoni and Szab6 [2] by using the approach of Clark and Suen [42], who 
showed that y(GHA) = Sy(G)y(H ) for all graphs G and H. For further details 
on Vizing’s conjecture, the interested reader can refer to the article by BreSar et al. 
[30]. 

Domination in graph products, other than the Cartesian product, remains an area 
that has still not been fully explored. 


Chapter 11 
Spectral Properties of Graphs 


11.1 Introduction 


In this chapter, we look at the properties of graphs from our knowledge of their 
eigenvalues. The set of eigenvalues of a graph G is known as the spectrum of G 
and denoted by Sp(G). We compute the spectra of some well-known families of 
graphs—the family of complete graphs, the family of cycles etc. We present Sachs’ 
theorem on the spectrum of the line graph of a regular graph. We also obtain the 
spectra of product graphs—Cartesian product, direct product, and strong product. 
We introduce Cayley graphs and Ramanujan graphs and highlight their importance. 
Finally, as an application of graph spectra to chemistry, we discuss the “energy of a 
graph’—a graph invariant that is widely studied these days. All graphs considered 
in this chapter are finite, undirected, and simple. 


11.2 The Spectrum of a Graph 


Let G be a graph of order with vertex set V = {v1,..., Vn}. The adjacency matrix 
of G (with respect to this labeling of V) is the n by n matrix A = (a;;), where 


1 if v; is adjacent to v; inG 
aij = ; 
0 otherwise. 


Thus A is a real symmetric matrix of order n. Hence, 


(i) The spectrum of A, that is, the set of its eigenvalues is real. 
(ii) IR” has an orthonormal basis of eigenvectors of A. 
(iii) The sum of the entries of the ith row (column) of A is d(v;) in G. 
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The spectrum of A is called the spectrum of G and denoted by S'p(G). We note that 
Sp(G), as defined above, depends on the labeling of the vertex set V of G. We now 
show that it is independent of the labeling of G. Suppose we consider a new labeling 
of V. Let A’ be the adjacency matrix of G with respect to this labeling. The new 
labeling can be obtained from the original labeling by means of a permutation z 
of V(G). Any such permutation can be effected by means of a permutation matrix 
P of order n (got by permuting the rows of J, the identity matrix of order 7). 


(For example, ifn = 3, the permutation matrix P = (0 0 ) takes v1, v2, v3 to 
100 
01.0 
V3, V1, v2 respectively since (123) [0 0 1) =(312). 

0 0 
Let P = (pi). Now given the new labeling of V, that is, given the permutation 
mz on {1,2,...,m}, and the vertices v; and v;, there exist unique a@ and fo, such 
that z(7) = a and z(j) = fo or equivalently pa,; = 1 and pg,; = 1, while for 
a # a and B F Bo, Pai = 0 = pp;. Thus, the (ao, Bo)th entry of the matrix 


A’ = PAP~! = PAP" (where P™ stands for the transpose of P) is 


ss, Paok 4k! Pol = Gij- 
kl=1 


Hence, Vveyvg, € E(G) if and only if v;v; € E(G). This proves that the adjacency 
matrix of the same graph with respect to two different labelings are similar matrices. 
But then similar matrices have the same spectra. Oo 


We usually arrange the eigenvalues of G in their nondecreasing order: A; > A. > 
1. 2A, TfA,,...,As are the distinct eigenvalues of G, and if m; is the multiplicity 
of 1; as an eigenvalue of G, we write 


spa) = () Ap... ae 


mM, M2...Ms 


Definition 11.2.1. The characteristic polynomial of G is the characteristic polyno- 
mial of the adjacency matrix of G with respect to some labeling of G. It is denoted 
by x(G; A). 

Hence, ¥(G; A) = det(xJ — A) = det(P(xI — A) P~!) = det(xJ — PAP™!) for 
any permutation matrix of P, and hence y(G; A) is also independent of the labeling 
of V(G). 


Definition 11.2.2. A circulant of order n is a square matrix of order n in which all 
the rows are obtainable by successive cyclic shifts of one of its rows (usually taken 
as the first row). 


a, a2 a3 
For example, the circulant with first row (a, a2 a3) is the matrix (« a, a2 ) 
a2 a3 a 
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Lemma 11.2.3. Let A be a circulant matrix of order n with first row (a, az ...an). 
Then Sp(A) = {a, + aga + +--+ a,@""! : w = annth root of unity! = fa, + 
Ch 4 Or pee + EMV" <r <n—1andé = a primitive nth root of unity} 


Proof. The characteristic polynomial of A is the determinant D = det(x/ — A). 
Hence, 


X—Qy —-QQ «ss =p 

—A, X—-a... —an-} 
D= : : ; 

ay —a3 oi x-—a, 


Let C; denote the 7th column of D, 1 <7 < n, and o, an nth root of unity. 
Replace C; by C) + Cow + ---+ C,w"~!. This does not change D. Let A,, = 
a, + dow +++ + a,@"—!. Then the new first column of D is (x — Ay, w(x — 
Aw), «.-, 0" "(x —A,))", and hence x — A, is a factor of D. This gives D = 

I] (—A,), and Sp(A) = {A, : w" = 1}. Oo 


o:o"=1 


11.3 Spectrum of the Complete Graph K,, 


Old1... 1 
101... 1 

For K,,, the adjacency matrix Ais givenbyA=]. . . . |, and so by 
iii 0 


Lemma 11.2.3, 


Hence, Sp(K,) = oe 1 hs 


11.4 Spectrum of the Cycle C,, 


Label the vertices of C,, as 0,1,2,..., n — 1 in this order. Then 7 is adjacent to 
i + 1(modn). Hence, 
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is the circulant with the first row (010... 01). Again, by Lemma 11.2.3, Sp(C,,) = 
es + oe: > 0 <r < n—1, wherew is a primitive nth root of unity}. Taking 
wo = cos + isin, we get A, = wo +.0'"")) = (cos # + isin 2%) + 


2nr(n— 4) a7 (i 1) : 
(cog a Sin) Tg aapiites to the following: 


(n—1)x 

(i) Ifn is odd, Sp(C,) = (Pas: a ee n ) 
(n—1)a 

(ii) If n is even, Sp(C,) = (Coe a = 7 ra 


11.4.1 Coefficients of the Characteristic Polynomial 


Let G be a connected graph on n vertices, and let y(G;x) = det(xJ, — A) = 
x” + ayx"! 4 ayx"? 4 ++++ dy be the characteristic polynomial of G. It is easy 
to check that (—1)"a, = sum of the principal minors of A of order r. (Recall that a 
principal minor of order r of A is the determinant minor of A common to the same 
set of r rows and columns.) 


Lemma 11.4.1. Let G be a graph of order n and size m, and let x(G; x) = x" + 
ayx"—! + anx"* +++» + a, be the characteristic polynomial of A. Then 


(i) ay= 0 
(ii) dy =—m 
(iii) a3 = — (twice the number of triangles in G) 


Proof: (i) Follows from the fact that all the entries of the principal diagonal of A 
are zero. 
(ii) A nonvanishing principal minor of order 2 of A is of the form | ‘ a| and its 


value is —1. Since any | in A corresponds to an edge of G, we get (ii). 
(ii) A nontrivial principal minor of order 3 of A can be one of the following three 


types: 

O 1 0}; JO 1 1] jO11 

io 9|,|1 9 o,|104). 

0 0 O| {1 O O} J110 
Of these, only the last determinant is nonvanishing. Its value is 2 and 
corresponds to a triangle in G. This proves (iii). O 


11.5 The Spectra of Regular Graphs 


In this section, we look at the spectra of some regular graphs. 


Theorem 11.5.1. Let G be a k-regular graph of order n. Then 
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(i) k is an eigenvalue of G. 

(ii) If G is connected, every eigenvector corresponding to the eigenvalue k is a 
multiple of 1, (the all 1-column vector of length n) and the multiplicity of k as 
an eigenvalue of G is one. 

(iii) For any eigenvalue X of G, |A| < k. (Hence Sp(G) Cc [—k,k]). 


Proof. (i) We have Al = 1, and hence k is an eigenvalue of A. 


(ii) Letx = (x1,...,X,)! be any eigenvector of A corresponding to the eigenvalue 
k so that Ax = kx. We may suppose that x has a positive entry (otherwise, take 
—x in place of x) and that x; is the largest positive entry in x. Let vj,,vj,,..., Viz 


be the k neighbors of v; in G. Taking the inner product of the jth row of A 
with x, we get xj, + xi, +++: + Xi, = kx;. This gives, by the choice of x,, 
Xj, HS XD = 1. SH Xi = Xj. 

Now start at vj,,Vi,,..., Vi, in succession and look at their neighbors in 
G. As before, the entries x, in x corresponding to these neighbors must all 
be equal to x;. As G is connected, all the vertices of G are reachable in this 
way step by step. Hence x = x;(1,1,...,1)', and every eigenvector x of 
A corresponding to the eigenvalue & is a multiple of 1. Thus, the space of 
eigenvectors of A corresponding to the eigenvalue k is one-dimensional, and 
therefore, the multiplicity of k as an eigenvalue of G is 1. 

(iti) The proof is similar to (ii). If Ay = Ay, y ¥ 9, and if y; is the entry in y with 


the largest absolute value, we see that the equation ya yi, = Ay; implies 


k 
that [Ally/l = layjl =] D0 vip 
p=1 


k 
<= ¥ l|yi,| < kly;|. Thus, |A| < k. Oo 
p=1 
Corollary 11.5.2. If A denotes the maximum degree of G, then for any eigenvalue 
A of G, |A| < A. 


Proof. Considering a vertex v; of maximum degree A, and imitating the proof of 
(iii) above, we get |A||y;| < Aly,|- oO 


11.5.1 The Spectrum of the Complement of a Regular Graph 


Theorem 11.5.3. Let G be a k-regular connected graph of order n with spectrum 
(# dn Az... As 
1m2.™m3...Ms 
ey ( n-1—k -A,-1 -A3-1 ... -As—-1 
spG)=("—] 2 ) 


m2 m3 a ote Ms 


). Then the spectrum of G‘, the complement of G, is given by 


Proof. As G is k-regular, G° is n — 1 — k regular, and hence by Theorem 11.5.1, 
n—1-—k is an eigenvalue of G‘°. Further, the adjacency matrix of G° is AS = 
J —I—A, where J is the all-1 matrix of order n, J is the identity matrix of order 
n, and A is the adjacency matrix of G. If x(A) is the characteristic polynomial of 
A, x(A) = (A—k) x1 (A). By Cayley—Hamilton theorem, (A) = 0 and hence we 
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have Ay,(A) = ky,(A). Hence, every column vector of y;(A) is an eigenvector 
of A corresponding to the eigenvalue k. But by Theorem 11.5.1, the space of 
eigenvectors of A is generated by 1, G being connected. Hence, each column vector 
of 7; (A) is a multiple of 1. But 7;(A) is symmetric and hence y;(A) is a multiple 
of J, say, ¥;(A) = aJ, w # 0. Thus, J and hence J — J — A are polynomials in A 
(remember: A® = J). Let A # k be any eigenvalue of A [so that y,(A) = 0], and Y 
an eigenvector of A corresponding to A. Then 


AY =(J—I—A)Y 
= (2 


; -1-A)Y 


= ee oo A)Y (see Note 11.5.4 below) 
a 
(=r 


Thus, ACY = (—1—A)Y, and therefore —1—A is an eigenvalue of A° corresponding 
to the eigenvalue A(# k) of A. 


Note 11.5.4. We recall that if f(A) is a polynomial in A, and Sp(A) = 


m, Mm)... Ms 


11.5.2. Spectra of Line Graphs of Regular Graphs 


We now establish Sachs’ theorem, which determines the spectrum of the line graph 
of a regular graph G in terms of Sp(G). 

Let G be a labeled graph with vertex set V(G) = {v1,...,v,} and edge set 
E(G) = {e,...,@m}. With respect to these labelings, the incidence matrix B = 
(b; ;) of G, which describes the incidence structure of G, is defined as the m by n 
1 if e; is incident to v;, 
matrix B = (bj), where bj; = a cia a 

0 otherwise. 
Lemma 11.5.5. Let G be a graph of order n and size m with A and B as its 


adjacency and incidence matrices, respectively. Let A, denote the adjacency matrix 
of the line graph of G. Then 


(i) BB’ = Ay +2Iyp. 
(ii) If G is k-regular, B}B = A+kI,. 
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Proof. Let A = (a;;) and B = (b;;). We have 
(i) 
n 
(BB")i; = )° dipbjp 
p=1 
= number of vertices v, that are incident to both e; and e; 


1 if e; and e; are adjacent 


II 


0 ifi A j ande; ande; are nonadjacent 
2 ifi =j. 


(ii) Proof of (ii) is similar. Oo 


Theorem 11.5.6 (Sachs’ theorem). Let G be a k-regular graph of order n. 
Then x(L(G);A) = (A + 2)"""y(G;A + 2 —k), where L(G) is the line graph 
(see Chap. 1) of G. 


Proof. Consider the two partitioned matrices U and V, each of order n + m (where 
B stands for the incidence matrix of G): 


= POE y-[5 8 


We have 
_fAlL,—B™B 0 
Ct [ B AL 


| ana vu = Ke Ay — BB": 


Now det(UV) = det(VU) gives: 
A” det(AI, — B'B) = A" det(AI — BB"). (11.1) 
Replacement of A by A + 2 in (11.1) yields 
(A +2)" det((A + 2)I, — B'B) = det((A + 2)In — BB"). (11.2) 
Hence, by Lemma 11.5.5, 


X(L(G); A) = det(Alm — Ax) 
= det((A + 2)Im — (Ax + 2In)) 
= det((A + 2), — BB") 
= (A+2)"™" det((A + 2)I, — B™B) (by (11.2)) 
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= (A+ 2)” det((A + 2)1, —(A +kI,)) (by Lemma 11.5.5) 
= (A+ 2)” det((A + 2—k)I, — A) 
= (A4+2)"" x(G;A +2-k). 


oO 


Sachs’ theorem implies the following: As x(G; A) = [[(A — Aj), it follows that 
1 


x(L(G); A) = (A+2)"™" []A42-k-A) 
i=1 
= (A + ay I] ( = (k —2+ Ai). 


i=1 


Hence it $p(6) = (4 - ee then 
2 sax 5 


2k-2 kK-2+ A. ... kK-2+A, 2 
Sp(LiG)) = ( 1 mM ° oe m ae: 


We note that the spectrum of the Petersen graph can be obtained by using 
Theorems 11.5.3 and 11.5.6 (see Exercise 14.14). We use this result to prove a 
well-known result on the Petersen graph. 


Theorem 11.5.7. The complete graph Ky cannot be decomposed into (that is, 
expressed as an edge-disjoint union of) three copies of the Petersen graph. 


Proof (Schwenk and Lossers [169]). Assume the contrary. Suppose Kj is express- 
ible as an edge-disjoint union of three copies, say, P|, Po, P3, of the Petersen graph 
P (see Fig. 11.1). Then 


A(K) = J — I = A(P,) + A(Ps) + A(P3), (11.3) 


Fig. 11.1 Petersen graph P 
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where A(/7) stands for the adjacency matrix of the graph H, and J the all-1 matrix 
of order 10. (Note that each P; is a spanning subgraph of Ko, that the number of 
edges of P;, namely 15, is a divisor of the number of edges of Kio, namely, 45, 
and that the degree of any vertex v of P, namely, 3, is a divisor of the degree of 
v in Kjo, namely 9.) It is easy to check that 1 is an eigenvalue of P. Further, as 
P is 3-regular, the all-1 column vector 1 is an eigenvector of P. Now R!° has an 
orthonormal basis of eigenvectors of A(P) containing 1. Again, the null space of 
(A(P)-—1.1) = A(P)-—T is of dimension 5 and is orthogonal to 1. (For P with the 
labeling of Fig. 11.1, one can check that for A(P) — J, the null space is spanned by 
the five vectors: (100001 —100 —1)', (01000 —11 —100)', (001000 — 
11 —10)7,(001000-11-1)', (00001 —100 —11)") The orthogonal 
complement of 1 in R!° is of dimension 10 — 1 = 9. Hence, the null spaces 
of A(P,) — I and A(P2) — J must have a common eigenvector x orthogonal to 
1. Multiplying the matrices on the two sides of (11.3) to x, we get (J — J)x = 
A(P1)x + A(P2)x + A(P3)x, that is (as Jx = 0), —x = x +x + A(P3)x. Thus, 
A(P3)x = —3x, and this means that —3 is an eigenvalue of the Petersen graph, a 
contradiction (see Exercise 14.14). Oo 


Various proofs of Theorem 11.5.7 are available in literature. For a second proof, 
see [32]. 


11.6 Spectrum of the Complete Bipartite Graph K, , 


We now determine the spectrum of the complete bipartite graph K,,. 


= O | pq —-V/Pd ) 
Theorem 11.6.1. Sp(K,4) = (, ree as 1 : 
Proof. Let V(Kp) have the bipartition (X, Y) with |X| = p and |Y| = q. Then 
the adjacency matrix of K,, is of the form 


az(! Iya) 


qsP 


where J,.; stands for the all-1 matrix of size r by s. Clearly, rank(A) = 2, as the 
maximum number of independent rows of A is 2. Hence, zero is an eigenvalue of A 
repeated p + g — 2 times (as the null space of A is of dimension p + q — 2). Thus, 
the characteristic polynomial of A is of the form A?*4~? (A? 4+ cp). 

[Recall that by Lemma 11.4.1, the coefficient of A?*4~! in x(G;A) is zero.] 
Further, again by the same lemma, —c, = the number of edges of K,, = pq. This 
proves the result. Oo 
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11.7. The Determinant of the Adjacency Matrix of a Graph 


We now present the elegant formula given by Harary for the determinant of the 
adjacency matrix of a graph in terms of certain of its subgraphs. 


Definition 11.7.1. A linear subgraph of a graph G is a subgraph of G whose 
components are single edges or cycles. 


Theorem 11.7.2 (Harary [92]). Let A be the adjacency matrix of a simple graph 
G. Then 


det A=? (12, 
H 


where the summation is over all the spanning linear subgraphs H of G, and e(H) 
and c(f2) denote, respectively, the number of even components and the number of 
cycles in H. 


Proof. Let G be of ordern with V = {vj,...,v,}, and A = (aj). A typical term 
in the expansion of det A is 


SYN(TE) A171) A272) +++ Anz(n)> 


where z is a permutation on {1,2,...,”} and sgn(z) = 1 or —1 according to 
whether z is an even or odd permutation. This term is zero if and only if for some 
i, 1 <i <1, ding) = 0, that is, if and only if 7@) = 7 or mi) = j(F i) and 
viv; ¢ E(G). Hence, this term is nonzero if and only if the permutation mz is a 
product of disjoint cycles of length at least 2, and in this case, the value of the term 
is sgn(z).1.1...1 = sgn(z). Each cycle (ij) of length 2 in z corresponds to the 
single edge vjv; of G, while each cycle (ij ... p) of length r > 2 in 7 corresponds 
to a cycle of length r of G. Thus, each nonvanishing term in the expansion of det A 
gives rise to a linear subgraph H of G and conversely. Now for any cycle C of 
Sn, sgn(C) = 1 or —1 according to whether C is an odd or even cycle. Hence, 
sgn(z) = (—1)*), where e(H) is the number of even components of H (that is, 
components that are either single edges or even cycles of the graph H). Moreover, 
any cycle of H has two different orientations. Hence, each of the undirected cycles 
of H of length > 3 yields two distinct even cycles in S,,. [For example, the 4- 
cycle (Vj, V;,Vi,Vi,) gives rise to two cycles (Vj, Vi, Vi, Vi,) and (Vj,Vi3Vi,Vi,) in H.] This 
proves the result. Oo 


Corollary 11.7.3 (Sachs [167]). Let y(G;x) = x” + ayx"—! +..-+ a, be the 
characteristic polynomial of G. Then 


a= E12, 
H 


where the summation is over all linear subgraphs H of order i of G, and wo(f7) 
and c(f1) denote, respectively, the number of components and the number of cycle 
components of H. 
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Proof. Recall that a; = (—1)' )>,, det A, where H runs through all the induced 
subgraphs of order i of G. But by Theorem 11.7.2, 


det H = Sle, 
Hi 


where H; is a spanning linear subgraph of H and e(#H;) stands for the number of 
even components of H;, while c(H;) stands for the number of cycles in H;. The 
corollary follows from the fact that 7 and the number of odd components of H; have 
the same parity. Oo 


11.8 Spectra of Product Graphs 


We have already defined in Chap. 1 the graph products: Cartesian product, direct 
product, and strong product. In this section we determine the spectra of these graphs 
in terms of the spectra of their factor graphs. Our approach is based on Cvetkovié 
[46] as described in [47]. Recall that all these three products are associative. 

Let & be a set of binary n-tuples (6, B2,..., 8,) not containing (0,0,...,0). 


Definition 11.8.1. Given a sequence of graphs G,, G2,...,G,, the NEPS (Non- 
complete Extended P-Sum) of G,,G2,...,G,, with respect to & is the graph 
G with V(G) = V(G,) x V(G2) x ... x V(G,), and in which two vertices 
(X1,X2,...,Xn) and (1, y2,..., ¥n) are adjacent if and only if there exists an n- 
tuple (6, Bo,..., Bn) € G with the property that if 6; = 1, then x;y; € E(G;) and 
if B; = 0, then x; = yj. 


Example 11.8.2. (i) n = 2 and 4 = {(1,1)}. Here the graphs are G; and Gp. 
The vertices (x;, x2) and (1, y2) are adjacent in the NEPS of G; and G» with 
respect to & if and only if x,y; € E(G,) and x2y2 € E(G2). Hence, G = 
G, x Gy, the direct product of G, and G2. 

(ii) n = 2 and ZS = {(0, 1), (1, 0)}. Here G is the Cartesian product G;OG>. 

(iii) n = 2 and FY = {(0, 1), (1,0), (1, 1}. Here G = (G,;OG,2) U (G; x Gx) = 
G, & Gy, the strong product of G; and Gp. 

Now, given the adjacency matrices of G;,...G,, the adjacency matrix of the NEPS 

graph G with respect to the basis & is expressible in terms of the Kronecker product 

of matrices, which we now define: 


Definition 11.8.3. Let A = (a;;) be an m by n matrix and B = (b;;) be a p by q 
matrix. Then A @ B, the Kronecker product of A with B, is the mp by nq matrix 
obtained by replacing each entry a;; of A by the double array a;; B (where a;; B is 
the matrix obtained by multiplying each entry of B by a;;). 
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It is well known and easy to check that 
(A ® B)\(C @ D) = (AC ® BD), (11.4) 


whenever the matrix products AC and BD are defined. Clearly, this can be extended 
to any finite product whenever the products are defined. 


Remark 11.8.4. Let us look more closely at the product A; ® Az, where A; and A» 
are the adjacency matrices of the graphs G; and Gz of orders n and f, respectively. 
To fix any particular entry of A; ® Ag, let us first label V(G,) = Vi, and V(G2) = V2 
as Vi = {u,...,U,}, and V2 = {v,...,v,}. Then to fix the entry in A, ® A» 
corresponding to (ui, uj), (Vp, Vq))s we look at the double array (A1)(ujuj)A2 in 
A; @ Ap, where (A1) (uy; uj) *= o stands for the (i, 7 th entry of A,. Then the required 
entry is just a{(p,q)th entry of Ay}. Hence, it is 1 if and only if (A1)(uju;) = 1 = 
(Az) (v,v,)> that is, if and only if u;u; € E(G1) and vpvg € E(G2), and 0 otherwise. 
In other words, A; ® Az is the adjacency matrix of G; x Go. By associativity, 
A(G)) @... ®@ A(G,) is the adjacency matrix of the graph product G; x... x G;. 
Our next theorem determines the adjacency matrix of the NEPS G in terms of 
the adjacency matrices of G;, 1 < i <n for all three products mentioned above. 


Theorem 11.8.5 (Cvetkovi¢ [46]). Let G be the NEPS of the graphs G,..., Gn 
with respect to the basis B. Let A; be the adjacency matrix of G;, 1 <i <n. Then 
the adjacency matrix A of G is given by 


A= > Af @...@ Abr, 
B=(B1,---BnEB 


Proof. Label the vertex set of each of the graphs G;, 1 < i <n, and order the 
vertices of G lexicographically. Form the adjacency matrix A of G with respect 
to this ordering. Then (by the description of Kronecker product of matrices given 


where (M) x,y) stands for the entry in M corresponding to the vertices x and y. 
But by lexicographic ordering, (M)(x,.....x,)(1,....yy) = | if and only if there exists a 
B = (fi,..., Bn) € A with (AP ye5,3 = 1 foreachi = 1,...,n. This of course 
means that x;y; € E(G;) if 6; = 1 and x; = y; if 6; = O (the latter condition 
corresponds to Abi =I), Oo 


We now determine the spectrum of the NEPS graph G with respect to the basis 
& in terms of the spectra of the factor graphs G;. 


Theorem 11.8.6 (Cvetkovié [46]). Let G be the NEPS of the graphs G,,..., Gy 
with respect to the basis &. Let k; be the order of G; and Aj, the adjacency matrix 
of Gj. Let {Ai1,..., Aik, } be the spectrum of G;, 1 <i <n. Then 


Sp(G) = {Aini...in 21 S ij S kj and | Ss J < n}, 


Ae ole Ve skp andl <7 <a. 


where A 1 2299 yn’ 


1ylo..:da — 


B=(Bi gees BrJEB 
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Proof. There exist vectors x;; with A;xj; = Ajxij,1 <i <n 1 < j < kj. 
Now consider the vector x = x1;, ®@...®X,;,,. Let A be the adjacency matrix of G. 
Then from Theorem 11.8.5 and (11.4) (rather its extension), 


Ax = [ >- AP @...@ AP | (x1, @... @ Xni,) 
BEB 


= So (AR x, ®...@ APn x, ;) 
BEB 


= Valais ©. @ AR Ain) 
BEB 


= Me pa 
pEeB 


II 


= Ainin...inX- 


Thus, Aj;,;,.;, is an eigenvalue of G. This yields kik2...k, eigenvalues of G and 
hence all the eigenvalues of G. Oo 


Corollary 11.8.7. Let Sp(G,) = {A1,...,An} and Sp(G2) = {t1,..., fr} and let 
A, and A be the adjacency matrices of G, and G2, respectively. Then 


(i) A(G, x G2) = A; ® Az; and Sp(G, x G2) = {Ai fj :l<i<na,l <j< th. 

(ii) A(G{,OG2) = Uh, ® Az) + (A; ® I); and Sp(G,;OG2) = {ii + hj: 1l< 
i<n,1l<j <¢}. 

(iii) A(G, & Gy) = (A; ® Az) + Un @ Az) + (Ai ® J); and Sp(G, & G2) = 
(Aimy +Aituy i l<i<n,1<j <t}. 


oO 


11.9 Cayley Graphs 


11.9.1 Introduction 


Cayley graphs are a special type of regular graphs constructed out of groups. 
Let I” be a finite group and S C I’ be such that 


(i) e € S (eis the identity of I), 
(ii) Ifa € S, thena™! € S,and 
(iii) S generates I". 
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Construct a graph G with V(G) = I andin whichab € E(G) if and only if b = as 
for some s € S. Since as = as’ in I implies that s = 5s’, it follows that each vertex 
a of G is of degree |S |; that is, G is a |S |-regular graph. Moreover, if a and b are any 
two vertices of G, there exists c in I such that ac = b. But as S generates I, c = 
$157 ...Sp, Where s; € S, 1 <i < p. Hence, b = as)Sy...s,, which implies that b 
is reachable from a in G by means of the path a(as,)(@8152)...(aS152...Sp) = 5). 
Thus, G is a connected simple graph. [Condition (i) implies that G has no loops. ] 
G is known as the Cayley graph Cay(I’; S) of the group I” defined by the set S. 

We now consider a special family of Cayley graphs. Take 7 = (Z,,+), the 
additive group of integers modulo n. If S = {51, 52,..., 5p}, then0 ¢ S ands; € S 
if and only if n — s; € S. The vertices adjacent to 0 are s1,52,...,5,, while those 
adjacent to i are (sy + i)(mod n), (s2 +7)(mod n),..., (Sp + i)(mod n). Conse- 
quently, the adjacency matrix of Cay(Z,,; 8) is a circulant and, by Lemma 11.2.3, 
its eigenvalues are 


{o"! +o? +---+@° : @ = annth root of unity}. 


11.9.2. Unitary Cayley Graphs 


We now take S(C Z,) to be the set U,, of numbers less than n and prime to n. 
Note that (a,n) = 1 if and only if (n —a,n) = 1. The corresponding Cayley graph 
Cay(Z,; U,,) is denoted by X,, and called the unitary Cayley graph mod n (Note that 
U,, is the set of multiplicative units in Z,,.) Now suppose that (7;,72) = 1. What is 
the Cayley graph X,,,,,.? Given x € Z,,n,, there exist unique c € Z,, andd € Z,, 
such that 

x =c(modn,) and x =d(modny). (11.5) 


Conversely, givenc € Z,, andd € Z,,, by the Chinese Remainder Theorem [5], 
there exists a unique x € Z,,,,, satisfying (11.5). Define f : Znjny > Zn, X Zn, 
(the direct product of the groups Z,,, and Z,,,) by setting f(x) = (c,d). Then f is 
an additive group isomorphism with f(U,,n,) = Un, X Un. 

Two vertices a and b are adjacent in Z,,,,, if and only if a — b € U,,n,. Let 


a = a\(modn)), b = bi(mod n1) 


ad =ad2(modn2) and b=b)(modny). 


Then (a — b,njn2) = 1 if and only if (a —b,n,) = 1 = (a —b, nz); equivalently, 
(a; — bj,ny) = 1 = (a — bo, nz) or, in other words, a,b; € E(X,,) and ayb. € 
E(X,,). Thus, we have the following result. 


Theorem 11.9.1. Jf (71,2) = 1, the unitary Cayley graph Xp ,\n, is isomorphic to 
Xn, X Xn, (where x on the right stands for direct product of graphs). 
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11.9.3. Spectrum of the Cayley Graph Xp 


The adjacency matrix of X,,, as noted before, is a circulant, and hence the spectrum 
(A1,A2,...,An) of Xy (see the proof of Lemma 11.2.3) is given by 


22 


ip = ¥ ow, wherew =e". (11.6) 


The sum in (11.6) is the well-known Ramanujan sum c(r,7) [123]. It is known that 


om) where t, =  (2peqet. (11.7) 
P(t, (r, n) 

In relation (11.7), jz stands for the MGebius function. Further, as t, divides n, (t,) 
divides ¢(n), and therefore c(r, 1) is an integer for each r. These remarks yield the 
following theorem. 


c(r,n) = Ltr) 


Theorem 11.9.2. The eigenvalues of the unitary Cayley graph X, = Cay(Zn, Un) 
are all the integers c(r,n),0<r<n-1. 


For more spectral properties of Cayley graphs, the reader may consult Klotz and 
Sander [123]. 


11.10 Strongly Regular Graphs 


Strongly regular graphs form an important class of regular graphs. 


Definition 11.10.1. A strongly regular graph with parameters (n,k,A, 2) 
(for short: srg(n,k,A, 2)) is a k-regular connected graph G of order n with the 
following properties: 


(i) Any two adjacent vertices of G have exactly 4 common neighbors in G. 
(ii) Any two nonadjacent vertices of G have exactly 4. common neighbors in G. 


Example 11.10.2. (i) The cycle Cs is an srg(5, 2,0, 1). 

(ii) The Petersen graph P is an srg(10, 3,0, 1). 

(iii) The cycle C¢ is a regular graph that is not strongly regular. 

(iv) The Clebesch graph is an srg(16, 5, 0, 2) (see Fig. 11.2). 

(v) Let g = 1(mod 4) be an odd prime power. The Paley graph P(q) of order q is 
the graph with vertex set GF'(q), the Galois field of order g, with two vertices 
adjacent in P(q) if and only if their difference is a nonzero square in GF(q). 
P(q) is an srg(q, 4(q —1).4(q —5), 4q—)). 

Our next theorem gives a necessary condition for the existence of a strongly 
regular graph with parameters (1, k, A, [1). 
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Fig. 11.2. Clebsch Graph 


Theorem 11.10.3. If G is a strongly regular graph with parameters (n,k,X, 1), 
then 


k(k-A-1)=p(n—k -1). 


Proof. We prove this theorem by counting the number of induced paths on three 
vertices in G having the same vertex v of G as an end vertex in two different ways. 
There are k neighbors w of v in G. For each such w, there are A vertices that are 
common neighbors of v and w. Each of the remaining k — 1 — A neighbors of w 
induces a P3 with v as an end vertex. As this is true for each neighbor w of v in G, 
there are k(k — A — 1) paths of length 2 with v as an end vertex. 

We now compute this number in a different way. There are n — 1—k vertices x of 
G that are nonadjacent to v. Each such pair v, x is commonly adjacent to jz vertices 
of G. Each one of these jz vertices gives rise to an induced P3 in G with v as an end 
vertex. This number is p(n — k — 1). Oo 


Suppose now A = k — 1. As G is k-regular, ab € E(G), implies that every 
vertex c adjacent to a is adjacent to b, and every vertex d adjacent to b is adjacent 
to a. Now consider the adjacent pair b,c. Then c must be adjacent to d and so on. 
Thus, each component of G must be a clique (complete subgraph) of size k. 

A similar reasoning applies when 4 = 0. Further, if k = n — 1, G is K,, the 
clique on n vertices. We treat these cases (that is, the cases when A = k — 1; pu = 
0; k = n — 1) as degenerate cases. 


Theorem 11.10.4. /f G is an srg(n,k,A, (4), then its complement G° of G is an 
srg(n,n—1—k,n—2—2k + u,n —2k +d). 


Proof. Trivially, G° is n — 1 — k regular. Suppose now uv € E(G*°). Then 
uv ¢ E(G). There are k vertices adjacent to u in G and k vertices adjacent to v 
in G. Out of these 2k vertices, 4 are common vertices adjacent to both u and v in 
G°. Hence, there are (n — 2) — (2k — pw) = n —2—2k + yp vertices commonly 
adjacent to u and v in G°. By a similar argument, if uv ¢ E(G‘), u and v are 
commonly adjacent to n — 2k + A vertices in G°. Thus, G° is an srg(n,n — 1 — 
k,n —2—2k+p,n—2k+A). Oo 
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We now present another necessary condition for a graph to be strongly regular. 


Theorem 11.10.5. [fG is an srg(n,k,A, (2), with tu > 0, then the two numbers 


( (n — 1)(u —A) — 2k 
={n-1l+ 
2 J(u Ay? + 4k = 1) 


are both nonnegative integers. 


Proof. We prove the theorem by showing that the two numbers are (algebraic) 
multiplicities of eigenvalues of G. If A is the adjacency matrix of G, J-—IJ—A 
(where J is the all-1 matrix of order 1) is the adjacency matrix of G°. What is the 
(i, j)th entry of A?? If i = /, the number of v;-v; walks of length 2 is k since they 
are all of the form v;v,v;, and there are k adjacent vertices v, to v; in G. Hence, 
each diagonal entry of A? is k. 

Now leti # j. Thenv;v; € E(G) if and only ifv;v; ¢ E(G*). Hence ifi F j, 
the (i, 7 )th entry is 1 or 0 in A if and only if the (7, 7 )th entry is 0 or 1, respectively, 
in J — I — A. Now there are exactly 1 vertices commonly adjacent to v; and v; 
in G, and hence there are 1 paths of length 2 in G. Hence, the 1’s in A will be 
replaced by A in A’, and this is given by the matrix 1A. Finally, let i # j and 
viv; ¢ E(G). The number of v;-v; walks of length 2 in G is jz. The (7, j)th entry 0 
in A should now be replaced by jz. This can be done by replacing the (i, 7)th entry 
lin (J — I — A) by yw. Thus, 


A =kIi+i4A+p(J —I-A). (11.8) 
Hence, if 1 is the column vector (1, 1,..., 1)" of length n, 
A’1 = (kI +AA+ pw(J —I — A))1, 
and this gives (as Al = k1) 
k1=k14+Ak14+ p(n—-1-4)1. (11.9) 
Note that (11.9) yields another proof for Theorem 1 1.10.3. 
Now as G is connected, 1 is a unique eigenvector corresponding to the eigenvalue 
k of G. Let x be any eigenvector corresponding to an eigenvalue 6 # k of G so that 
Ax = @x. Then x is orthogonal to 1. Taking the product of both sides of (11.8) with 
x, we get (as Jx = 0) 
6°x = A*x = kx + 10x 4+ pu(—x — 9x), 


and therefore (as x is a nonzero vector), 


6? —(A—p)0 —(k —p) = 0. (11.10) 
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This quadratic equation has two real roots (being eigenvalues of G), say, r and s, 
which are given by 


1 
5[Q- 1) + VA— mw? + 4k — 1]. (1.11) 
Denote the multiplicities of r and s by a and b. Now 


k +ra+ sb = 0 (sum of the eigenvalues), 


and | + a + b = n (total number of eigenvalues). 


Solution of these equations gives 


k+s(n—1) 
a = —————_, 
r—s 
phere) (11.12) 
r—s 


Substitution of the values of r and s as given in (11.11) into (11.12) yields the two 
numbers given in the statement of Theorem 11.10.5. O 


11.11. Ramanujan Graphs 


Ramanujan graphs constitute yet another family of regular graphs. In recent times, a 
great deal of interest has been shown in Ramanujan graphs by researchers in diverse 
fields—graph theory, number theory, and communication theory. 


Definition 11.11.1. A Ramanujan graph is a k-regular connected graph G, k > 2, 
such that if A is any eigenvalue of G with |A| #4 k, thenAa < 2Vk — 1. 


Example 11.11.2. The following graphs are Ramanujan graphs. 


1. The complete graphs K,,, n > 3. 

2. Cycles C,. 

3. Knn. Here k =n, and Sp(Ky») = (i rl 2 is 
4. The Petersen graph. 


The Moebius ladder M), is the cubic graph obtained by joining the opposite 
vertices of the cycle Cz,,. By Exercise 14.6, we have 


Aj = 2c0s + (-1), 0<j <2h-1. 


Take h = 2p and j = 4p — 2. Then Agp-y = 2cos *™F) + 1 = 2cos= +1 > 


2/k — 1 (when p becomes large) = 2/2 (as k = 3). Hence, not every regular 
graph is a Ramanujan graph. 
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11.11.1 Why Are Ramanujan Graphs Important? 


Let G be ak-regular Ramanujan graph of order n, and A its adjacency matrix. As A 
is symmetric, R” has an orthonormal basis {u,..., un} of eigenvectors of A. Since 
Al = k1, we can take u, = (Fz ae a Let Sp(G) = {A, > Ar. >... = An}, 


n 
where A; = k and Au; = Aj;u;,1 < i < n. We can write A = > Ajujul. 


i=l 
(This is seen from the fact that the matrices on the two sides when postmultiplied 
by uj, 1 < j <n both yield A;u;.) More generally, as AP, 1 <i <n are the 
eigenvalues of A?, we have 


AP = So AP uu}. (11.13) 
i=l 
Let uj = ((uj)1, (Uj)2, ..., (Ui)r, »--, (Ui)n). Then the (r,s5)th entry of A? = 
SAP) Up)s = YAP) (ui)s := Xs. As A is a binary matrix, X,.5 is 
i=l i=l 
a nonnegative integer. Moreover, as G is k-regular and connected, A; = k. Set 


A(G) := max |A;|. Then, 
Ai lA 


Xs = ss AP (uj) (Ui)s 


i=1 


= | y AP (uj) r (Ui)s 


i=l 


> kur (urs — | AP (ui )r us 
i=2 


= 77 


1 1 = 
——= — |X], wh Do = >a? i) (Uj)s- 11.14 
a ees = I Oe 


Assume that G is not bipartite, so that A,, 4 —k (see Exercise 14.22). Hence, the 
eigenvalues A2,...,A, all satisfy |A;| < A(G), and therefore 


[Do] < ACG)? > |(ui)r (ui) 


i=2 


< MG)? ( 2 \(ui 71) “i > \(uiJ21) (by Cauchy—Schwarz inequality) 
i=2 i=? 


1/2 1/2 
= 2(G)"|1 - (wi)? [1 - (w)?| (as the u;’s are unit vectors) 
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= 2G)" = [i = Ale 


n 
= 2(G)"|1 = +), 


Hence, the (7, 5)th entry of A” is positive if e > A(G)P - 1), that is, if rau > 
n—-1l. 


This gives, on taking logarithms, that if 


log(n — 1) 


a er ree 

log (k [x (G)) 

then every entry of A? is positive. Now the diameter of G is the least positive integer 
Pp for which A? is positive (see Exercise 14.3). Hence, the diameter D of G satisfies 
the inequality 


log(n — 1) 
~ log(k/A(G)) 


Thus, we have proved the following theorem. 


Theorem 11.11.3 (Chung [37]). Let G be a k-regular connected nonbipartite 
graph with n vertices and diameter D. Then 


log(n — 1) 
< ———_ +l. (11.15) 
log (k/A(G)) 
Now assume that G is bipartite and k-regular. Then A; = k and A, = —k so that 
|A,| = k = |A,|. Working as above, one gets the following inequality in this case: 


log(n — 2)/2 


< ——_—_ + 2. (11.16) 
log (k /A(G)) 
The last two inequalities show that to minimize D, one has to minimize A(G) = 


ae |A;|. Such graphs are useful in communication theory—the smaller the 
Alek 


diameter, better the communication. In the case of Ramanujan graphs, we demand 
that A(G) < 2Vk — 1. Hence, Ramanujan graphs with sufficiently small values for 
A(G) could be used in cost-efficient communication networks. 

We mention that in constructing k-regular Ramanujan graphs G for a fixed 
k > 2, it is not possible to bring down the upper bound 2Vk — 1 for A(G) since 
as per a result of Serre [132], for € > 0, there exists a positive constant c = c(k,€), 
which depends only on k and € such that the adjacency matrix of every k-regular 
graph on n vertices has at least cn eigenvalues larger than (2 — €) Vk — 1 (see also 
[137]). Again, not every unitary Cayley graph is a Ramanujan graph. Unitary Cayley 
graphs that are Ramanujan graphs have been completely characterized by Droll [58]. 
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We conclude this section with a remark that explains the name “Ramanujan 
graph” (see also [162]). The question that one may ask is the following: Does there 
exist a sequence {G;} of graphs with an increasing number of vertices, satisfying 
the bound A(G;) < 2Vk — 1? That is, can we give an explicit construction for such 
a sequence of Ramanujan graphs? The only case known for which such sequences 
have been constructed is when k — 1 equals a prime power. In all these cases, the 
proof that the eigenvalues satisfy the required bound is by means of the Ramanujan’s 
conjecture in the theory of modular forms, proved by Deligne [48] in 1974 in the 
case when k — 1 is a prime, and by the work of Drinfeld [57] in the case when 
k — 1 is a prime power. This explains how Ramanujan’s name has entered into the 
definition of these graphs. 

We have only touched upon the periphery of Ramanujan graphs. A deeper 
study of Ramanujan graphs requires expertise in number theory. Interested readers 
can refer to the two survey articles by Ram Murty ([162, 163]) and the relevant 
references contained therein. 


11.12 The Energy of a Graph 


11.12.1 Introduction 


In this section, we discuss another application of eigenvalues of graphs. “The energy 
of a graph” is a concept borrowed from chemistry. Every chemical molecule can 
be represented by means of its corresponding molecular graph: Each vertex of 
the graph corresponds to an atom of the molecule, and two vertices of the graph 
are adjacent if and only if there is a bond between the corresponding molecules 
(the number of bonds being immaterial). The z-electron energy of a conjugated 
hydrocarbon, as calculated with the “Hiickel molecular orbital (HMO) method,” 
coincides with the energy (as we are going to define below) of the corresponding 
graph. Conjugated hydrocarbons are of great importance for science and technology. 
A conjugated hydrocarbon can be characterized as a molecule composed entirely of 
carbon and hydrogen atoms in which every carbon atom has exactly three neighbors 
(which are either carbon or hydrogen atoms). See Fig. 11.3, which gives the structure 
of butadiene. 

The graph corresponding to a conjugated hydrocarbon is taken as follows (which 
is somewhat different from our description of molecular graphs given earlier in 
Chap. 1, and there are valid theoretical reasons for doing this): Every carbon atom 
is represented by a vertex and every carbon-carbon bond by an edge. Hydrogen 
atoms are ignored. Thus, the graph for the molecule of Fig. 11.3 is the path Ps on 
four vertices. These graphs of the conjugated hydrocarbons are connected and their 
vertex degrees are at most 3. However, for our general definition of graph energy, 
there is no such restriction and our graphs are quite general—only, they are simple. 
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Fig. 11.3 Butadiene H H 
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The pioneer in this area is Ivan Gutman. Readers interested in doing research in 
graph energy should consult [82, 83, 84]. 


Definition 11.12.1. The energy of a graph G is the sum of the absolute values of 
its eigenvalues. 

Hence if Ay, A2,...,A» are the eigenvalues of a graph G of order n, the energy 
E(G) of G is given by 


E(G) = Di lail. 


i=l 

Example 11,.12.2. 1. The energy of the complete graph K, = €(K,,) = (n-—1) + 
(n—1)|-—1] = 2(7—-1). 

2. The spectrum of the Petersen graph is G : ra (See Exercise 14.14). Hence, 
its energy is 1.3+5.1+4.2 = 16. 


11.12.2. Maximum Energy of k-Regular Graphs 


Theorem 11.12.3. The maximum energy of a k-regular graph G of ordern is k + 
Vk(n —1)(n—k). 

Proof. Let Sp(G) = {A, =k, A2,...,An}. Apply Cauchy—Schwarz’s inequality to 
the two vectors (|A2|, |A3|,..., |An|) and (1, 1,..., 1). This gives 


so that (as }°"_, A? = 2m) 


i=l 


(€(G) — 1) < (Om —A2(«0— D. 
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Therefore, E(G) < F(A), where 


F(A1) = A + J Qm A320 - 1). (11.17) 


If G is k-regular, by Theorem 11.5.1, 4; = k, and hence 


E(G) <k + J— DQm—k?) 
=k-+Vk(n—1)(n—k) (as2m =nk). (11.18) 


oO 


The same method yields for a general (not necessarily regular) graph the 
following theorem of Gutman [84]. 


Theorem 11.12.4. Let G be a graph of order n and size m. Then 


&(G) < am yer— [am (%)'], (11.19) 


Proof. As usual, let A stand for the adjacency matrix of G. We have 
2 2m 
2 — <i, < V2m. (11.20) 
n n 


Relation (11.20) is a consequence of the fact that 0 < At < AZ +--+ +A2 = 2m and 
Exercise 14.10. Moreover, by (11.17), E(G) < F(A,). Now the function F(x) = 
x + V/(n —1)(2m — x?) is strictly decreasing in the interval ,/ 2m <x < J/2m. 
Hence, by inequality (11.20), 


£(G) < F(A) < r (=) = ” rs io = [2m - (“")'). (11.21) 


Oo 


Theorem 11.12.5. [f2m > n and G is a graph on n vertices and m edges, then 


2 
E(G) = an + jlo _ 1)[2m _ (2) | if and only if G is either 5 Ky, Ky ora 
non-complete connected strongly regular graph for which the spectrum {A, > Az = 


2m—(22)" 


n—1 


... 2 An} has the property that |A2| = |A3|) =... = |An| = 


Proof. We have already seen in Theorem 11.12.4 that E(G) < F(2) = my 


n 


= _ (2m)? Agel. = 1-1 2 ~ 
‘C 1)(2m (2) ).16G ~ 2K», then Sp(G) ( 2 ), and ifG ~ Ky, 


then Sp(K,,) = ( i 2 l i In both cases, it is routine to check that €(G) = F(2*). 
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If the third alternative holds, G is regular of degree (see Theorem 11.5.1) ot =, 


2 
m—| 22 
and hence €(G), which, by hypothesis, is equal to A; + (n — 1) 2n—[n] = 


n—-1 


2a + van - 1)[2m - (247°) = F(#), and therefore equality holds in (11.19). 

Conversely, assume that equality is attained in (11.19) for some graph G. 
Then (11.20) and (11.21) together with the strict decreasing nature of F(x) imply 
that A; (maximum degree of G) = oh (average degree of G). Hence, G must 
be regular of degree 2m Moreover, in this case, equality must be attained in the 
Cauchy—Schwarz inequality applied in the proof of Theorem 11.12.3 and hence 


(|Ag|,..., |An|) is a scalar multiple of (1,1,..., 1). In other words, |A2.| = ... = 
|A,,|. Consequently, |A2|-+---+|A,| = (2 —1)|A;| = va — 1)[2m — (2)"), and 


[2m—(2)'] 


n—-1 


therefore, |A;| = , 2 <i <n. This results in three cases. 


Case (i). The graph G has two distinct eigenvalues A, and Az with |A\| = |Ad|. 
[If all the eigenvalues of G are equal, they must all be zero (as )>A; = 0) 
and hence G must be the totally disconnected graph K¢.] Let m, and mz be the 
multiplicities of A; and A2, respectively. Then 0 = tr(A) = mA; + m2A2 and 

2m 2 
hence m, = mp. This gives Ay = —A,, and therefore Ay = —\ [en-(3) | = 


-r\,; = 2m, which reduces ton = 2m. If G has m components, . =m>n-oa, 
and hence w > < As G has no isolated vertices, w = a and hence G ~ “Kp. 

Case (ii). G has two eigenvalues with distinct absolute values. Then |A,| 4 |Aa|(= 

Am—( 2 

|A3| = ... = |An|). Now tr(A) = 0 gives an + (n—-1) [2n-(27) J = 0, 
which gives, on simplification, m = mo Hence, G ~ K,. 

Case (iii). G has exactly three distinct eigenvalues with distinct absolute values 

2: 
2” and [m—(") ) 


n n—-1 


equal to 


The conclusion in this case is an immediate consequence of a result of 
Shrikhande and Bhagwandas [172], which states that a k-regular connected graph 
G of order n is strongly regular if and only if it has three distinct eigenvalues 
a, = k,a,a3 andif G is an srg(n,k,A, w), then A = k + 203 + a2 + G3, and 
jt = k + a)a3. Hence, G must be connected (as the multiplicity of k is 1) and 
strongly regular. Oo 


Remark 11.12.6. Theorems 11.12.4 and 11.12.5 deal with the case 2m > n. 
If 2m < na, the graph G is disconnected with n — 2m isolated vertices. Removal 
of these isolated vertices from G results in a subgraph G’ of G with n’ = 2m 
vertices and hence G’ ~ mK) by Theorem 11.12.5. Therefore, in this case, 
G~mkK,U K’_,,. 


We conclude this section with the theorem of Koolen and Moulton [124] on the 
characterization of maximum energy graphs with a given number 1 of vertices. 
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Theorem 11.12.7. Let G be a graph on n vertices. Then E(G) < 3(1 + Jn) 
with equality holding if and only if G is a strongly regular graph with parameters 
(n newt uae tl aah, 


Proof. First, assume that 2m > n. By Theorem 11.12.4, 


£(G) < F(m) = om Ee ‘C - [2m = (=")’). (11.22) 


We are interested in finding the values of m for which F(m) attains the maximum. 
This is done by the methods of elementary calculus: F’(m) = 0 gives 16nm? — 
8n3m + (n> —n*) = 0, and this is the case when m = ie Further, F”(m) < 0 
only form = as Hence, f(m) attains its maximum when m = ae and 
for this value of m, F(2*) = ro) = ae 

Next, assume that G is a strongly regular graph with parameters given in 
Theorem 11.12.5. As G is k-regular with k = ee by Theorem 11.12.3, 


&(G) =k + Vk —-hn_-b 
= AE T(E) on (0 *) 


2 2 
nl? +n ; 
a the maximum possible energy. 


Finally, assume that G attains the maximum possible energy. We have to show that 
G isan srg(n, eee sn i a, By Theorem 1 1.12.5, three cases arise: 


Case (i). sD) = €(G) = E(5 K2) =n. This case cannot arise (as n > 1). 


Case (ii). "*4Y = €(G) = E(K,) = 2(n — 1). This gives (n — 1)(n — 4)? = 0 
and hence G ~ Kg, and corresponds to a degenerate strongly regular graph. 
Case (iii). G is a strongly regular graph with two eigenvalues Ay and A3 (distinct 


m—(2m)~ 
from A; = 2m) both having the same absolute value [en-(37) J 
Recall that A. and 3 are the roots of the quadratic equation (see (11.10) of 
Theorem 11.10.5) x?-+(u—A)x+(u—k) = 0, where k = A, = 2m Now A2+A3 = 


_(2my2 
0 gives A = yu. Moreover, A243 = pp —k gives uw — ™ = AdA3 = (=). 


n n-1 
Substituting m = “* = ntetvn) and simplifying, we get jz = ee = i. Hence, 
G is strongly regular with parameters (n, ue ee mean) Oo 


Finally, if 2m <n, by Remark 11.12.6, €(G) < 2m <n < 4Y) yp > 1, 


1 : 
Hence, the case 2m = seas) cannot arise. 
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11.12.3| Hyperenergetic Graphs 


The complete graph K,,, as seen in Example 11.12.2, has energy 2(n — 1). It was 
conjectured by Gutman [82] that if G is any graph of order n, then E€(G) < 2(n — 
1) = &(K,,). This was disproved by many: Gutman et al. in [86] and Walikar 
et al. in [189]. Graphs G of order n for which E(G) > 2(n — 1) have been called 
hyperenergetic graphs. 


Example 11.12.58. (i) Ky, is nonhyperenergetic. 

(ii) All cubic graphs are nonhyperenergetic. If G is cubic, k = 3. Hence, by The- 
orem 11.12.3,E(G) < 3+ V3(n — 1)(n — 3). Now, 3+ V3(n —l(n-3)< 
2(n — 1) if and only if n* — 8n + 16 > 0, which is true as n > 4 for any cubic 
graph. 

(iii) Ifn > 5, L(K,,) is hyperenergetic. 

(iv) Ifn > 4, L(K,,,) is hyperenergetic. 

We leave the proofs of (iii) and (iv) as exercises (See [188]). 


Theorem 11.12.9 (Stevanovi¢ and Stankovi¢ [173]). The graph K, — H, where 
FH is a Hamilton cycle of Ky, n = 10 is hyperenergetic. 


Proof. Let H = (v1v2...v,). Then the adjacency matrix A of K,, — A is a circulant 
with first row (0011... 10). Hence, by Lemma 11.2.3, 
Sp(K, — H) = fo" +0 +--+ a" : wm =a primitive nth root of unity}. 
_jn—3,ifo=l 
~ [-l-o' —o'@-), ifo41,1<r<n-1. 
_ jn—-3,ifo=l 
~ | -1-2cos“, ifo#1,1<r<n-1. 


n 


n—-1 
Hence, €(K, — H) = (n—3)+ >| —1—2cos 


n 


, which shows that (by the 


r=1 
20 
definition of Riemann integral) €(K, — H) > (n—3)+ — f | —1-2 cos x|dx 
as —> ©O. : 


Hence, 


E(K, — H 


2n 
) 1 
=1+ | — 1 —2cos x|dx 
20 
0 


_ 473 1 
~ on 3 
m 2.43599, 


which shows that there exists no such that forn > no, E(K, — H) > 2(n—1). 
Computations show that ny = 10. Oo 


11.12 The Energy of a Graph 267 


Theorem 1 1.12.9 disproves a conjecture given in [10]. 

Graph C(n;ki,...,k;-), ky < ko < ... < ky < 5, k; € N for each 7 is the 
circulant graph with vertex set V = {0,1,...,2—1} such that a vertex u is adjacent 
to all the vertices of V\{u}, except u + k;(modn), i = 1,2,...,n. Note that K, — 
H is just C(n; 1). Stevanovié and Stankovié also generalized Theorem 11.12.9 as 
follows: 


Theorem 11.12.10 (Stevanovié and Stankovié [173]). Given ky <kyp <...< 
k,, there exists no € N such that for n > no, the graph C(n;k,...,k,) is 
hyperenergetic. 


11.12.4_ Energy of Cayley Graphs 


We now compute the energy of the unitary Cayley graph Xx, where p is a prime. 
This can be done in two ways: In [10], Balakrishnan computed it using cyclotomic 
polynomials, while in [161], Ramaswamy and Veena computed it using Ramanujan 
sums. We present the latter method. 


Theorem 11.12.11. Jf p is a prime andr = 1, E(X px) = 26(p*). 
Proof. lfa = 1, Xp = X? = Kp, and €(K,) = 2(p — 1) = 2¢(p). So assume 
that w > 2. By Theorem 11.9.2, Sp(X px) = {Ao,...,An—1}, where 


Arti =c(r, p“) = w(t, yee and t, = z O<r< _p®. 


Ptr) 2 on 


Here jz is the M6ebius function and ¢ is Euler’s totient function. 
We consider three cases: 


(i) (7, p®) = p*. Thenasr < p*, r = 0, t, = 1, and w(t,) = 1, and therefore 
A= on = = p%— pe. 
(ii) (7, p*) = 1. Then ¢, = p® and therefore p(t.) = 0. Hence, A,+1 = 0 in this 
case. 
Gi) If 1 < (7, p%) < eras (rp") = p® seme 1p) = pp, 
thenr € {1.p%!,2.p%!,. +. - 1). p ny, and hence ft, = p and therefore 


p(t.) = —1. Hence, A,41 = oP) =—pt!, 
In all the other cases, jz(t,) = 0, and therefore A,) = 0. 
a a—1 a-l 
,=(2° 2 = 0 ) 
Hence, Sp(X p«) ( 1 p—-l pt—p) and therefore 


E(Xpx) = (p* — p*!) + (p—1)p*™" 
= 2(p* — p*") 
= 2¢(p"). 
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In [10], Theorem 11.12.11 has been applied to prove the next result, which in 
essence constructs for each n, a k-regular graph of order n for a suitable k whose 
energy is small compared to the maximum possible energy among the class of 
k-regular graphs. 


Theorem 11.12.12 ([10]). For each € > 0, there exist infinitely many n for each of 
which there exists a k-regular graph G of order n withk <n —1 and oe <6, 
where B is the maximum energy that a k-regular graph on n vertices can attain. 


Proof. The Cayley graph Xp« is #(p%)-regular. The maximum energy that a k- 


regular graph can attain is (by Theorem 11.12.3) B = k + /k(n—1)(n—k). 
Taking n = p* andk = ¢(p”), this bound becomes 


B = 6(p") + Vo(p%)(p% — 1)(p% = 6(p%) 
= (p* =p?) + V@* =p) p* = 1p 
= (p* — p*"!) + p™ |! V(p— 1I)(p%— VD. 
E(X pe) _ op =p) 


Bo (pe — Pet) + pe /(p—Dpe—D 


— 0as either p > coora > w. 


Hence, 


Lp fit pte t pt 
oO 


In [10], the following dual question was also raised: Given a positive integer 
n > 3, ande > O, does there exist a k-regular graph G of order n such that 
AG) > 1—e forsome k < (n — 1)? An affirmative answer to this question is given 
in [133] and [190], not for general 1, but when n is a prime power p” = I(mod 4). 
Interestingly, both papers give the same example, namely, the Paley graph [see 
Example 11.10.2(v)]. 


Lemma 11.12.13. €(G, x G2) = E(G))E(G2). 


Proof. From Corollary 11.8.7, it follows that if Sp(G;) = {Ai,...,Ap} and 
Sp(G2) = {H1,--++ Mg}, then Sp(Gi x G2) = (Aimy : bSisp,lsj <4}. 
Hence, 


Po 4 P 4 
EG x G2) = © Yo msl = (YX l)(CY [asl) = GEG). o 
i=1j=1 i=1 j=l 


Recall Theorem 11.9.2, which states that if (7),2) = 1, Xnyny ~ Xn, X Xny- 


Corollary 11.12.14 ([161]). €(X,) = 2*(n), where k is the number of distinct 
prime factors of n. 
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Proof: If p, and py» are distinct primes, then by Lemma 11.12.13, E(X 21 p22) = 
E(X au JE(X 22) = 26 (pi').26(p5’) = 276(p'' p5’). By induction, it follows that 
ifn = 2, fas og , where the p;’s are the distinct prime factors of n, E(X,) = 
Mim £0") = [ini 29 (01") = 2 b(n), O 


The last result has also been proved in [108] using different techniques. 


11.13 Energy of the Mycielskian of a Regular Graph 


In this section we determine the energy of the Mycielskian of a k-regular graph G 
in terms of the energy of G. [We defined the Mycielskian w(G) of a graph G in 
Chap. 7.] Some papers that deal with the energy of regular graphs are [4, 87, 109]. 


Theorem 11.13.1 ([13]). Let G be a k-regular graph on n vertices. Then the 
energy E(4(G)) of w(G) is given by 


E(w(G)) = VSE(G) — (V5 — Dk + 2Iss}, (11.23) 
where E(G) is the energy of G and t is the unique negative root of the cubic 
ep —kt? —(nt+k*)t +kn. (11.24) 


Proof. Denote by A the adjacency matrix of G. As A is real symmetric, A = 
PDP", where D is the diagonal matrix diag(A,,...,A,), and P is an orthogonal 
matrix with orthonormal eigenvectors p;’s, that is, Ap; = A; p; for each i. In 
particular, if e denotes the n-vector with all entries equal to 1, then p) = 


as 


(G being regular). Hence, e'p;=0 fori = 2,...,n, and consequently e' P 


[/7,0,...,0]. 


Now, by the definition of 4(G), the adjacency matrix of (G) is the matrix of 
order (2n + 1) given by 
A A O 
L(A) = 4 0 e . 
0 0eT 0 
Since A = PDP", we have 


PDP™ PDP™ 0 
u(A)=|PDPT 0 e 
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As P is an orthogonal matrix, the spectrum of j1(A) is the same as the spectrum of 


D D 0 
B=|D 0 [/n,0,..., 0]? 
0 [/n,0,...,0] 0 


The determinant of the characteristic matrix of B is given by 


x—Ay —h, 0 

ies. - 9 4, 9 ' 6 

0 mae are eae, 
—h; x —./n 

—Ar 0 x 0 0 

—An 0 x 0 

0 O «+ 0 -V/n 0 +++ OF x 


We now expand det(x/ — B) along its first, (7 + 1)th, and (2n + 1)th columns by 
Laplace’s method [61]. [Recall that Laplace’s method of expansion of a determinant 
T along any chosen set {Cj,,...,Cj,} of k columns (or rows) is a natural 
generalization of the usual expansion of a determinant along any column (or row). 
This expansion of T is given by > (—1L)@ tet +Ui+ "+0 U, Von 41-4, where 

(i1,.-si¢) 
U;,, is the determinant minor of T of order k common to the k rows R;,,..., R;,, and 


the k columns C jise++sCy,, and V2,+41—% is the complementary determinant minor 
of order (2n + 1 —k) obtained by deleting these sets of k rows and k columns from 
T.] In this expansion, only the 3 x 3 minor, which is common to the above three 
columns, and the I-st, (m + 1)th, and (2n + 1)th rows are nonzero. This minor is 


x—-Ay —h 0 


We now expand the complementary minor of M, along the 2nd and (n + 2)th 
columns, and then the resulting complementary minor by the 3rd and (nm + 3)th 
columns, and so on. These expansions give the spectrum of j1(A) to be the union of 
the spectra of the matrices 


te ae 8 
esis Fe bs Dae She 


Nee Aelia 


(Another way to see this is to observe that B is orthogonally similar to the direct 
sum of the above n matrices.) Thus, the spectrum of j1(A) is 
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14J5 14/5 
ty, to, ty, Ao 5 Sunde Ay 5 


where 11, f2, f3 are the roots of the cubic polynomial t? — kt? — (n + k”)t + kn (note 
that as G is k-regular, A; = k), which has two positive roots and one negative root, 
say, tf) > tb > 0 > f3. 

Let €(G) denote the energy of G. Then E€(G) = DO, |Ai| = K+ Ao] +---+ An]. 
Hence, the energy of the Mycielskian (G) of G, when G is k-regular, is 


AN aaa 
2 2 


=t +t + [ts] + V5(\Aa] +--+ + [Anl) 


E(u(G)) = |ti| + || + [esl + (| 


|) (\Aa| Se |Anl) 


=k —t; + || + V5(E(G) —k) 
= V5E(G) — (V5 — 1)k + Js]. 


11.13.1. An Application of Theorem 11.13.1 


We have shown in Theorem 11.12.7 that the maximum energy that a graph G of 
3. 


order 1 can have is nite and that G has maximum energy if and only if it is a 


strongly regular graph with parameters (7, eee sa an), Ifn > 25 andG 
has maximum energy, €(G) > 3n > 2(n — 1) and hence G is hyperenergetic. Also, 
from (11.23), E(u(G)) > 3n/(5) — (/(5) — Dk 42/6] > 3n/(5) — O/G) — 
I)(n-1) > 2,/(5)n + J(5) +1 > 4n = 2[(2n + 1) — 1]. Hence, the Mycielskians 
of maximal energy graphs of order n > 25 are all hyperenergetic. More generally, 
if G is a regular graph of order n and €(G) > 3n, then (G) is hyperenergetic. 


Example 11.13.2 ( [13]).. We now present two examples. Consider two familiar 
regular graphs, namely, the Petersen graph P and a unitary Cayley graph. 


1. For P,n = 10, m = 15, and k = 3. The spectrum of P is Gj : re: Hence, 


E(P) = 16. Now for P, the polynomial (3.2) is 7 — 3t? — 19t + 30, and its 
unique negative root 3 is + —3.8829. Hence, from (11.23), E(u(P)) ~ 16/75— 
(/5 — 1)3 + 2(3.8829) = 39.8347 < 40 = 2(21 — 1), where 21 is the order of 
LL(P). Hence, (P) is non-hyperenergetic. 

2. Consider the unitary Cayley graph G = Cay(Zz19,U), U being the group of 
multiplicative units of the additive group (Z219, +). Then €(G) = 246(210) = 
768 > 3 x 210 = 3n. Heren = 210, k = $(210) = 48. Hence, the polynomial 
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(11.24) becomes t*? — 48¢7 — 2514t + 10,080, for which the unique negative 
root ft; is & —34.18. Hence, from (11.23), E(u(G)) ~ 76875 — (/5 — 1) 
48 + 2(34.18) = 1, 726.352 > 2((2n + 1) — 1) = 840. Thus, ju(Cay(Zo 19, U)) 
is hyperenergetic, as expected. 


11.14 Exercises 


14.1. 


14.2. 


14.3. 


14.4. 


14.5. 


14.6. 


14.7. 


14.8. 
14.9. 
14.10. 


14.11. 
14.12. 


14.13. 


Prove: For any nontrivial graph of order n with spectrum = {A,; > Ax => 
1. 2 An}, An <0. 

If G is k-regular, show that the number of connected components of G is 
the multiplicity of k as an eigenvalue of G. 

Prove by induction on / that the number of v;-v; walks of length / in the 
connected graph G with V(G) = {v,...,v,} is the (i, j)th entry of A’. 
Hence show that the diameter of a connected graph G is the least positive 
integer d with A¢ > 0 (that is, all the entries of A“ are positive). 

Let G be a complete r-partite graph of order n with all parts of the 
same size. Find Sp(G). In particular, find Sp(K,,»), and compare it with 
Theorem 11.6.1. 

If G and H are disjoint graphs, prove that Sp(G U H) = Sp(G)U Sp(A), 
and that 6(G U H;A) = (G;A)¢(H; A). 

The Mobius ladder M;, is the cubic graph obtained by joining the opposite 
vertices of the cycle Cz,. Show that the spectrum of the Mébius ladder is 
given by Aj = 2cos 1 + (-1)/,0< j <2h-1. 

Find the spectrum of 


(i) Cy x Cs, 
Gi) K4xz0OK3, 

(iii) L(K43) using Sachs’ theorem and hence comment on the results in (ii) 
and (iti). 


If G is a bipartite graph of odd order, prove that det A is zero. 

If G is bipartite and A is nonsingular, show that G has a perfect matching. 
Let G be a graph of order n with adjacency matrix A. Prove that for any 
nonzero vector x € R",A; = Amax(G) > wae > Amin(G) = An. 
In particular, show that A; > 2 (Hint: Use the fact that IR” has an 
orthonormal basis of eigenvectors of A.) 

Find the spectrum of K4 Xl K3. 

Show that a graph G on n vertices is connected if and only if each entry of 
(A + 1)" is positive. 

Let A1,...,A, be the distinct eigenvalues of A, the adjacency matrix of 
a graph G of order n. Prove that the minimal polynomial of A is (x — 
A,)...(« —4A,). (Hint: Same as for Exercise 14.10.) 
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14.14. Using the fact that the Petersen graph P ~ (L(Ks))°, show that Sp(P) = 
(14-2), 

14.15. Is the Petersen graph a Cayley graph? 

14.16. When 7 is a prime, show that the unitary Cayley graph X,, is the complete 
graph K,. 

14.17. Let G be a finite abelian group of order n. Prove that Sp(Cay(G; S)) = 
fA, = 2 xs) : xX = anirreducible character of G}. [Hint: Show that 

ses 


ifG = {g1,..., gn}, then (x(g1). eae x(n) is an eigenvector of the 
adjacency matrix of the Cayley graph.] 
14.18. If A is any eigenvalue of a graph G of order n and size m, prove that 


A<,/ 2" (n — 1). (Hint: Imitate the relevant steps given in the proof of 
Theorem 11.12.3.) 

14.19. Show that the Petersen graph is a Ramanujan graph. 

14.20. Show that the graphs K, x K, x... Ky, p times, where p > 4,n => 3, 
form a family of regular graphs none of which is a Ramanujan graph. 

14.21. Prove that if G is bipartite, then y(G; x) is of the form $(x7) or xP(x?). 
Hence, prove that if A is an eigenvalue of a bipartite graph with multiplicity 
m(A), then so is —A. 

14.22. Show that a connected k-regular graph is bipartite if and only if —k ¢€ 
Sp(G). [Hint: Suppose —k € Sp(G) and that (xj = 1,x2,...,X,)7 is an 
eigenvector corresponding to —k. Then if v;,,...,v;, are the neighbors of 
V1, Xi, =X =... = Xi, = —1. If v; is a neighbor of v;,, x; = 1, etc.] 

14.23. Establish the inequality (11.16). 

14.24. Prove: Ifn > 5, L(K,,) is hyperenergetic. 

14.25. Prove: Ifn > 4, L(Ky») is hyperenergetic. 


Notes 


Standard references for algebraic graph theory are [22,47,75]. 

Many variations of graph energy have been studied recently. Two types of energy 
of digraphs have been considered—skew energy of digraphs by taking the adjacency 
matrix of the digraph to be skew-symmetric [1,171] and another by taking it to be 
the nonsymmetric (0, 1)-matrix [157]. The Laplacian matrix of a simple graph G 
is the matrix L = A—A, where A is the diagonal matrix whose diagonal entries are 
the degrees of the vertices of G, and A is the adjacency matrix of G. The energy of 
the matrix L is the Laplacian energy of G [85]. Yet another graph energy that has 
been studied is the distance energy of a graph [110]. It is the energy of the distance 
matrix D = (dj;) of G, where dj; is the distance between the vertices v; and v; of 
G. More generally, Nikiforov has introduced and studied [147] the concept of the 
energy of any p by g matrix. 
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K@6nig’s theorem (matrix version), 106 

K@6nig’s theorem on matchings in bipartite 
graphs, 106 

K@6nigsberg bridge problem, 117 

Kempe chains, 205 

Knight’s tour in a chessboard, 124 

Kronecker product of two matrices, 251 

Kruskal’s algorithm, 88 

Kundu’s theorem on 4-edge-connected graphs, 
84 

Kuratowski graphs, 184 

Kuratowski’s theorem on planar graphs, 193 


L 

labeled graph, 4 
layer, 28 

line graph, 20 
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line of a binary matrix, 106 
line of a graph, 2 

linear subgraph of a graph, 250 
locally connected graph, 15 
locally Hamiltonian graph, 141 
loop of a digraph, 38 

loop of a graph, 3 


M 
MG6bius ladder, 258 
matching, 99 
M-unsaturated, 99 
alternating path, 101 
augmenting path, 101 
maximal, 99 
maximum, 99 
perfect, 10, 102 
saturated by, 99 
max-flow min-cut theorem, 64 
maximal clique, 8 
maximal planar graph, 182 
maximum degree, 10 
McKee-Toida theorem, 119 
Menger’s theorem 
edge version for digraphs, 66 
edge version for undirected graphs, 66 
vertex version for digraphs, 66 
vertex version for undirected graphs, 67 
minimum degree, 10 
molecular graph, 31, 261 
Moon’s theorem, 40 
multiple edges, 3 


N 
n-cube, 102 
Nebesky’s result, 135 
neighbor of a vertex, 3 
neighborhood, 3 
closed, 3 
open, 3 
network, 61 
cut in, 63 
sink of, 61 
source of, 61 
node of a graph, 2 
Non-complete Extended P-Sum (NEPS) of 
graphs, 251 
nonseparable graph, 59 


oO 
Oberly—Sumner theorem, 136 
operations on graphs, 24 
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order of a graph, 3 
Ore’s theorem on Hamiltonian graphs, 125 
orientation of a graph, 37 
transitive orientation, 212 
outneighbor of a vertex in a digraph, 38 


P 
Paley graph, 255 
pancyclic graph, 130 
parallel edges, 3 
path, 13 
M-alternating, 101 
M-augmenting, 101 
Hamiltonian, 122 
inverse of, 13 
negative, 32 
positive, 32 
section of, 13 
spanning, 122 
pendant edge, 10 
pendant vertex, 10 
pendant vertex of a digraph, 38 
pentagon, 13 
perfect graph, 208 
a-perfect graph, 208 
x-perfect graph, 208 
perfect graph theorem, 208 
perfect matching, 10, 102 
perfect scheme, 209 
perfect vertex elimination scheme, 209 
Petersen graph, 5 
Petersen’s theorem on 1-factors of cubic 
graphs, 109 
Petersen’s theorem on 2-factorable graphs, 138 
phasing of traffic lights, 216 
planar graph, 175 
plane graph, 175 
plane representation of a planar graph, 175 
plane triangulation, 183 
point of a graph, 2 
power of a graph, 30 
Prim’s algorithm, 89 
private neighborhood, 223 
product of two graphs 
Cartesian, 27, 251 
composition, 27 
direct, 27, 251 
Kronecker, 27 
lexicographic, 27 
normal, 28 
strong, 28, 251 
tensor, 27 
wreath, 27 
proper subgraph, 8 
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Q 


queen domination problem, 221 


R 

r-edge-connected graph, 53 

Rédei’s theorem, 40 

radius of a graph, 77 

Ramanujan graph, 258 

reachability of a vertex from another vertex, 39 
regular graph, 10 

rigid circuit graph, 209 


S 
Sachs’ theorem for spectrum of line graph of 
regular graphs, 247 
saturated vertex of a matching, 99 
section of a path, 13 
self-complementary graph, 7 
self-dual graph, 189 
separating s and ¢ in a network, 63 
separating set of edges in a graph, 51 
separating set of vertices in a graph, 50 
shortest-path problem, 92 
signed graph, 32 
simple graph, 3 
simplicial vertex, 209 
size of a graph, 3 
social psychology, 31 
social system, 32 
spanning subgraph, 8 
spectrum 
of a graph, 242 
of a regular graph, 244 
of a Unitary Cayley graph, 254 
of product graphs, 251 
of the complete bipartite graph K 
of the complete graph K,, 243 
of the cycle C,,, 243 
spherical embedding, 177 
split graph, 238 
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dq? 


square, 13 
stability number, 98 
star, 6 


stereographic projection, 177 

strict digraph, 39 

strong digraph, 39 

strong perfect graph conjecture, 220 
strongly connected digraph, 39 
strongly regular graph, 255 
subcontractible to a graph K, 192 
subcontraction of a graph, 192 
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subdigraph of a digraph, 38 
induced subdigraph, 39 
subgraph 
clique, 8 
edge-induced, 8 
induced, 8 
of a graph, 8 
proper, 8 
spanning, 8 
subtree, 73 
sum of two graphs, 25 
Sumner’s theorem on 1-factors of graphs, 
112 
supergraph, 8 
symmetric digraph, 39 
system of distinct representatives (SDR), 107 


T 
Tait coloring, 203 
theta graph, 125 
total dominating number, 238 
total dominating set, 238 
totally disconnected graph, 6 
tournament, 39 
k-partite, 42 
score of a vertex, 44 
transitive, 47 
transitive triple of, 44 
vertex-pancyclic, 40 
traceable graph, 122 
trail, 13 
dominating, 133 
Euler, 117 
tree, 73 
spanning, 74 
subtree of, 73 
triangle, 13 
triangulated graph, 209 
trivial graph, 6 
Tutte graph, 201 
Tutte matrix, 113 
Tutte triangle, 201 
Tutte’s 1-factor theorem, 107 
matrix form, 114 
Tutte-Nash-Williams theorem, 83 


U 

underlying graph of a digraph, 37 
unicyclic graph, 77 

union of two graphs, 24 

unitary Cayley graph, 254 
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upper domination number, 228 
upper irredundance number, 228 


Vv 
valency of a vertex, 10 
vertex connectivity of a graph, 53 
vertex cut, 50 
vertex of a digraph, 37 
vertex of a graph, 2 
incident with an edge, 3 
isolated, 10 
pendant, 10 
vertex set of a graph, 2 
vertex-pancyclic digraph, 40 
vertex-pancyclic graph, 130 
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WwW 
Wagner’s theorem on planar graphs, 193 
walk, 13 
closed, 13 
length of, 13 
open, 13 
origin of, 13 
terminus of, 13 
weakly triangulated graph, 209 
weight of a graph, 87 
weight of a vertex of a tree, 80 
weight of an edge, 87 
weighted graph, 87 
wheel, 25 
Whitney’s theorem on isomorphic line graphs, 
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